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Chapter 1 

Operator Valued Besov Spaces and Dyadic Paraproducts 
with Hankel Operators 

We retrieve Peller’s characterizations of scalar and vector Hankel 
operators of Schatten- ven Nuermann class ܵ௣ for 1 < ݌ < ∞. We then 
emply vector techniques to characterize little Hankel operator of 
Schatten- ven Nuermann class. 

Furthermore, using a bilinear version of our product formula, we 
obtain characterization for boundedness compactness and Schatten class 
membership of product of dyadic paraproducts. 

Section (1.1): Scalar Dyadic Paraproducts and Besov Spaces  

Dyadic paraproducts have been successfully employed in the study 
of Hankel operators in various settings, we want to look at Schatten class 
membership of scalar, vector and multivariable dyadic paraproducts and 
use these to study Schatten class membership of Hankel operators. 

Boundedness, compactness and membership of Schatten classes of 
their paraproducts have been characterized in terms of oscillatory 
properties of their symbols. Dyadic paraproducts on vector valued spaces 
(with matrix or more generally operator valued symbols) have also been 
studied; it has not thus far been possible to characterize the boundedness 
of paraproducts with operator valued symbols in terms of oscillation 
properties of the symbol. These difficulties are closely connected with a 
breakdown of a form of the John-Nireberg Theorem in the operator-
valued setting. Here, we want to consider a "P-.John-Nirenberg 
Theorem’, which generalizes easily to the operator setting.  

The purpose of the chapter is threefold. First, we show that a "p-
John--Nirenberg, Theorem" which can be found can be used to give a 
comparatively simple. Interpolation free proof of the characterization of 
Schatten class paraproducts in terms of oscillatory properties of their 
symbols. Our approach is related to Rochberg. And Semmes' method of 
nearly weakly orthonormal sequences—indeed, scalar dyadic 
paraproducts are in some sense the model case for nearly weakly 
orthonormal sequences. but technically simpler. Using an averaging 
technique it is possible to retrieve the known characterization of Schatten 
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class Hankel operators at least for 1 < ݌ < ∞,	for a second proof with 
different methods, Our approach is again interpolation-free and has the 
advantage that one does not need any nontrivial properties of Besov 
spaces, for example the atomic decomposition of	ܤூூ. Secondly, in 
contrast to the classical John–Nirenberg theorem, the version of "p-John–
Nirenberg Theorem" we require extends both to the operator-valued and 
the multivariable setting, and we thus obtain characterizations for the 
membership of Schatten classes for vector paraproducts and paraproducts 
in several variables. Again using averaging, we also obtain known results 
for vector Hankel operators and new results on "little Hankel" operators. 

Finally, using a sesquilinear version of our method, we obtain 
necessary and sufficient conditions for boundedness, compactness and 
Schatten class- membership of products of dyadic paraproducts. This part 
is motivated by the literature about products of Hankel operators, where 
characterizations of compactness of products of Hankel operators are 
known, but the corresponding questions about boundedness and Schatten 
class membership of products of Hankel operators are still open. we give 
a "p-John–Nirenberg" proof for the characterisation of dyadic 
paraproducts of Schatten class for 1 ≤ ܲ < ∞. We characterize dyadic 
paraproducts of Schatten class with operator-valued symbols for 1 ≤ ܲ <
∞ . We give an interpolation-free proof of the characterisation of Hankel 
operators of Schatten class with operator symbols for 1 < ܲ < ∞	.We use 
the vector results to characterise little Hankel operators of Schatten class 
on ܪଶ(₵ା௡)	and multivariable dyadic paraproducts of Schatten class. We 
characterise boundedness, compactness and Schatten class membership of 
products of paraproducts. 

Let ࣞ	denote the collection of all dyadic intervals on the real line 
ℝ, so  

ࣞ ≔ ൛ܫ = ௡.௞ܫ ≔ ൣ2ି௡݇, 2ି௡(݇ + 1)൯: ݊, ݇ ∈ ℤൟ. 

Let ࣞ௡ denote the collection of intervals in ࣞ of length 2ି௡ . For ܫ ∈ ࣞ	. 
let Ȋ denote the parent interval of I, let ܫା and I- denote the left and right 
halves of ܫ. respectively,	ࣞ(ܫ) the collection of dyadic intervals contained 
in (1)ࣞ .ܫ′ the collection of dyadic intervals contained properly in ܫ, and 
ࣞ௡(ܫ)	the intersection of	ࣞ௡	and ࣞ(ܫ). For ܬ ∈ ࣞᇱ(ܫ), we write 
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.ܬ)݊݃݅ݏ (ܫ = 1 forܬ ∈ ,ܬ)	݊݃݅ܵ .(ାܫ)ࣞ (ܫ = −	1	For ܬ ∈  We let ℎூ , (ାܫ)ࣞ
denote the Haar function corresponding to I, that is 

ℎூ =	
1

∣ ܫ ∣ଵ ଶ⁄ ൫߯ੜశ − ߯ੜష൯	, 

Where ߯௃ denotes the characteristic function of an interval ܬ. It is well 
known that {ℎூ:	ܫ ∈ ࣞ	}. Forms an orthonormal basis of the Hilbert space 
 ,௉ denote various constantsܭ	௉andܥ ଶ(ℝ). Throughout the article, letܮ
depending only on p.  

For a Hilbert space ℋ , let ℊ(ℋ) and ℋ (ℋ) denote the collections 
of bounded operators and compact operators on ℋ, respectively. Any 
operator	ܶ ∈ ℋ(ℋ)	has a Schmidt decomposition, so there exist 
orthonormal bases {en} and {ߪ௡} of ℋ and a sequence {ߣ௡} with	ߣ௡ ≥
0	and ߣ௡ → 0	such that. 

݂ܶ = ෍ߣ௡〈݂, ݁௡〉	ߪ௡																																																									(1)
∞

௡ୀ଴

. 

for all ݂ ∈ 	ℋ. For 0 < ݌ < ∞	. a compact operator T with such a 
decomposition belongs to the Schatten-von Neumann p-class, Sp (ℋ). if 
and only if   

    ∥ ܶ ∥ௌ೛=	 ൫∑ ௡ߣ
௣௡

௜ୀ଴ ൯
ଵ ௣⁄

	<
	∞																										(2). 

We shall frequently use the following elementary facts: For 0 < ܲ ≤ 	2  

∥ ܶ ∥ௌ೛	
௣	 = inf ൝෍ ∥ ܶ݁௡ ∥௣∶ {݁௡}௡∈ℕ	orthonormal	basis	of	ℋ

௡∈ℕ

ൡ		(3) 

For 2 ≤ ܲ < ∞	, 

∥ ܶ ∥ௌ೛	
௣	 = sup{	∑ ∥ ܶ݁௡ ∥௣∶ {݁௡}௡∈ℕ	orthonormal	basis	of	ℋ	௡∈ℕ }					(4) 

For locally integrable function ݂	on ℝ and	ܫ ∈ ࣞ , let ݉ூ݂ denote the 
mean value of ݂	on ܫ, i.e  

݉ੜ݂ = 	
1
∣ ܫ ∣

	න (ݐ)݂
ூ

 ,ݐ݀	
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And ூ݂ denote the Haar coefficient of ݂, i.e. 

ଵ݂ = 	 〈݂, ℎଵ〉 	= 	∫ ூ(ݐ)݂ ℎੜ(ݐ)݀ݐ . 

For f locally integrable and	ܫ ∈ ࣞ, we write	 ூ݂ܲ = ߯ூ(݂	–	݉ூ݂) 	=
	∑ ℎ௃ ௃݂ .௃∈ࣞ(ூ)  and ூܲ

′݂ = 	∑ ℎ௃ ௃݂ .௃∈ࣞ′(ூ) 	on ܮଶ(ℝ), ூܲ and ூܲ
′ are the 

orthogonal projections on ݊ܽ݌ݏ൛ℎ௃ ∶ ܬ ∈ ൛ℎ௃݊ܽ݌ݏ and	ൟ(ܫ)ࣞ ∶ ܬ ∈
ࣞᇱ(1)ൟ	respectively.  

We shall repeatedly use the following fact: for ܫ, ܬ ∈ ࣞ, 

݉௃(ℎூ) = 	±	
1

ଵ|ܫ| ଶ⁄ ܬ	ℎ݁݊ݓ	 ∈ 	(5)																									(±ܫ)ࣞ

and zero otherwise. For a locally integrable function ܾ, the densely 
defined dyadic paraproduct with symbol ܾ,  .௕ is given byߨ

௕݂ߨ = 	∑ ݉ூூ∈ࣞ	 ݂ܾூℎூ	.. 

It is easy to see that the adjoint of ߨ௕ on ܮଶ(ℝ) is given by  

݂∗௕ߨ = 	෍
߯ூ
|ܫ|

ூ∈ࣞ	
ூ݂ തܾூ																																									(6). 

We want to denote this adjoint operator by ߉௕ത . 

Necessary and sufficient condition on the symbol ܾ for ߨ௕ to be 
bounded on ܮଶ(ℝ) or belong to a Schatten class have been obtained. We 
shall say a locally integrable function ܾ	belongs to the dyadic ܱܯܤ	space   
  ௗ(ℝ) ifܱܯܤ

‖ܾ‖஻ெை೏ =	 ݌ݑݏ
ੜ∈ࣞ

ଵ
|ੜ|భ మ⁄ ‖ੜܾ݌‖ < 	∞ . 

Note that  

1
|ੜ|ଵ ଶ⁄ ‖ੜܾ݌‖ = 	 ൬

1
∣ ܫ ∣

	∫ூ	|ܾ(ݐ) − ݉ੜܾ|ଶ	݀ݐ൰
ଵ ଶ⁄

= ቌ
1
∣ ܫ ∣

	 ෍ | ఫܾ|ଶ

ఫ∈ࣞ(ੜ)

ቍ

ଵ ଶ⁄

. 

We say that ܾ ∈ ௗܱܯܤ  belongs to the dyadic ܸܱܯ	space ܸܱܯௗ(ℝ) if 

lim
|ூ|→଴

1
ଵ|ܫ| ଶ⁄ ‖ੜܾ݌‖ = 0																																									(7).	 
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lim
|ூ|→଴

1
ଵ|ܫ| ଶ⁄ ‖ੜܾ݌‖ = 0																																										(8). 

lim
|௞|→∞

1
௡,௞|ଵܫ| ଶ⁄ ฮ݌ூ೙,ೖܾฮ = ݊	ℎܿܽ݁	ݎ݋݂	0 ∈ চ																				(9). 

Here the limits in (7) and (8) are meant to be uniform limits as  

|ܫ|  → |ܫ|	ݎ݋	0 → ∞, respectively. Somewhat loosely, we will write 

lim
|ੜ|→ஶ

ଵ
|ூ|భ మ⁄ ‖ੜܾ݌‖ = 0																																						(10). 

if condition (7) – (9) above hold. We understand ܫ →  converging ܫ	ݏܽ	∞
to the point ∞	in the locally compact space ࣞ with the discrete topology. 

For	0 < ܲ < ∞, a locally integrable function b belongs to the dyadic 
Besov space ܤ௉ௗ (ℝ), where the Besov space (named after Oleg 
Vladimirovich Besov) ܤ௉,௤ௗ (ℝ) is a complete quasinormed space which is 
a Banach space when 1 ≤ ,݌	 ݍ ≤ ∞. It, as well as the similarly defined 
Triebel–Lizorkin space, serve to generalize more elementary function 
spaces and are effective at measuring (in a sense) smoothness properties 
of functions [5]. 

Let ∆௛݂(ݔ) = ݔ)݂ − ℎ) −   (ݔ)݂

and define the modulus of continuity by 

߱௣ଶ(݂, (ݐ = 	 sup
|௛|ஸ௧

ฮ∆௛ଶ݂ฮ௣ 

Let ݊ be a non-negative integer and define:	ݏ = 	݊ + 	with 0 ߙ < 	ߙ	 ≤ 	1. 
The Besov space ܤ௉,௤ௗ (ℝ) contains all functions ݂	such that 

݂ ∈ ܹ௡,௣(ℝ)	, න ቤ
߱௣ଶ൫݂(௡), ൯ݐ

ఈݐ
ቤ
௤ஶ

଴

ݐ݀
ݐ
	< ∞. 

if  

‖ܾ‖஻೛೏ =	൭෍ቆ
|ܾூ|
ଵ|ܫ| ଶ⁄ ቇ

∈ࣞ

௣

൱
ଵ ௣⁄

< ∞. 
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 We then have  

For a locally integrable function	߮, let ࣫ఝ be the so-called "dyadic 
sweep" or the square of the dyadic square function of ߮, that is. 

࣫ఝ(ݐ) =෍
߯ூ(ݐ)
|ܫ|

ூ∈ࣞ

|߮ூ|ଶ, ݐ ∈ ℝ																(11).	 

We need the following elementary property of ࣫ఝ 

Lemma (1.1.1) [1]: ூܲ࣫ఝ 	= 	 ூܲ࣫௉಺ఝ 

Let ܦఝ	be the operator on ܮଶ(ℝ) which is diagonal in the Haar basis and 
defined by 

ఝ੘ூܦ = 	੘ூ 	
1
|ܫ|
	 ෍ |߮ఫ|ଶ

ఫ∈ࣞ(ூ)ᇲ
ܫ)		 ∈ ࣞ). 

The following identity relates the paraproducts ߨఝ	ܽ݊݀	࣫ߨക  

Proposition (1.1.2) [1]: 

∗ఝߨ ఝߨ 	= 	 	ക࣫ߨ ക࣫ߨ	+
∗ +  .ఝܦ

Proof: 

It suffices to show that 〈ߨఝ∗ ,ఝℎੜߨ ℎ௃〉 	= 〈ቀ࣫ߨക + ക࣫ߨ
∗ ఝቁܦ	+ ℎூ, ℎ௃〉 

for ܫ, ܬ ∈ ࣞ. Note that ߨఝis superdiagonal in the Haar basis in the sense 
that ߨఝℎூ  has nontrivial Haar coefficient only for ܬ ⊆  ఝisߨ and ܫ
subdiagonal in the Haar basis in the sense that ߨఝℎூhas nontrivial Haar 
coefficient only for	ܬ ⊋   . ܫ

Furthermore, ఝℎூߨ	݌݌ݑݏ ⊆ ക࣫ߨ)݌݌ݑݏ and ܫ ക࣫ߨ	+
∗ ఝ)ℎூܦ	+ ⊆  for all ܫ

ܫ ∈ ࣞ, so we only have to consider the cases. 

(i)  ܫ =  :ܬ

〈ቀ࣫ߨക + ക࣫ߨ
∗ + ఝቁܦ ℎூ , ℎூ〉 = ఝℎூܦ〉 , ℎூ〉 =

ଵ
|ூ|
∑ ห߮௃ห

ଶ
௃ఢࣞ(ூ)ᇲ =

ఝℎூߨ〉 ,  .〈ఝℎூߨ

(ii)  ܫ ⊋  : ܬ

ఝℎூߨ〉 , 〈ఝ੘ఫߨ = ∑ |߮ᇅ|ଶ݉௞ℎூᇅ∈ࣞ ݉௞ℎఫ.  
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=
,ଔ)݊݃݅ݏ (ܫ
ଵ|ܫ| ଶ⁄ |ଔ|ଵ ଶ⁄ ቌ ෍ |߮ᇅ|ଶ

௞∈ࣞ(	ఫశ)

− ෍ |߮ᇅ|ଶ

௞∈ࣞ(	ఫష)

ቍ 

=
,ଔ)݊݃݅ݏ (ܫ
ଵ|ܫ| ଶ⁄ ൫࣫ఝ൯ఫ = ℎੜ	ക࣫ߨ	〉 , ੘ఫ〉 = 〈ቀ࣫ߨക ക࣫ߨ	+

∗ ఝቁܦ	+ ℎੜ, ੘ఫ〉. 

(iii) ܫ ⊊  :ܬ

ക࣫ߨ〉
∗ ℎூ , ੘ఫ〉 = 〈ℎூ , 	〈੘ఫ	ക࣫ߨ = 〈ℎூ , ∗ఝߨ 〈ఝ੘ఫߨ = ∗ఝߨ〉 ఝℎூߨ , ੘ఫ〉. 

by (ii).  

We now need to temporarily introduce a further scale of function spaces. 
For 0 < ݌ < ∞ and 1 ≤ ݍ < ∞, we say that ܾ ∈  ଶ(ℝ) belongs to theܮ
space ܤ௣,௤ௗ  if  

‖ܾ‖஻೛,೜೏ = ൭෍ቆ
1

ଵ|ܫ| ௤⁄ ூܾ‖௤ቇ݌‖
௣

ூ∈ࣞ

൱
ଵ ௣⁄

< ∞											(12) 

Where ‖ ‖௤denotes the norm in ܮ௤(ℝ). A continuous version of the 
following "p-John–Nirenberg Theorem" can be found.  

Proposition (1.1.3) [1]: Let 0 < ݌ < ∞. There exists a constant ߙ௣ such 
that for each nonnegative sequence (ܽூ)ூ∈ࣞ indexed by the dyadic 
intervals,  

෍ቌ
1
|ܫ|

෍ ఫܽ
ఫ∈ࣞ(ூ)

ቍ

௣

	≤ ௣ߙ
ூ∈ࣞ

෍൬
ܽூ
|ܫ|
൰
௣
	

ூ∈ࣞ

. 

Note that the reverse inequality trivially holds, with constant equal to I. 
Note also that the ݌ = ∞ version of the above statement fails, i.e. there 
exists no. 

Constant ܥ such that  

݌ݑݏ
ூ∈ࣞ

1
|ܫ|

෍ ఫܽ 	≤ ݌ݑݏ	ܥ
ூ∈ࣞఫ∈ࣞ(ூ)

ܽூ
|ܫ|
	, 

Simply take ܽூ = ܫ	for all	|ܫ| ∈ ࣞ.  

We include the proof of proposition (1.1.3). 
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Proof: we shall first suppose that	0 < ܲ ≤ ܫ Then, for all .ܫ ∈ ࣞ, we have 

ቌ
1
|ܫ|

෍ ఫܽ
ఫ∈ࣞ(ூ)

ቍ

௣

≤
1
௣|ܫ|

෍ ఫܽ
௣

ఫ∈ࣞ(ூ)

	 

and hence 

෍ቌ
1
|ܫ|
෍ ఫܽ
ఫ∈ࣞ

ቍ

௣

≤
ூ∈ࣞ

෍
1
௣|ܫ|

ூ∈ࣞ

෍ ఫܽ
௣

ఫ∈ࣞ(ூ)

=෍൭෍
1

(2௞|ܬ|)௉

ஶ

௞ୀ଴

൱
ఫ∈ࣞ

ఫܽ
௣ . 

as each dyadic interval ܬ	is contained in exactly one dyadic interval of size 
2௞|ܬ|, for ܭ = 0,1, ….	summing the infinite geometric series, we see that. 

෍ቌ
1
|ܫ|

෍ ఫܽ
ఫ∈ࣞ(ூ)

ቍ

௣

≤
ூ∈ࣞ

2௣

2௣ − 1
෍൬ ఫܽ

|ଔ|
൰
௣
	

ఫ∈ࣞ

. 

As required. 

We now consider the case 1 < ݌ < ∞.	we see that ܫ = ௡,௞ܫ ∈ ࣞ	

ቌ
1
|ܫ|

෍ ௃ܽ
௃∈ࣞ(ூ)

ቍ

௉

= ቌ2௡෍ ෍ ௃ܽ
௃∈ࣞ೘(ூ)

ஶ

௠ୀ௡
ቍ

௉

	

= ቌ෍ (݉ − ݊ + 1)ିଶ(݉ − ݊ + 1)ଶ2௡ି	௠ ෍ 2௠ ௃ܽ
௃∈ࣞ೘(ூ)

ஶ

௠ୀ௡
ቍ

௣

≤ ௣ܥ ෍(݉ − ݊ + 1)ଶ௣ିଶ2௣(௡ି௠)ቌ ෍ 2௠ ௃ܽ
௃∈ࣞ೘(ூ)

ቍ

௣ஶ

௠ୀ௡

. 

For some constant ܥ௣ by Jensen's inequality since ∑ (݉ − ݊ + 1)ିଶஶ
௠ୀ௡  

= ݐ ଶ/6 for all m andߨ ↦  ௣ is convex Applying Holder's inequalityݐ
Where 1 ܲ⁄ 	+	1 ⁄ݍ 	= 	1.	We see that  

ቌ ෍ 2௠ܽ௃
௃∈ࣞ೘(ூ)

ቍ

௉

≤ ෍ ൫2௠ܽ௃൯
௉ ቌ ෍ ௤ܫ

௃∈ࣞ೘(ூ)

ቍ

௉ ௤⁄

௃∈ࣞ೘(ூ)

= 2(௠ି௡)(௣ିଵ) ෍ ൫2௠ܽ௃൯
௣

௃∈ࣞ೘(ூ)

. 

as หࣞ௠(ܫ௡,௞)ห = 2௠ି௡, when m ≥ n. consequently, we get 
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෍ቌ
1
|ܫ|

෍ ௃ܽ
௃∈ࣞ(ூ)

ቍ

௉

ூ∈ࣞ

௣ܥ≥ ෍ ෍(݉ − ݊ + 1)ଶ௣ିଶ2(௡ି௠) ෍ ൫2௠ ௃ܽ൯
௣

௃∈ࣞ೘(ூ೙,ೖ)

ஶ

௠ୀ௡௡,௞∈ℤ

= ௣ܥ ෍ ෍ (݉ − ݊ + 1)ଶ௣ିଶ2(௡ି௠)ቀ2௠ܽூ೘,಻ቁ
௣

௠

௡ୀିஶ௠,௃∈ℤ

.	 

Changing the order of summation. But, for all	݉ ∈ 	ℤ, 

෍ (݉ − ݊ + 1)ଶ௣ିଶ2(௡ି௠)
௠

௡ୀିஶ

=෍ܫଶ௣ିଶ
ஶ

ூୀଵ

2ି(ூାଵ) =  .௣ܭ

Say. Therefore,  

෍ቌ
1
|ܫ|

෍ ௃ܽ
௃∈ࣞ(ூ)

ቍ

௉

ூ∈ࣞ

≤ ௣෍൬ܭ௣ܥ ௃ܽ
|ܬ|
൰
௣

௃∈ࣞ

. 

As required. 

Corollary (1.1.4) [1]: Let b be a locally integrable function, and let 0 <
ܲ < ∞. Then ܾ ∈ ܾ	݂݅	ݕ݈݊݋	݀݊ܽ	݂݅	௣ௗܤ	 ∈ ௣,௤ௗܤ	 1	ݎ݋݂	 ≤ 	ݍ ≤ 2. 

Moreover, ∣∣b∣∣஻೛೏  is equivalent to the expressions in (12). 

Proof: Applying Holder's inequality it is easy to see that ܤ௉,ଶௗ ⊆ ௉,௤ௗܤ ⊆
௉,ଵௗܤ . And it also easy to see that	ܤ௉,ଵௗ ⊆ .ௗ	௉ܤ 	all of these embedding are 
bounded. So it only remains to prove that ܤ௣ௗ ⊆ ௣,ଶௗܤ 	 , and that the 
embedding is bounded. 

By proposition (1.1.3), 

‖ܾ‖஻೛,మ೏ =෍൬
1
|ܫ|
‖ ூܾܲ‖ଶ൰

௣ ଶ⁄

ூ∈ࣞ

=෍ቌ
1

ଵ|ܫ| ଶ⁄ ෍ ห ௃ܾห
ଶ

௃∈ࣞ(ூ)

ቍ

௣ ଶ⁄

ூ∈ࣞ

≤ ௣෍ቆߙ
|ܾூ|
ଵ|ܫ| ଶ⁄ ቇ

௉

=
ூ∈ࣞ

௣‖ܾ‖஻ು೏ߙ
௉ . 

Before we can deal with the case ݍ > 2	,	we need  
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Proposition (1.1.5) [1]: Let 0 < p < ∞	ܽ݊݀	1	 ≤ ݍ < 	∞. ܶℎ݁݊	 

‖࣫௕‖஻೛,೜೏ ≤ ଶ௤ଶܥ2 ‖ܾ‖஻మು,మ೜೏
ଶ 	൫ܾ ∈ ଶ௉,ଶ௤ௗܤ ൯. 

     Where ܥଶ௤ is the norm of the dyadic square function on   
  ,conversely	ଶ௤(ℝ)ܮ

‖ܾ‖஻మು,మ೜೏
ଶ ≤ ଶ௤ଶܥ ௉ܫ ቀ‖࣫௕‖஻ು,೜೏ + ‖ܾ‖஻మು,మ೏

ଶ ቁ.	 

Where ܥଶ௤ is the lower bound of the dyadic square function on	ܮଶ௤(ℝ), 
and ܫ௉ is a constant depending only on ܲ, ௉ܫ = 1 for	݌ ≥ 1. 

Proof: Note that the projections ( ூܲ)ூ∈ࣞ are uniformly bounded on 
each	ܮଶ(ℝ), 1 ≤ ݍ < ∞, with norms bounded by 2, independent of q, 
Let	ܾ ∈ ଶ௣.ଶ௤ௗܤ . Then  

‖࣫௕‖஻೛,೜೏ = ൭෍
1

௉|ܫ| ௤⁄ ‖ ூܲ࣫௕‖௤௉

ூ∈ࣞ

൱
ଵ ௉⁄

= ൭෍
1

௉|ܫ| ௤⁄ ฮ ூܲ࣫௉಺௕ฮ௤
௉

ூ∈ࣞ

൱
ଵ ௉⁄

≤ 2൭෍
1

௉|ܫ| ௤⁄ ฮ࣫௉಺௕ฮ௤
௉

ூ∈ࣞ

൱
ଵ ௉⁄

≤ ଶ௤ଶܥ2 ൭෍
1

ଶ௉|ܫ| ଶ௤⁄ ‖ ூܾܲ‖ଶ௤ଶ௉

ூ∈ࣞ

൱
ଵ ௉⁄

= ଶ௤ଶܥ2 ‖ܾ‖஻మು,మ೜೏
ଶ . 

Where the first equality follows from Lemma (1.1.1) 

Conversely  

൭෍
1

ଶ௉|ܫ| ଶ௤⁄ ‖ ூܾܲ‖ଶ௤ଶ௉
ூ∈ࣞ

൱
ଵ ௉⁄

≤ ଶ௤ଶܥ ൭෍
1

ଶ௉|ܫ| ଶ௤⁄ ฮ࣫௉಺௕ฮ௤
௉

ூ∈ࣞ

൱
ଵ ௉⁄

= ଶ௤ଶܥ ൭෍
1

ଶ௉|ܫ| ଶ௤⁄ ฮ ூܲ࣫௉಺௕ + ߯ூ݉ூ൫࣫௉಺௕൯ฮ௤
௉

ூ∈ࣞ

൱
ଵ ௉⁄

≤ ଶ௤ଶܥ ൭෍
1

ଶ௉|ܫ| ଶ௤⁄ ൬‖ ூܲ࣫௕‖௤ +
1

ଵିଵ|ܫ| ௤⁄ ฮ࣫௉಺௕ฮூ൰
௉

ூ∈ࣞ

൱
ଵ ௉⁄

= ଶ௤ଶܥ ൭෍
1

ଶ௉|ܫ| ଶ௤⁄ ൬‖ ூܲ࣫௕‖௤ +
1

ଵିଵ|ܫ| ௤⁄ ‖ ூܾܲ‖ଶଶ൰
௉

ூ∈ࣞ

൱
ଵ ௉⁄

≤ ଶ௤ଶܥ ௉ܫ ቀ‖࣫௕‖஻ು,೜೏ + ‖ܾ‖஻మು,మ೏
ଶ ቁ. 
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Theorem (1.1.6) [1]: Let 0 < ݌ < ∞. Then the spaces	ܤ௣,௤ௗ , 1 ≤ ݍ < ∞, 
all coincide with the dyadic Besov space	ܤ௣ௗ. The corresponding norms 
are equivalent.  

In the case	݌ = ∞, all the spaces ܤஶ,௤ௗ  coincide with ܱܯܤௗ . as 
known from the classical John–Nirenberg Theorem.  

We shall present a proof of Theorem (1.1.4) here, which only uses 
the dyadic square function, a bootstrap argument and the following 
proposition , which covers the case 1 ≤ ݍ ≤ 2. 

Proof: 

let 2 < ܲ < ∞. Because of the trivial inclusion ܤ௉,௤మ ⊆  ௉.௤భforܤ
1 ≤ ଵݍ ≤ ଶݍ < ∞, we can assune that ݍ = 2௡, ݊ > 1. We prove by 
induction over n that for all	݊ ∈ ℕ. And all 0 < ݌ < ∞ there exists a 
constant ܭ௉,௡		such that  

‖ܾ‖஻೛,೙ ≤ ௣,௡‖ܾ‖஻೛೏ܭ 	൫ܾ ∈ ௣ܤ
ௗ൯ 

 By Corollary (1.1.6) this is true for ݊ = 1 suppose that the statement 
holds for some ݊ ∈ ℕ. then by proposition (1.1.5), for each ܾ ∈  ,௉ௗܤ

‖ܾ‖஻ು,మ೙శభ೏
ଶ ≤ ଶ೙శభܥ௉ܫ

ଶ ൬‖࣫௕‖஻ು మ⁄ ,మ೙
೏ + ‖ܾ‖஻ು,మ೏

ଶ ൰

≤ ଶ೙శభܥ
ଶ ௉ܫ ቀܭ௉ ଶ,௡⁄ ‖࣫௕‖஻ು మ⁄ ,భ

೏ + ‖ܾ‖஻ು,మ೏
ଶ ቁ

≤ ଶ೙శభܥ2
ଶ ௉ܫ ቀܭ௉ ଶ,௡⁄ ‖ܾ‖஻ು,మ೏

ଶ + ‖ܾ‖஻ು,మ೏
ଶ ቁ

≤ ‖ܾ‖஻ು೏
ଶ ଶ೙ܥ௉ଶߙ2

ଶ ௉ܭ௉൫ܫ ଶ,௡⁄ + 1൯. 

The theorem follows now with an appropriate choice of ܭ௣,௡ାଵ. 

Corollary (1.1.7) [1]: Let 0 < p < ∞ and let ܾ ∈ Then ࣫௕	௣ௗ.ܤ ∈ ௣/ଶௗܤ , and 
there exists a constant ܥ௣ > 0 depending only on ݌ such that ‖࣫௕‖஻೛/మ೏ ≤

‖ܾ‖஻ು೏	௣ܥ	
ଶ 	. 

Proof: Corollary (1.1.4) (or Theorem (1.1.6)) and Proposition (1.1.5). 

Now we can give our "p-John-Nirenberg" proof of Theorem (1.1.8) (ii). 
We will give the full proof only for	݌ ≥ 1. 
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Theorem (1.1.8) [1]: 

(i)  ܾ ∈ ௗܱܯܤ  if and only if ߨ௕ ∈ ℊ൫ܮଶ(ℝ)൯;  
(ii)  for	0 < ܲ < ∞, ܾ ∈ ௕ߨ ௣ௗ if and only ifܤ ∈ ܵ௣൫ܮଶ(ℝ)൯;  
(iii)  ܾ ∈ ௗܱܯܸ	  if and only if ߨ௕ ∈ ℋ(ܮଶ(ℝ)).  

  These results are well known, for the boundedness result and for the 
result concerning Schatten classes ܵ௉ , 1 ≤ ݌ < ∞. 

Before we give a "John-Nirenberg type" proof Theorem (1.1.8) (ii). 

Proof: Notice that  

෍‖ߨ௕∗ℎூ‖௉ =෍ฯܾூഥ
߯ூ
|ܫ|
ฯ
௉
=෍

1
௉|ܫ| ଶ⁄ |ܾூ|௉ = ‖ܾ‖஻ು೏

௉

ூ∈ࣞூ∈ࣞூ∈ࣞ

. 

For 0 < ݌ < ∞ by proposition (1.1.3) thus "⇒" follows immediately for 
0 < ܲ ≤ 2	from Eq (3). 

To prove "⇒" for 2 ≤ ܲ < ∞ , note first that for 0 < ܲ < ∞. 

௕‖ௌುܦ‖ మ⁄
௉ ଶ⁄ =෍|〈ߨ௕∗ߨ௕ℎூ , ℎூ〉|௉ ଶ⁄ =෍‖ߨ௕ℎூ‖௉

ூ∈ࣞூ∈ࣞ

=෍
1

௉|ܫ| ଶ⁄
ூ∈ࣞ

ቌ ෍ ห ௃ܾห
ଶ

௃∈ࣞᇲ(ூ)

ቍ

௉ ଶ⁄

≤ ௉‖ܾ‖஻ು೏ܭ
௉  

By proposition (1.1.3), and that therefore for 2 ≤ ݌ ≤ 4 

௕‖௦೛ߨ‖
ଶ = ௕‖௦೛ߨ∗௕ߨ‖ మ⁄ ≤ 2ฮ್࣫ߨฮௌು మ⁄

+ ௕‖ௌುܦ‖ మ⁄  

≤ 2ฮ್࣫ߨฮௌು మ⁄
+ ௉‖ܾ‖஻ು೏ܭ

ଶ ≤ ௉ᇱܭ ቀ‖࣫௕‖஻ು మ⁄
೏ + ‖ܾ‖஻ು೏

ଶ ቁ ≤ ௉‖ܾ‖஻ು೏ܥ
ଶ   

by Corollary (1.1.7) and the first part of the proof. Inductively, we obtain 
the result for all p with	2 ≤ ݌ < ∞. To obtain the reverse direction, we 
define a bounded operator ܴ:	ܮଶ(ℝ) 	→ ଶ(ℝ) of norm 1 by ܴℎூܮ = 	ℎூ for 
∈ ࣞ , where Ȋ	denotes the parent interval of I. Recalling that. 

෍|〈ܶ݁௡ , ௡〉|௉ߪ ≤ ‖ܶ‖ௌು
௉ 																						(13)

ஶ

௡ୀଵ

. 

For any orthonormal bases {݁௡} , (ߪ௡), ݌ ≥ 1	ܽ݊݀	ܶ ∈ ܵ௣ , we find that. 
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௕‖௦೛ߨ‖
௉ ≥ ௕ܴ‖௦೛ߨ‖

௉ ≥෍|〈ܴℎூ , ௕∗ℎூ〉|௉ߨ =
ூ∈ࣞ

෍ฬ〈ℎூ ,
߯ூ
|ܫ|

തܾூ〉ฬ
௉

ூ∈ࣞ

 

=
1

2௉ ଶ⁄ ෍ቆ
|ܾூ|
ଵ|ܫ| ଶ⁄ ቇ

௉

=
1

2௉ ଶ⁄ ‖ܾ‖஻ು೏
௉

ூ∈ࣞ

. 

0	ݎ݋݂ ≤ ݌ < ∞  

The implication "⇐" in Theorem (1.1.8) (ii) for 0 < ݌ < 1	is more 
difficult to deal with and was first shown by Peng . 

  



١٤ 
 

Section (1.2): Operators of Besov Spaces and Vectors of 
Schatten Class with Hankel Operators 

Dyadic paraproducts with matrix or operator symbols have been 
considered .We first introduce some notation for dyadic paraproducts 
acting on a vector valued Hilbert space, with operator valued symbols.  

Let ℋ denote separable Hilbert space and ܮଶ(ℝ,ℋ)	the 
corresponding vector valued Hilbert space, so  

ଶ(ℝ,ℋ)ܮ ≔ ቐ݃:ℝ → ℋ: ‖݃‖௅మ(ℝ,ℋ)
ଶ = න‖݃(ݐ)‖ℋଶ

ℝ

	ݐ݀	 < ∞ቑ. 

We may consider ܮଶ(ℝ,ℋ)	as the Hilbert space tensor product 

ଶ(ℝ)ܮ  ⊗ℋ and, for ݂ ∈ ݔ ଶ(ℝ) andܮ ∈ ℋ, we let ݂ ⊗  denote the ݔ
element of L2(ℝ.ℋ) defined for almost all t ∈	ℝ by ݂ ⊗ (ݐ)ݔ =   .ݔ(ݐ)	݂

Let B be a locally SOT-integrable operator valued function on ℝ, 
so (ݐ)ܤ ∈ ℊ(ℋ)	for almost all ݐ ∈ ℝ, and for ܫ ∈ ࣞ	we may formally 
define the operator ܤூ ∈ ℊ	(ܪ) given by  

,ݔଵܤ〉 〈ݕ 	= නℎଵ(ݐ)
	

ூ

,ݔ(ݐ)ܤ〉 ,ݐ݀〈ݕ ,ݔ ݕ ∈ 	ℋ. 

 For the definition of SOT integrability, we then define the (dyadic) 
paraproduct ߎ஻	, acting on elementary tensors in L2(ℝ,ℋ) by  

݂)஻ߎ ⊗ (ݔ =෍݉ூ݂ℎூ ,ݔூܤ⊗
ூ∈ࣞ

	݂ ∈ ,ଶ(ℝ)ܮ ݔ ∈ ℋ					(14). 

and extending by linearity. One would anticipate that the boundedness of 
such an operator would be characterised by an operator bounded mean 
oscillation criterion. However, it was shown that the naive generalisation 
of the scalar ܱܯܤ condition to the operator case does not imply 
boundedness of the operator paraproducet. 

We shall show, however, that Schatten class membership may be 
characterised by an operator Besov condition analogous to the scalar 
condition. These results can also be obtained using Rochberg and 
Semmes' method of nearly weakly orthonormal sequences , although the 
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vector case does not seem to appear in the literature. We shall first derive 
an expression for ߎ஻∗ . 

Lemma (1.2.1) [1]: if  

݂)஻߉ ⊗ (ݔ = 	෍ ூ݂
ூ∈ࣞ

߯ூ
|ܫ|

⊗ ,ݔ∗ூܤ ݂ ∈ ,ଶ(ℝ)ܮ ݔ ∈ ℋ.	

Extending by linearity, then ߉஻ = ∗஻ߎ   

Proof: This can easily be verified by means of elementary tensors.  

We shall follow the same approach as in the scalar case, using dyadic 
square functions. For an operator valued function ܤ, let QB be the "square 
of the dyadic square function" of	ܤ, that is  

࣫஻(ݐ) = ෍ܤூ∗ܤூ
߯ூ(ݐ)
|ܫ|

ூ∈ࣞ

, 	ݐ ∈ ℝ.	

Let ܦ஻	be the operator on ܮଶ(ℝ,ℋ) defined on elementary tensors by  

݂)஻ܦ ⊗ (ݔ =෍
1
|ܫ|

ூ∈஽

෍ ூ݂ℎூ ݔ௃ܤ∗௃ܤ⊗
௃∈ࣞ(ூ)ᇲ

. 

The following identity relates the paraproducts ߎ஻and ࣫ߎಳ 	 

Proposition (1.2.2) [1]:   

∗஻ߎ ஻ߎ	 = ಳ࣫ߎ	 + ಳ࣫ߎ
∗ + 	.஻ܦ

Proof: It is sufficient to show that 

஻൫ℎூߨ∗஻ߨ〉 ⊗ ,(ݔ ℎ௃ 〈൯ݕ⊗
= 〈൫࣫ߨಳ ಳ࣫ߎ+

∗ + ஻൯(ℎூܦ ⊗ ,(ݔ ℎூ  .(15)																										〈ݕ⊗

for all ܫ, ܬ ∈ ࣞ and ݔ, ݕ ∈ ℋ . This is shown exactly as in Proposition 
(1.1.2). For	0 < ݌ < ∞. We shall say that an operator valued function	ܤ, 
lies in the operator valued dyadic Besov space ܤ௉ௗ , if  

஻೛೏‖ܤ‖ = ൭෍ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

ூ∈ࣞ

൱
ଵ ௉⁄

< ∞. 
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We shall show that Schatten class operator valued dyadic paraproducts 
have symbols which belong to corresponding Besov spaces, thus 
generalising-the scalar result. 

We prove an operator analogue to Corollary (1.1.7). For	ܲ ≥ 2, the Besov 
norms of B and QB are related in the same way as in the scalar case.  

Lemma (1.2.3) [1]: if 2 ≤ ݌ < ∞	and ܤ ∈ ௉ௗ, then ࣫஻ܤ ∈ ௣/ଶௗܤ , with 
‖࣫஻‖஻ು మ⁄

೏ ≤ ஻ು೏‖ܤ‖௉ߙ
ଶ  for some universal constant	ߙ௣.  

Proof: Note that ‖·‖௦ು మ⁄  is a norm. By the definition of QB and (5), we 
see that. 

(࣫஻)ூ =
1

ଵ|ܫ| ଶ⁄ ቌ ෍ ௃ܤ∗௃ܤ − ෍ ௃ܤ∗௃ܤ
௃∈ࣞ(ூష)௃∈ࣞ(ூశ)

ቍ. 

and so 

	‖(࣫஻)ூ‖ௌು మ⁄ ≤
1

ଵ|ܫ| ଶ⁄ ෍ ฮܤ௃∗ܤ௃ฮௌು మ⁄
=

1
ଵ|ܫ| ଶ⁄ ෍ ฮܤ௃ฮௌು

ଶ

௃∈ࣞ(ூ)ᇲ௃∈ࣞ(ூ)ᇲ
, 

Which gives 

	‖࣫஻‖஻೛ మ⁄
೏

௉ ଶ⁄ ≤෍ቌ
1
|ܫ|

෍ ฮܤ௃ฮௌು
ଶ

௃∈ࣞ(ூ)ᇲ
ቍ

௉ ଶ⁄

≤ ஻ು೏‖ܤ‖௉ߙ
௉

ூ∈ࣞ

. 

by Proposition (1.1.3).  

The analogous statement for ݌ = ∞	is false for infinite-
dimensional ℋ. For ܫ ∈ ࣞ , let U1 and V1 be the bounded operators given 
by  

ூܷ:ℋ → ,ଶ(ℝ,ℋ)ܮ ூܷݔ = ூݔ ⊗ ,ݔ ݔ ∈ ℋ, 

ூܸ: ଶ(ℝ,ℋ)ܮ → ℋ, ூܸܨ = න (ݐ)ℎூ(ݐ)ܨ
ூ

,ݐ݀ ܨ ∈  .ଶ(ℝ,ℋ)ܮ

Then	ܤூ = ூܸߎ஻ ூܷ . It follows that, for 0 < ݌ < ∞, if	ߎ஻ ∈ 	ܵ௣, then	ܤଵ ∈
ܵ௣. 
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Proposition (1.2.4) [1]: If 0 < ݌ ≤ 2	and ܤ ∈ ஻ߎ	ℎ݁݊ݐ	௣ௗܤ ∈ ܵ௣ and 
஻‖ௌುߎ‖ ≤ ஻ು೏‖ܤ‖	 , 

Proof: Again, it will be more convenient to work with adjoints. Let 0	 <
ܲ < ∞ and ܫ ∈ ࣞ, Suppose (without. loss of generality, by the discussion 
above) that ܤூ∗ has Schmidt decomposition,  

ݔ∗ூܤ = ෍ ௡ூߣ .ݔ〉 ݁௡ூ ௡ூߪ〈
ஶ

௡ୀ଴

, ݔ ∈ ℋ. 

Where {݁௡ଵ} and {ߪ௡ଵ} are orthonormal bases for ℋ Therefore,  

ூ∗‖ௌುܤ‖ = ூ‖ௌುܤ‖ = ൭෍(ߣ௡ூ )௉
ஶ

௡ୀ଴

൱
ଵ ௉⁄

. 

It follows that {ℎூ 	⊗ ݁௡ଵ ∶ ܫ ∈ ࣞ, ݊ = 0, 1, . . . } is an orthonormal basis for 
 ଶ(ℝ,ℋ). It is clear from Lemma (1.2.1) thatܮ

∗஻ߎ 	(ℎூ ⊗ ݁௡ଵ) =
߯ூ
|ܫ|
௡ூߣ  ௡ଵߪ⊗

Consequently,  

෍‖ߎ஻∗(ℎூ ⊗ ݁௡ூ )‖௉ = ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉ஶ

௡ୀ଴

. 

For each ܫ ∈ ࣞ and therefore 

஻‖ௌುߎ‖
௉ ≤෍෍‖ߎ஻∗(ℎூ ⊗ ݁௡ூ )‖௉

ஶ

௡ୀ଴ூ∈ࣞ

= ஻ು೏‖ܤ‖
௉ . 

by (3).  

The rest of this section will be concerned with showing that the 
statement in Proposition (1.2.4) extends to ݌ > 2, and that also the 
reverse holds. We shall first use Proposition (1.2.4) and Lemma (1.2.3) to 
show that ܤ ∈ ஻ߎ ௣ௗ impliesܤ ∈ ܵ௣ , for 2 < ݌ < ∞.  

Proposition (1.2.5) [1]: If	2 ≤ ݌ < ∞	and	ܤ ∈  ௣ௗ, thenܤ

஻ߎ ∈ ܵ௣	.	Moreover, there exist a constant ܥ௉ > 0 depending only on p 
such that ‖ߎ஻‖ௌು ≤ ஻ು೏‖ܤ‖௉ܥ . 
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Proof: The proof runs along the lines of the proof of Theorem (1.1.8) (ii). 
We shall suppose that 2௡ < ܲ	 ≤ 	2௡ାଵ	for ݊ = 0, 1, .. and proceed by 
induction. The base case (݊ = 0) is covered by Proposition (1.2.4) so 
suppose that	݊ ≥ 1. We shall first consider the operator ܦ஻. By definition, 
஻ܦ ஻has block diagonal formܦ =  ூ∈ࣞ with respect to the Hilbert(ூܧ)
space decomposition ܮଶ(ℝ,ℋ) = ⨁ ூ∈ࣞℋgiven by ݂ ⟼ (ℎூ)ூ∈ࣞ	. 
Here, ܧூ	is defined by 〈ܧூݔ. 〈	ݕ = ∗஻ߎ〉 ℎூ	஻ߎ	 ⊗ ,ݔ ℎூ ,ݔ for	〈ݕ⊗ ݕ ∈ ℋ 
That is, ܧூ =

ଵ
ǀூǀ
	∑௃∈ࣞ(ூ)ᇲ ௃ܤ∗௃ܤ	  Thus 

஻‖ௌುܦ‖ మ⁄
௉ ଶ⁄ = ∑ ூ‖ௌುܧ‖ మ⁄

௉ ଶ⁄
ூ∈ࣞ = ∑ ቛ ଵ

|ூ|
∑ ௃ூ∈ࣞ(ூ)ᇲܤ∗௃ܤ ቛ

ௌು మ⁄

௉ ଶ⁄
ூ∈ࣞ   

≤ ∑ ቀ ଵ|ூ|∑ ฮܤ௃ฮௌು
ଶ

௃∈ࣞ(௧)ᇲ ቁ
௉ ଶ⁄

ூ∈ࣞ   

≤ ௉ܭ ∑
ଵ

|ூ|ು మ⁄ ூ‖ௌುܤ‖
௉

ூ∈ࣞ = ஻ು೏‖ܤ‖௉ܭ . 

by Proposition (1.1.5), since ‖∙‖ௌು మ⁄  is a norm. 

Also, by Lemma (1.2.3), ࣫஻ ∈ ܵ௉ ଶ⁄ 	and 2௡ିଵ < 	2/݌ ≤ 2௡.  

Hence, by the inductive hypothesis ࣫ߎಳ ∈ ܵ௉ ଶ⁄ 	and ‖࣫஻‖஻ು೏ 	≤ ஻೛೏‖ܤ‖௉ܥ	
ଶ            

Consequently, by Proposition (1.2.4), we have 

஻‖ௌುߎ‖
ଶ = ஻‖ௌುߎ∗஻ߎ‖ మ⁄ ≤ 2ฮ࣫ߎಳฮௌು మ⁄

+ ஻‖ௌುܦ‖ మ⁄

≤ ௉ܥ2 ଶ⁄ ‖࣫஻‖஻ು మ⁄
೏ + ஻‖ௌುܦ‖ మ⁄ ≤ ஻ು೏‖ܤ‖௉ܥ

ଶ  

as required for an appropriate choice of ܥ௉.  

Finally, we must show that, for 0 < ݌ < ஻ߎ , ∞ ∈ ܵ௣ implies that 
ܤ ∈ ௣ௗ .We will first deal with the case 1ܤ ≤ ܲ < ∞. 

Proposition (1.2.6)[1]: If 1 ≤ ܲ < ∞. and ߎ஻ ∈ ܵ௣then 	ܤ ∈  ௣ௗܤ

moreover ‖ܤ‖஻ು೏ ≤  . ௉ܥ ஻‖ௌು for some universal constantߎ‖௉ܥ

Proof: Let 1 ≤ ݌ < ∞, and let ܶ:	ܮଶ(ℝ,ℋ) 	→ 	  ଶ(ℝ,ℋ) be in theܮ
Schatten class	ܵ௉. The block diagonal ܧ =  ூ∈ࣞ of T, taken with(ூܧ)
respect to the Hilbert space decomposition ܮଶ(ℝ,ℋ) = ⨁ூ∈ࣞℋ	, ݂ ⟼
(ℎூ)ூ∈ࣞ is then given by  
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ℎூܧ ⊗ ݁ = ℎூ  .ூ݁ܧ⊗

For	ܫ ∈ ࣞ	where	ܧூ:	ℋ → ℋ	is defined by	〈ܧூ݁	, ݂〉 = 〈ܶ݁ ⊗ ℎூ , ݂ ⊗ ℎூ〉	 

for ܫ ∈ ࣞ, ݁, ݂ ∈ ℋ. We will use the inequality  

ௌು‖ܧ‖
௉ =෍‖ܧூ‖ௌು

௉ ≤ ‖ܶ‖ௌು
௉

ூ∈ࣞ

																			(16). 

  Similarly to the proof of Theorem (1.1.8) (ii), one defines a bounded 
linear operator	ܴ:	ܮଶ(ℝ,ℋ) → ܴℎூ	by ܫ	ଶ(ℝ,ℋ) of normܮ	 ⊗ ݁ = ℎȊ⊗
݁ 

	For ܫ ∈ ࣞ ,݁ ∈ ℋ.	

Suppose now that	ߎ஻ ∈ ܵ௣, for each	ܫ ∈ ࣞ, let ܤூ∗ have the Schmidt 
decomposition  

ݔ∗ூܤ = ෍ ௡ூߣ < .ݔ ݁௡ூ > ௡ூߪ
ஶ

௡ୀ଴

, ݔ ∈ ℋ. 

Where {݁௡ூ } and {ߪ௡ூ} are orthonormal bases for ℋ. 

Applying (16) with ܶ =   ஻ܴand using (13), we obtainߎ

ௌು‖ߎ‖
௉ ≥ ஻ܴ‖ௌುߎ‖

௉ ≥෍‖ܧூ‖ௌು
௉

ூ∈ࣞ

≥෍෍|< ௡ூߪூܧ , ݁௡ூ >|௉
ஶ

௡ୀଵூ∈ࣞ

=෍෍|< ஻ܴℎூߎ ௡ூߪ⊗ , ℎூ ⊗ ݁௡ூ >|௉
ஶ

௡ୀଵூ∈ࣞ

=෍෍ ฬ< ℎȊ ௡ூߪ⊗ ,
߯ூ
|ܫ|
ூ∗݁௡ூܤ >ฬ

௉ஶ

௡ୀଵூ∈ࣞ

=෍
1

2௉ ଶ⁄
1

௉|ܫ| ଶ⁄ ෍|ߣ௡ூ |௉
ஶ

௡ୀଵூ∈ࣞ

=
1

2௉ ଶ⁄ ෍ቆ
ூ‖ௌುܤ‖

௉

ଵ|ܫ| ଶ⁄ ቇ
௉

=
ூ∈ࣞ

1
2௉ ଶ⁄ ஻ಳ೏‖ܤ‖

௉ . 

Finally, we shall consider the case 0 < ݌ < 1. we shall generalize 
an argument. Note that, for	0 < ݌ < 1 . 

‖ ‖ௌು  is not a norm. However, if ܶ = ܴ + ܵ, then  
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‖T‖ௌ೛
௣ ≤	‖R‖ௌ೛

௣ +	‖S‖ௌ೛
௣ 																																(17).  

We can obtain a partial reverse inequality, in the case that ܴ and ܵ have 
orthogonal ranges.  

Lemma (1.2.7) [1]: Let 0 < ݌ < ∞ If R and S are operators with 
orthogonal ranges and ܶ = ܴ + ܵ then  

‖T‖ௌ೛
௣ ≤ 	 ଵଶ	(‖R‖ௌ೛

௣ +	ቛS‖ௌ೛
௣ ቁ. 

Proof: It follows that		ܶ∗ܶ = ܴ∗ܴ + ܵ∗ܵ, as ܴ∗ܵ = ܴܵ∗ = 0. Therefore, 
ܴ∗ܴ ≤ ܶ∗ܶ. 

By Douglas' Lemma there exists a contraction ܼ such that ܴ = 	ܼܶ and so 
‖ܴ‖ௌ೛	 ≤ 	‖ܶ‖ௌ೛	 . similarly, ‖ܵ‖ௌ೛		 ≤ 	‖ܶ‖ௌ೛, and the result follows.  

For ݉ ∈ ℤ we define the orthogonal projection ∆୫ on ܮଶ	(ℝ,ℋ) by 

∆௠(݂ ⊗ (ݔ	 = 	෍〈݂, ℎଵ〉
ூ∈஽

	ℎଵ 	⊗  .ݔ	

defined here on elementary tensors for ݂ ∈ ݔ ଶ(ℝ) andܮ ∈ 	ℋ . We also 
define, for ݉, ݊ ∈ℤ, 

஻ߎ
௡,௠ = 	∆௠ߎ஻∆௡ 

Lemma (1.2.8) [1]: Let ܤ ∈ ݉ ௣ௗ Ifܤ ≤ ݊ then ߎ஻
௡,௠ = 0. If ݉ > ݊	and 

0 < ܲ < 1 then 

஻‖ௌುߎ‖
௉ ≤ 2(௡ି௠)௉ ଶ⁄ ෍ ቆ

ூ‖௦೛ܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

ூ∈ࣞ೘

. 

Proof: By definition, we see that, for ݂ ∈ ݔ ଶ(ℝ) andܮ ∈ ℋ  

஻ߎ
௡,௠(݂ ⊗ (ݔ = ෍ ෍ 〈݂, ℎ௃〉݉ூ

ூ∈ࣞ೘௃∈ࣞ೙

൫ℎ௃൯ℎூ⨂ܤூݔ. 

Therefore, by (5), if ݉ ≤ ݊ then	ߎ஻
௡,௠ = 0 and if ݉ > ݊  

஻ߎ
௡,௠(݂ ⊗ (ݔ = ෍ ෍

〈݂, ℎ௃〉
ଵ|ܬ| ଶ⁄

ூ∈ࣞ೘(௃శ)௃∈ࣞ೙

ℎூ⨂ܤூݔ − ෍ ෍
〈݂, ℎ௃〉
ଵ|ܬ| ଶ⁄

ூ∈ࣞ೘(௃ష)௃∈ࣞ೙

ℎூ⨂ܤூݔ. 

Let ܤூ 	have Schmidt decomposition  
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ݔூܤ =෍ߣூூ < .ݔ ݁ூூ > ூூߪ 	,															(18)
ஶ

ூୀ଴

. 

So we have  

஻ߎ
௡,௠(݂ ⊗ (ݔ

= ෍ ෍ ෍
ூூߣ

ଵ|ܬ| ଶ⁄ 〈݂ ⊗ ,ݔ ℎ௃ ⊗ ݁ூூ〉
ஶ

ூୀ଴ூ∈ࣞ೘(௃శ)௃∈ࣞ೙

ℎூ⨂ߪூூ

− ෍ ෍ ෍
ூூߣ

ଵ|ܬ| ଶ⁄ 〈݂ ⊗ ,ݔ ℎ௃ ⊗ ݁ூூ〉
ஶ

ூୀ଴ூ∈ࣞ೘(௃ష)௃∈ࣞ೙

ℎூ⨂ߪூூ 										(19). 

Thus ߎ஻
௡,௠	has been expressed as the difference of two operators with 

given Schmidt decompositions, so, by (17),  

஻ߎ‖
௡,௠‖ௌು

௉ ≤ ෍ ෍ ෍ቆ
ூூߣ

ଵ|ܬ| ଶ⁄ ቇ
௣

+ ෍ ෍ ෍ቆ
ூூߣ

ଵ|ܬ| ଶ⁄ ቇ
௣ஶ

ூୀ଴ூ∈ࣞ೘(௃ష)௃∈ࣞ೙

ஶ

ூୀ଴ூ∈ࣞ೘(௃శ)௃∈ࣞ೙

= ෍ ෍ ቆ
ூ‖ௌುܤ‖
ଵ|ܬ| ଶ⁄ ቇ

௉

ூ∈ࣞ೘(௃)௃∈ࣞ೙

= 2(௡ି௠)௣ ଶ⁄ ෍ ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

ூ∈ࣞ೘

. 

Let ܤ ∈  . ௣ௗ and ܰ be a positive integer (to be determined later)ܤ

For ݇ = 	0, . . . ܰ − 1	,	let	

஻,௞ߎ = ෍ ෍ ஻ߎ
ே௡ା௞,ே௡ା௞ାଵ = ෍ ෍ ஻ߎ

ே௡ା௞,ே௠ା௞ାଵ
௠

௡ୀିஶ

ஶ

௠ୀିஶ

ஶ

௠ୀିஶ

ஶ

௡ୀିஶ

 

by Lemma (1.2.8) Let  

஻,௞ߎ
(଴) = ෍ ஻ߎ

ே௡ା௞,ே௡ା௞ାଵ, ஻,௞ߎ
(ଵ)

ஶ

௡ୀିஶ

= ෍ ෍ ஻ߎ
ே௡ା௞,ே௠ା௞ାଵ

௠ିଵ

௡ୀିஶ

ஶ

௠ୀିஶ

 

So 

	஻,௞ߎ஻,௞ߎ	
(଴) 	஻,௞ߎ	+

(ଵ)  

 

 

Lemma (1.2.9) [1]: For 0 < ݌ ≤ 1 and ܤ,ܰ as above  
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෍ቛߎ஻,௞
(଴)ቛ

ௌು
≥ ஻ು೏‖ܤ‖௉ܥ

௉
ேିூ

௞ୀ଴

. 

Proof: By (18) and (19), we see that,  

஻ߎ
ே௡ା௞,ே௡ା௞ାଵ(݂ ⊗ (ݔ = ෍

〈݂, ℎ௃〉
ଵ|ܬ| ଶ⁄

௃∈ࣞಿ೙శೖ

൫ℎ௃శ ݔ௃శܤ⊗ − ℎ௃ష ൯ݔ௃షܤ⊗

= ෍ ෍
ூߣ
௃శ

ଵ|ܬ| ଶ⁄ 〈݂ ⊗ ,ݔ ℎ௃ ⊗ ݁ூ
௃శ〉

ஶ

ூୀ଴௃∈ࣞಿ೙శೖ

ℎ௃శ⨂ߪூ
௃శ

− ෍ ෍
ூߣ
௃ష

ଵ|ܬ| ଶ⁄ 〈݂ ⊗ ,ݔ ℎ௃ ⊗ ݁ூ
௃ష〉

ஶ

ூୀ଴௃∈ࣞಿ೙శೖ

ℎ௃ష⨂ߪூ
௃ష . 

and so 

஻,௞ߎ
(଴)(݂ ⊗ (ݔ

= 	 ෍ ෍ ෍
ூߣ
௃శ

ଵ|ܬ| ଶ⁄ 〈݂ ⊗ ,ݔ ℎ௃ ⊗ ݁ூ
௃శ〉ℎ௃శ ூߪ⊗

௃శ
ஶ

ூୀ଴௃∈ࣞಿ೙శೖ

ஶ

௡ୀିஶ

− ෍ ෍ ෍
ூߣ
௃ష

ଵ|ܬ| ଶ⁄ 〈݂ ⊗ ,ݔ ℎ௃ ⊗ ݁ூ
௃ష〉

ஶ

ூୀ଴௃∈ࣞಿ೙శೖ

ஶ

௡ୀିஶ

ℎ௃ష⨂ߪூ
௃ష , 

Since 〈ℎ௃శ , ℎூష〉 = 0 for all , ܬ ∈ 	஻,௞ߎ , ࣞ
(଴)  has been expressed as the 

difference of two operators with orthogonal ranges and given Schmidt 
decompositions. 

So, by Lemma (1.2.7),  

ቛߎ஻,௞
(଴)ቛ

ௌು

௉
≥
1
2
ቌ ෍ ෍ ෍

൫ߣூ
௃శ൯

௉

௉|ܬ| ଶ⁄

ஶ

ூୀ଴௃∈ࣞಿ೙శೖ

ஶ

௡ୀିஶ

+ ෍ ෍ ෍
൫ߣூ

௃ష൯
௉

௉|ܬ| ଶ⁄

ஶ

ூୀ଴௃∈ࣞಿ೙శೖ

ஶ

௡ୀିஶ

ቍ 				

=
1
2
෍ ෍

1
௉|ܬ| ଶ⁄

௃∈ࣞಿ೙శೖ

ஶ

௡ୀିஶ

ቀฮܤ௃శฮௌು
௉
+ ฮܤ௃షฮௌು

௉
ቁ

=
1

2௉ ଶାଵ⁄ ෍ ෍ ቆ
ூ‖ௌುܤ‖

௉

|ܫ|
ቇ
௉ ଶ⁄

ூ∈ࣞಿ೙శೖశభ

ஶ

௡ୀିஶ

 

Consequently,  
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෍ቛߎ஻,௞
(଴)ቛ

ௌು

௉
≤

1
2௉ ଶ⁄ ାଵ෍ቆ

ூ‖ௌುܤ‖
௉

|ܫ|
ቇ
௉

=
1

2௉ ଶ⁄ ାଵ ஻ು೏‖ܤ‖
௉

ூ∈ࣞ

ேିଵ

௞ୀ଴

, 

In seeking a converse to Proposition (1.2.4) for 0 < ݌ < 1, we shall first 
suppose that ܤ ∈  ௣ௗ: a simple density argument will then give the fullܤ
result.  

Proposition (1.2.10) [1]: Let 0 < ݌ < 1 .There exists a constant ܥ௉	such 
that if ܤ ∈ ஻೛೏‖ܤ‖ ௣ௗ, thenܤ 	≤ ஻‖ௌ೛ߎ‖	௣ܥ	  

Proof: Note that  

஻,௞ߎ = ൭ ෍ ∆ே௡ା௞

ஶ

௡ୀିஶ

൱ߎ஻ ൭ ෍ ∆ே௠ା௞ାଵ

ஶ

௠ୀିஶ

൱, 

And so ‖ߎ஻,௞‖ௌ೛ ஻‖ௌ೛ߎ‖	≥ 	ݏܽ	 ∑ ∆ே௡ା௞ஶ
௡ୀିஶ 	ܽ݊݀	∑ ∆ே௠ା௞ାଵஶ

௠ୀିஶ  
are norm 1 projections. Consequently,  

஻‖ௌುߎ‖ܰ
௉ ≥ ෍ฮߎ஻,௞ฮௌು

௉
≥ ෍ ൬ቛߎ஻,௞

(଴)ቛ
ௌು

௉
− ቛߎ஻,௞

(ଵ)ቛ
ௌು

௉
൰

ேିଵ

௞ୀ଴

ேିଵ

௞ୀ଴

≥ ஻ು೏‖ܤ‖௉ܥ
௉ − ෍ ቛߎ஻,௞

(ଵ)ቛ
ௌು

௉
	

ேିଵ

௞ୀ଴

																																														(20). 

by Lemma (1.2.9). However, for ݇ = 0, . . . , ܰ	 − 	1, we have by (17) and 
Lemma (1.2.8) 

ቛߎ஻,௞
(ଵ)ቛ

ௌು

௉
≤ ෍ ෍ ฮߎ஻

ே௡ା௞,ே௠ା௞ାଵฮௌು
௉
	

௠ିଵ

௡ୀିஶ

ஶ

௠ୀିஶ

≤ ෍ ෍ 2(ே௡ିே௠ିଵ)௉ ଶ⁄
௠ିଵ

௡ୀିஶ

ஶ

௠ୀିஶ

෍ ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

ூ∈ࣞಿ೘శೖశభ

	

= ෍ 2ି(ே௠ାଵ)௉ ଶ⁄
ஶ

௠ୀିஶ

෍ ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

ூ∈ࣞಿ೘శೖశభ

෍ 2ே೙ು/మ
௠ିଵ

௡ୀିஶ

	

= ෍ 2ି(ே௠ାଵ)௉ ଶ⁄ 	
ஶ

௠ୀିஶ

෍ ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

ூ∈ࣞಿ೘శೖశభ

෍
2ே೙ು/మ

2ேು మ⁄ ିଵ

௠ିଵ

௡ୀିஶ

	

=
2ି௉ ଶ⁄

2ேು మ⁄ ିଵ ෍ ෍ ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

ூ∈ࣞಿ೘శೖశభ

ஶ

௠ୀିஶ

.			 
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Therefore,  

෍ቛߎ஻,௞
(ଵ)ቛ

ௌು

௉
≤

2ି௉ ଶ⁄

2ே௉ ଶ⁄ ିଵ෍ቆ
ூ‖ௌುܤ‖
ଵ|ܫ| ଶ⁄ ቇ

௉

=
2ି௉ ଶ⁄

2ே௉ ଶ⁄ ିଵ ஻ು೏‖ܤ‖
௉

ூ∈ࣞ

ேିଵ

௞ୀ଴

, 

So, by (20), we see that, for all ܰ.	 

஻‖ௌುߎ‖
௉ ≥

1
ܰ
ቆC୔ 	− 	

2ି௣/ଶ

2ே௣/ଶ − 1
	ቇ ஻ು೏‖ܤ‖

௉ . 

Choose ܰ large enough so that ܥ௉ −
ଶష೛/మ

ଶಿ೛/మିଵ
	> 0 to obtain the required 

result. 

Corollary (1.2.11) [1]: Let 0 < 	݌ ≤ 	1. If ߎ஻ ∈ ܵ௣ then ܵ௣ ∈  , .௣ௗܤ	
Moreover, there exists a constant Cp such that	‖ܤ‖஻೛೏ ≤   .஻‖ௌ೛ߎ‖௣ܥ	

Proof: For any positive integer ܰ, let  

ࣞ(ே) ≔ ൛ܫ௡,௞ ∈ ࣞ: |݊| ≤ ܰ, |݇| ≤ ܰൟ	ܽ݊݀	ܤ(ே)(ݐ) = ෍ (ݐ)ூℎூܤ
ூ∈ࣞ(ಿ)

. 

Then ܤ(ே) ∈ ஻೛೏‖(ே)ܤ‖ ௣ௗ and soܤ ஻(ಿ)‖ௌ೛ߎ‖௣ܥ	≥  by Proposition (1.2.10). 

But,  

݂)஻(ಿ)ߎ ⊗ (ݔ = ෍ ݉௃݂ℎ௃ ݔ௃ܤ⊗ = ܲ(ே)ߎ஻(݂ ⊗ (ݔ
ூ∈ࣞ(ಿ)

. 

Where ܲ(ே) is the orthogonal projection on ܮଶ(ℝ,ℋ) defined by  

ܲ(ே)	൫ℎ௃ ⊗ ൯	ݔ	 = 	ℎ௃ ⊗ ܬ	݂݅	ݔ ∈ ࣞ(ே) 	=  .(21)					݁ݏ݅ݓݎℎ݁ݐ݋	0	

Therefore,  

஻೛೏‖(ே)ܤ‖ ܲ‖௣ܥ	≥
(ே)ߎ஻‖ௌ೛		 ≤ ஻‖ௌ೛ߎ‖௉ܥ  

for all ܰ. But {‖ܤ(ே)‖஻೛೏} is an increasing sequence and so we see that  

஻ು೏‖ܤ‖ = lim
ே→ஶ

ฮܤ(ே)ฮ஻ು೏ ≤  ஻‖ௌುߎ‖௉ܥ

In summary, combining Propositions (1.2.4), (1.2.5), (1.2.11) and 
Corollary (1.2.6), we obtain the main result.  
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Theorem (1.2.12) [1]: For  0 < ݌ < ஻ߎ , ∞ ∈ ܵ௣ if and only if ܤ ∈  .௣ௗܤ
Moreover,  

஻೛೏‖ܤ‖௣ܥ ≤ 		஻‖ௌ೛ߎ‖	 ≤ ஻೛೏‖ܤ‖௉ܭ  

Let ܫ < ݌ < ∞	, and let ܤ:	ℝ	 → ℊ	(ℋ)	be locally integrable. We say that 
  ௉(ℝ), ifܤ is in the operator Besov space ܤ

஻ು‖ܤ‖
௉ ≔ න න

(ݔ)ܤ‖ − ௌು‖(ݕ)ܤ
௉

ݔ| − ଶ|ݕ
ℝℝ

	ݕ݀ݔ݀	 < ∞. 

Theorem (1.2.13) [1]: Let 1 < ݌ < ∞ , and let ܤ:	ℝ	 → ℊ(ℋ) be 
antianalytic and locally integrable. Then the following are equivalent:   

(i) The vector Hankel operator Γ஻:	ܮଶ(ℝ,ℋ) →   .ଶ(ℝ,ℋ) is in Spܮ

(ii) ܤ ∈   .௉(ℝ)ܤ

We can use our results on vector paraproducts, along with the 
averaging procedure to obtain an alternative proof of the sufficiency of 
this condition. One would expect Bp to be continuously included in ܤ௣ௗ, 
and we show this here. 

Lemma (1.2.14) [1]:Let ܫ < ݌ < ∞. Then there exists a constant 

௉ܭ  > 0	such that if ܤ ∈ ܤ ௉(ℝ) thenܤ ∈ ஻೛೏‖ܤ‖ ௣ௗ andܤ 	≤ ஻೛‖ܤ‖	௣ܭ	 . 

Proof: It is easily shown that, for any ܣ ∈ ܵ௉ and ܬ ∈ ࣞ.  

ฮܤ௃ฮௌು
ଵ|ܬ| ଶ⁄ ≤

1
|ܬ|
නฮ(ݔ)ܤ − ݉௃ܤฮ௦೛
௃

ݔ݀ ≤
2
|ܬ|
න‖(ݔ)ܤ − ௌು‖ܣ
௃

 .ݔ݀

Letting ܣ = ݕ and then averaging for (ݕ)ܤ ∈  we see that .ܬ

ฮܤ௃ฮௌು
ଵ|ܬ| ଶ⁄ ≤

2
ଶ|ܬ|

න න‖(ݔ)ܤ − ௦೛‖(ݕ)ܤ
௃௃

 .ݕ݀ݔ݀

Supposing that ܫ ∈ ࣞ௡ for ݊ ∈ ℤ and using Holder's inequality, we see 
that  
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෍
ฮܤ௃ฮௌು

௉

௉|ܬ| ଶ⁄
௃∈ࣞ(ூ)

≤ 2௉ ෍
1
ଶ|ܬ|

න න‖(ݔ)ܤ − ௌು‖(ݕ)ܤ
௉

௃௃

ݕ݀ݔ݀
௃∈ࣞ(ூ)

= 2௉ ෍ ෍
1

(2௡ି௠|ܫ|)ଶ
න න‖(ݔ)ܤ − ௌು‖(ݕ)ܤ

௉

௃௃

ݕ݀ݔ݀
௃∈ࣞ೘(ூ)

ஶ

௠ୀ௡

=
2௉

ଶ|ܫ|
න න ,ݔ)ூܭ (ݕ

ℝℝ

(ݔ)ܤ‖ − ௌು‖(ݕ)ܤ
௉  .ݕ݀ݔ݀

	where  

,ݔ)ூܭ (ݕ = ෍ ෍ 2ଶ(௠ି௡)߯௃(ݔ)߯௃(ݕ)
௃∈ࣞ೘(ூ)

ஶ

௠ୀ௡

. 

Clearly, if either ݔ ∉ ݕ or ܫ ∉ ,ݔ)	௉ܭ	 then ܫ (ݕ = 	0. Suppose that ݔ, ݕ ∈
ݔ with ,ܫ ≠ ܬ	and let ݕ ∈ ࣞ௠(ܫ). Then ߯௃(ݔ)߯௃	(ݕ) = 0	if	 

	ݔ│ − │ݕ	 > │ܬ│ = 2௡ି௠|ܫ|. So,  

,ݔ)ூܭ (ݕ ≤ ෍ 2ଶ(௠ି௡)
௡ା[୪୭୥మ(|ூ| |௫ି௬|⁄ )]

௠ୀ௡

≤
ଶ|ܫ|

ݔ|3 − ଶ|ݕ
. 

Therefore, for all	݊ ∈ ℤ,  

෍ ෍
ฮܤ௃ฮௌು

௉

௉|ܬ| ଶ⁄
௃∈ࣞ(ூ)ூ∈ࣞ೙

≤
2௉

3
න න

(ݔ)ܤ‖ − ௌು‖(ݕ)ܤ
௉

ݔ| − ଶ|ݕ
ℝℝ

 .ݕ݀ݔ݀

Letting ݊	 → −	∞ we see that  

஻ು೏‖ܤ‖
௉ =෍

ฮܤ௃ฮௌು
௉

௉|ܬ| ଶ⁄
௃∈ࣞ

≤
2௉

3
஻ು‖ܤ‖

௉ . 

For ߙ ∈ 	ℝ and ݎ ∈ 	ℝ+, let	ࣞఈ,௥ denote the translated, dilated dyadic grid 
given by  

ࣞఈ,௥ = ߙ]} + ,2ି௡݇ݎ ߙ + ݇)2ି௡ݎ + 1): ݊, ݇ ∈ ℤ}. 

For ܬ ∈ ࣞఈ,௥ let ℎ௃
௔,௥ denote the corresponding Haar function, normalised 

in ܮଶ(ℝ). We define the dyadic shift	ܵఈ,௥ on ܮଶ(ℝ) by  
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ܵఈ,௥(݂ ⊗ (ݔ = ෍ 〈݂, ℎூ
ఈ,௥〉൫ℎூశ

ఈ,௥ ⊗ ݔ − ℎூష
ఈ,௥ ⊗ ൯ݔ

ூ∈ࣞഀ,ೝ

. 

for an elementary tensor .݂ ⊗ ݔ ∈  ଶ(ℝ,ℋ). Note that.ܵఈ,௥ has norm √2ܮ
Let :ܪ	ܮଶ(ܴ, (ܪ →  .denote the vector Hilbert transform on ℝ	(ℝ,ℋ)	ଶܮ	

So 

݂)ܪ ⊗ (ݔ = ቌܲ. .ݒ න
݂(· (ݕ−

ݕ
ℝ

⊗ቍݕ݀  .ݔ

 Then, there exists a function ܽ ∈ ଶ(ܴ) and a constant ܿ଴ܮ > 0	such that 
the operator ܶ:	ܮଶ(ℝ,ℋ) →   (ℝ,ℋ) given by	ଶܮ

ܶ(݂ ⊗ (ݔ = ܿ଴ܪ(݂ ⊗ (ݔ + (݂ܽ) ⊗ ݂)		ݔ ∈ ,ଶ(ℝ)ܮ ݔ ∈ ℋ). 

is contained in the WOT-closed convex hull of the set {	ܵఈ,௥: ߙ ∈ ℝ, ݎ ∈
ℝା}.  

We begin by showing, that for 1 < ݌	 < ∞	there exists a constant ܥሚ௣ > 0 
such that  

‖[ܵఈ,௥, ௌು‖[ܤ ≤ ஻ು‖ܤ‖ሚ௣ܥ ܤ)	 ∈  .(22)																							௉)ܤ

For ߳ߙℝ ߳ݎℝା	, ஻ߎ	ݐ݈݁
௔,௥	denote the vector paraproduct with respect to the 

dyadic grid 	ࣞఈ,௥ given by. 

஻ߎ
ఈ,௥݂ ⊗ ݔ	 = ෍ ݉ூ݂ℎூ

ఈ,௥

ூ∈ࣞഀ,ೝ

 .ݔூܤ⊗

And ∧஻శ
ఈ,௥ its adjoint. Let ܴ஻

ఈ,௥ be the operator defined on elementary 
tensors by 

ܴ஻
ఈ,௥݂ ⊗ ݔ = 	 ෍ 	 ூ݂ℎூ

ఈ,௥

ூ∈஽ഀ,ೝ
	⊗ 	݉ଵݔܤ. 

Here, ݉ூ݂	, ூ݂ , ܤூ  and ݉ூܤ denote Haar coefficients and averages with 
respect to the grid ࣞఈ,௥.Then it is easily shown that 

஻ܯ = ஻ߎ
ఈ,௥ +	∧஻

ఈ,௥+ ܴ஻,
ఈ,௥, 

and  
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‖ܵఈ,௥ܯ஻ ஻ܵఈ,௥‖ௌುܯ−
≤ ‖ܵఈ,௥ߎ஻

ఈ,௥ ஻ߎ−
ఈ,௥ܵఈ,௥‖ௌು + ‖ܵఈ,௥ 	 ∧஻

ఈ,௥−	∧஻
ఈ,௥ ܵఈ,௥‖ௌು

+ ฮܵఈ,௥ܴ஻,
ఈ,௥ − ܴ஻,

ఈ,௥ܵఈ,௥ฮ
ௌು
. 

For ܨ	a function (scalar, vector or operator valued) defined on ܴ.	let  

ܷఈ,௥(ݐ)ܨ = ଵିݎ ଶ⁄ ݐ))ܨ − (ߙ ⁄ݎ ), 	ܸఈ,௥(ݐ)ܨ = ݐ))ܨ − (ߙ ⁄ݎ ), 

Then ܷఈ,௥ is a unitary map on ܮଶ(ܴ,ℋ). 	ܸఈ,௥	is an isometry on Bp and  

	ܷఈ,௥ߎ஻
ఈ,௥(ܷఈ,௥)ିଵ =  .(23)																																										௏ഀ,ೝ஻	ߎ

If ܤ ∈   ௉, thenܤ

‖ܵఈ,௥ߎ஻
ఈ,௥ ஻ߎ−

ఈ,௥ܵఈ,௥‖ௌು ≤ 2‖ܵఈ,௥‖‖ߎ஻
ఈ,௥‖ௌು = ௏ഀ,ೝ஻‖ௌು	ߎ‖2√2 	

≤ ஻ು‖ܤܸఈ,௥	௉‖ܥ2√2 = ஻ು‖ܤ‖௉ܥ2√2 . 

by (23), Theorem (1.2.12) and Lemma (1.2.14) It is similarly shown that 
‖ܵఈ,௥ 	∧஻

ఈ,௥−	∧஻
ఈ,௥ ܵఈ,௥‖ௌು ≤ 	.஻ು‖ܤ‖௉ܥ	2√	2

Finally, it may be seen that  

൫ܵఈ,௥ܴ஻,
ఈ,௥ − ܴ஻,

ఈ,௥ܵఈ,௥൯(݂ ⊗ (ݔ = ෍ ଵି|ܫ| ଶ⁄
ூ݂൫ℎூశ − ℎூష൯ ⊗ ݔூܤ

ூ∈ࣞഀ,ೝ

. 

If ܤூ	has Schmidt decomposition ܤூ	 = 	∑ ௡ଵߣ <	. , ݁௡ଵ >   then	௡ଵߪ

൫ܵఈ,௥ܴ஻,
ఈ,௥ − ܴ஻

ఈ,௥ܵఈ,௥൯(݂ ⊗ (ݔ

= ෍ ෍
௡ூߣ2√

ଵ|ܫ| ଶ⁄ 〈݂, ℎூ〉 ቆ
ℎூశ − ℎூష

√2
ቇ⊗ ,ݔ〉 ݁௡ூ ௡ூߪ〈

ஶ

௡ୀ଴ூ∈ࣞഀ,ೝ

. 

Which is an expression in Schmidt form and so  

‖ܵఈ,௥ܴ஻
ఈ,௥ − ܴ஻

ఈ,௥ܵఈ,௥‖ௌು
௉ = ෍ ෍

2୔ ଶ⁄ (λ୍)୔

|I|୔ ଶ⁄

ஶ

୬ୀ଴୍∈ࣞಉ,౨

= 2୔ ଶ⁄ ‖B‖୆ౌౚ
ಉ,౨

≤ K୔‖B‖୆ౌ
୔ . 

by Lemma (1.2.14), where ܤ௣ௗ
ഀ,ೝ is the dyadic Besov space defined with 

respect to ࣞఈ,௥	This shows (22).  

Let	ܤ:	ℝ	 → ℊ(ℋ), ܤ ∈  ௉. and suppose that B is locally boundedܤ
with respect to the operator norm on ℊ	(ℋ) .Let (ܵఊ)ఊ∈௰ be a net in 
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ߙ	:ఈ,௥ܵ}	ݒ݊݋ܿ ∈ ℝ, ݎ ∈ ℝା} which converges to the operator T introduced 
above in the weak operator topology. It follows immediately from (22) 
that ∥[ܵఊ, [஻ܯ ∥ௌ೛ 	≤ ௌು‖ܤ‖ሚ௣ܥ	 . To proceed to the WOT- limit, we require 
the following elementary lemma. 

Lemma (1.2.15) [1]: Let ℋ be a Hilbert space, let 1 ≤ ݌ < ∞, and 
suppose that (ܣఊ)ఊ∈୻. is a bounded net of operators in ܵ௉ ⊆ ℊ(ℋ),  

 Furthermore, suppose that there exists a dense subspace ࣛ of ℋ 
and a sesquilinear form ࣛ	 × 	ࣛ → ,ݔ)	₵	 (ݕ ⟼	 ,ݔ	ܣ〉  such that ,	〈ݕ
lim
ఊ∈୻

,ݔఊܣ〉 〈ݕ = ,ݔܣ〉 ,ݔ for all	〈ݕ 	ݕ ∈ ࣛ. Then A extends to a bounded 

linear operator on ℋ	, ܣ	 ∈ ܵ௉  and ‖ܣ‖ௌು ≤ sup
ఊ∈୻

ฮܣఊฮௌು . 

Proof: From  

,ݔܣ〉| |〈ݕ = lim
ఊ∈୻

ห〈ܣఊݔ, ห〈ݕ ≤ ݌ݑݏ
ఊ∈୻

ฮܣఊฮ‖ݕ‖‖ݔ‖ ≤ ݌ݑݏ‖ݕ‖‖ݔ‖
ఊ∈୻

ฮܣఊฮௌು . 

For all ݔ, ݕ ∈ ࣛit follows that A extends to a bounded sesquilinear form 
on ℋ× ℋ and therefore defines a bounded linear operator on ℋ, which 
we also denote by A. The estimate for the Sp norm of A is easily obtained 
from the identity 

∥ ܣ ∥ௌ೛
௣ = sup ൝෍|〈݁ܣ௡ , :௡〉|௉ߪ ܰ

ே

௡ୀଵ

∈ ℕ, {݁௡}, ௡ୀଵே{௡ߪ}  .ℋൡ	݊݅	ݏ݉݁ݐݏݕݏ	݈ܽ݉ݎ݋݊݋ℎݐݎ݋	

see (13), and the density of ࣛ in ℋ. 

We can now finish the proof of the direct implication in the 
theorem. Let     ࣛ = {݂ ∈ ,ଶ(ℝ,ℋ)ܮ ݂	ℎܽݏ	ݐܿܽ݌݉݋ܿ	ݐݎ݋݌݌ݑݏ}	.Since ܤ 
is locally bounded, the commutator [H, MB] defines a sesquilinear form 
on	ࣛ × ࣛ, and one has  

lim
ఊ∈୻

〈ൣܵఊ ,ݔ஻൧ܯ, 〈ݕ = 〈[ܶ, ,ݔ[ܤ 〈ݕ =
1
ܿ଴
,ܪ]〉 ,ݔ[ܤ  .〈ݕ

by the WOT convergence of (ܵఊ)ఊ∈୻ to T. Thus by the previous lemma 
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ௌು‖[஻ܯ,ܪ]‖ ≤
஼ሚು
஼బ
஻ು‖ܤ‖ 						(24).  

It is not difficult to see that the locally bounded functions are dense in ܤ௣ 
for	݌ > ܤ	For a given .ܫ ∈  ௣, one can for example choose the sequenceܤ	

given by ܤ௡(ݔ) = ݔ)෨ܤ + 	 ௜
௡
	), where ܤ෨  denotes the harmonic extension of 

 ௡ is locally bounded, andܤ to the upper half plane. Then each ܤ
 ,௣ by the Dominated Convergence Theoremܤ converges to B in	௡∈ℕ(௡ܤ)
subharmonicity and a vector version of Fatou’s Theorem. By density, we 
obtain (24) for all ܤ ∈ ௣. Using that ுܲమ([ℝ,ℋ]ܤ

ୄ ுమ([ℝ,ℋ])ܲ[஻ܯ,ܪ] =
ଵ
ଶ௜
Γ஻ for 

antianalytic B finishes the proof. 

We note also that a version of Theorem (1.2.13) holds, for 0 < ݌ ≤
  ,using appropriate definitions of the operator Besov spaces, for such p , ܫ
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Section (1.3): Little Hankel Operators and products of 
Dyadic Paraproducts 
 

In this section, we want to use the vector valued results above to 
obtain a characterization of Schatten class dyadic paraproducts in several 
variables and of Schatten class little Hankel operators on certain product 
domains. 

 As in the case of vector paraproducts, the method of nearly weakly 
orthonormal sequences provides an alternative route to obtain the 
characterization of the symbols of Schatten class paraproducts, although 
this does appear not explicitly in the literature. 

 Let	݊ ∈ ℕ. We write ℛ = ࣞ௡ for the collection of dyadic 
rectangles in ℝ௡. For	ܴ = 	 ଵܫ × … . . .× ,ଵݐ)௡. Let ℎோܫ … . , (௡ݐ =
ℎூభ(ݐଵ)…ℎூ೙(ݐ௡). The collection (ℎோ)ோ∈ℛ is then the product Haar basis 
of ܮଶ(ℝ௡). 

 For a locally integrable function f on	ℝ௡. We denote the Haar 

coefficient ‹݂	, ℎோ› by ோ݂ and the average భ∣ೃ∣∫ ,ଵݐ)݂	 . . . , ோ	௡)ݐ  ௡ byݐ	…ଵݐ݀
݉ோ݂	. 

 Let ܾ ∈  ଶ(ℝ௡). givenܮ ଶ(ℝ௡). The densely defined linear mapping onܮ
by  

݂ ↦ ෍ ℎோܾோ݉ோ݂
ோ∈ℛ

																														(25). 

is the multivariable dyadic paraproduct with symbol b, denoted by ߨ௕. 

 If we want to make clear that we take the paraproduct in n 
variables, we write ߨ௕

(௡).	For	1 ≤ ݅ ≤ ݊, let ௜ܲ ∶ ଶ(ℝ௡)ܮ →  denote	ଶ(ℝ௡)ܮ
the Riesz projection in the ith variable and ௜ܲ

ୄ denote ܫ − ௜ܲ . Then ܲ =
ଵܲ 	… ௡ܲis the orthogonal projection from ܮଶ(ℝ௡)	onto the Hardy space 
 ଶ(₵ା೙) on the n-foldܪ ଶ(ℝ௡). We identify functions in the Hardy spaceܪ
product of the upper half planes with their boundary values in ܪଶ(ℝ௡). in 
the usual manner, and we write ܪଶ(ℝ௡) = ഥଶ(ℝ௡)ܪ ଶ(₵ା೙) Letܪ = {݂ ∈
ଶ(ℝ௡)ܮ ∶ ݂̅ ∈ 	.{ଶ(ℝ௡)ܪ

The densely defined linear map on ܪଶ(ℝ௡) ⟶   ഥଶ(ℝ௡) given byܪ
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݂ ⟼ ܲଵ఼ … . ܲ௡఼ܾ݂																										(26). 

Is the little Hankel operator with symbol b, denoted by ߛ௕. Again, we will 
write ߛ௕

(௡) if we want to emphasize that the Hankel operator is taken with 
respect to n variables. The characterizations of bounded multivariable 
dyadic paraproducts and little Hankel operators in terms of their symbols 
are by no means a simple extension of the one-dimensional results. 

  For ݊ = 2, boundedness of dyadic paraproducts was characterized 
in terms of an oscillation property of the symbol over all open sets in	ℝ௡ 
and this gave rise to a characterization of the dual of the Hardy space 
 ଵ(₵ା೙) in terms of oscillation properties. Only recently, it was shownܪ
that also the boundedness of little Hankel operators on ܪଶ(₵ାమ)can be 
characterised in terms of an oscillation property over open sets, in the 
course of the solution of the long-standing weak factorization problem on 
	݊ For	ଵ൫₵ାమ൯.ܪ ≥ 3, no such characterization is known. 

 Little Hankel operators on the unit ball in ₵௡, or more generally, 
on smoothly bounded strictly pseudo convex sets, are much better 
understood. 

  The main point of this section is to show that because of the good 
behaviour of Schatten class vector paraproducts and vector Hankel 
operators, multivariable paraproducts and little Hankel operators of 
Schatten class on certain product domains can be characterized quite 
easily in terms of their symbols.  

It is shown that for ܾ ∈  ௕ onߛ ଶ൫₵ାమ൯, the little Hankel operatorܪ
ଶ(₵ାమ) is of trace class, if and only if ߲ଵଶ߲ଵଶܾ is integrable on ₵ାమܪ , that 
is, b is in the Besov space ܤூ(ℝଶ). This appears as a special case of a 
consideration of tube domains over symmetric cones. It is conjectured 
that these results extend at least to 1 < ݌ ≤ 2 . 

  We will give here a Besov space characterization of the symbols 
for 1 < ݌ < ∞ for little Hankel operators, and for 1 < ݌ < ∞ for 
multivariable dyadic paraproducts.  
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Theorem (1.3.1) [1]: Let ݊ ∈ ℕ, 1 < ݌ < ∞ , and let ܾ ∈  ଶ(ℝ௡). Thenܮ
௕ߨ ∈ ܵ௉,, if and only if (∑ ଵ

∣ோ∣೛/మ
	|ܾோ|௉)ଵ/௣ோ∈ℛ < ∞ , and the ܵ௉ norm of 

  .b, is equivalent to this expressionߨ

Proof: We prove this statement by induction over n. For n = 1. This is 
just Theorem (1.1.1). Suppose that the statement is true for some ݊ ∈ ℕ. 
given ܾ ∈ ௕ߨ ଶ(ℝ௡ାଵ), we understand the multivariable paraproductܮ

(௡ାଵ) 
as a vector-valued parproduct in one variable, defining (ݐ)ܤ = ௕(.,…,.,௧)ߨ	

(௡ାଵ)  
forݐ ∈ ℝ. We write ܾூfor the function on ℝ௡ given by 

…ଵݐ) , (௡ݐ → න …ଵݐ)ܾ , ,௡ݐ (ݐ
ூ

ℎூ(ݐ)݀ݐ.	

 Then	ߨ௕
(௡ାଵ) = ூܤ  and it is easy to see that 	ߨ௕

(௡ାଵ):	ܮଶ(ℝ௡ାଵ) →  ଶ(ℝ௡ାଵ)ܮ	

is unitarily equivalent to 

,ଶ(ℝܮ	:஻ߎ (ଶ(ℝ௡)ܮ → ,(ℝ	ଶܮ  	(ଶ(ℝ௡)ܮ

via the natural unitary equivalence ܮଶ(ℝ௡ାଵ) → ,ଶ(ℝܮ  (ଶ(ℝ௡)ܮ

Applying the induction hypothesis and Theorem (1.2.14), we obtain  

ቛߨ௕
(௡ାଵ)ቛ

ௌು

௉
= ஻‖ௌುߎ‖

௉ ≍෍
1

௉|ܫ| ଶ⁄ ூ‖ௌುܤ‖
௉ =෍

1
௉|ܫ| ଶ⁄ ቛߨ௕಺

(௡)ቛ
ௌು

௉

ூ∈ࣞூ∈ࣞ

≍෍
1

|I|୔ ଶ⁄ ෍
1

|Rᇱ|୔ ଶ⁄
ୖᇲ∈ࣞ౤୍∈ࣞ

|(b୍)ୖᇲ|୔ = ෍
1

|ܴ|௉ ଶ⁄ |ܾோ|௉

ோ∈ࣞ೙శభ

. 

The same method applies for the characterization of the symbols of little 
Hankel operators on ܪଶ(c+n) of Schatten class ܵ௉ 1 < ݌ < ∞. 

We need the following notation. For	݅ ∈ {1, . . . , ݐ,{݊ ∈ ℝ and ݂:	ℝ௡ ⟶ 	₵, 
let ∆௧

(௜) be the finite difference operator in the ith coordinate given by  

൫∆௧
(௜)݂൯(ݔ) = ,ଵݔ)݂ … , ௜ݔ + …,ݐ , (௡ݔ − ,ଵݔ)݂ … , ݔ	(௡ݔ = ,ଵݔ) … , (௡ݔ ∈ ℝ௡ . 

For 0 < ݌ < ∞ , we say that ܾ:	ℝ௡ → ₵ is in ܤ௉(ℝ݊), if  

න න
ቚቀΔ௧భ

(ଵ)…Δ௧೙
(௡)ܾቁ ቚ(ݔ)

௉

Π௜ୀଵ௡ ௜|ଶݐ|
ℝ೙ℝ೙

௡ݐ݀…ଵݐ௡݀ݔ݀…ଵݔ݀ < ∞. 

We denote the semi norm defined by the pth root of the expression above 
by ‖ܾ‖஻೛(ℝ೙). 
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Applying the well-known equivalence of the "harmonic analysis" 
definition and the "complex analysis" definition of analytic Besov class 
functions coordinate wise for a version on the unit disc), one sees easily 
that for b analytic in ₵ା೙, the expression on the left is equivalent to  

∫Ȼశ೙หℑ௭భห
௉ିଶ

… หℑ௭೙ห
௉ିଶ

ห߲௓భ …߲௓೙ܾ(ݖ)ห
௉
 	.௡ݖ݀…ଵݖ݀

Theorem (1.3.2) [1]: Let ܫ < ݌ < ∞ , and let ܾ ∈  (ℝ௡). Then the	ഥଶܪ
.following are equivalent:  

(i) ߛ௕ ∶ (ℝ௡)	ଶܪ	 	→  ;(ℝ௡) is in Sp	ഥଶܪ	
(ii) ܾ ∈  ,௉(ℝ௡)ܤ

and the ܤ௉(ℝ௡) norm is equivalent to the ܵ௉ norm.  

Proof: For n = I, this is just Pellet’s characterization of Schatten class 
Hankel operators in the case 0 < ݌ < ∞ . As before, we use induction 
over the dimension n. Suppose that the statement above holds for 
some	݊ ∈ ℕ.  

Let ܾ ∈ ℝ	:ܤ ഥଶ(ℝ௡ାଵ). We define an operator valued functionܪ →
ℊ(ܮଶ(ℝ௡)) by (ݐ)ܤ 	= 	 ௕(.,…,.,௧)ߛ

(௡)  .For each ݐ ∈ ℝ, b(.,…,.,t) is an 
antianalytic function in ݊ variables, and ܾ(. , … , . , (ݐ ∈  ഥଶ(ℝ௡). forܪ
almost every ݐ ∈ ℝ. It is easy to verify that the vector Hankel operator ߁B 
is unitarily equivalent to the little Hankel operator ߛ௕via the canonical 
unitary ܮଶ(ℝ, (ଶ(ℝ௡)ܮ →   .ଶ(ℝ௡ାଵ) . Therefore by Theorem (1.2.13)ܮ

ቛߛ௕
(௡ାଵ)ቛ

ௌು

௉
= ‖Γ஻‖ௌು

௉ ≍ න න
(ݐ)ܤ‖ − ௌು‖(ݏ)ܤ

௉

ݐ| − ଶ|ݏ
ℝℝ

ݏ݀ݐ݀

= න න
ݏ)ܤ‖ + (ݐ − ௌು‖(ݏ)ܤ

௉

ଶ|ݐ|
ℝℝ

ݏ݀ݐ݀

= න න
ቛߛ௕(.,…,.,௦ା௧)

(௡) − ௕(.,…,.,௦)ߛ
(௡) ቛ

ௌು

௉

ଶ|ݐ|
ℝℝ

ݏ݀ݐ݀

= න න
ቛߛ௕(.,…,.,௦ା௧)ି௕(.,…,.,௦)

(௡) ቛ
ௌು

௉

ଶ|ݐ|
ℝℝ

	ݏ݀ݐ݀

≍ න න
‖ܾ(. , … , . , ݏ + (ݐ − ܾ(. , … , . , ஻ು(ℝ೙శభ)‖(ݏ

௉

ଶ|ݐ|
ℝℝ

ݏ݀ݐ݀ = ‖ܾ‖஻ು(ℝ೙శభ) 
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The same method applies of course for little Hankel operators on domains 
of the form ܦ = 	₵ା೙ × ߗ	 ⊆ ₵௡ା௠ in the case where we have a Besov 
space type characterization of Schatten class little Hankels on ܪଶ(ߗ), for 
example, if 	ߗ ⊆ ₵݉ is a smoothly bounded convex domain of finite type 
For such domains, we can define the Hardy class ܪଶ(ܦ) = ₵ା೙൯	ଶ൫ܪ ⊗
(ߗ)ଶܪ	 ⊆ (ℝ௡	ଶܮ	 	× ∋and, for b	(ߗ߲	  ഥଶ(D), define the little Hankelܪ
operator ߛ௕on a dense subspace of ܪଶ(ܦ). 

Theorem (1.3.3) [1]: Let	ܦ	 = 	₵ା೙ × ߗ	 ⊂ ₵௡ା௠, where ߗ is a smoothly 
bounded convex domain of finite type in ₵௠. Let ܾ ∈ and let 1 ,(ܦ)ഥଶܪ <
݌ < ∞.  

Then the following are equivalent.  

(݅) න න
ฮΔ௧భ

(ଵ)…Δ௧೙
(௡)ܾ(ݔଵ, … , ௡ݔ , . , … , . )ฮ஻ು(ஐ)

௉

Π௜ୀଵ௡ ௜|ଶݐ|
ℝ೙ℝ೙

௡ݐ݀…ଵݐ௡݀ݔ݀…ଵݔ݀ < ∞. 

 (ii) ߛ௕ ∶ (ܦ)	ଶܪ	 →   is in ܵ௉ ,(ܦ)	ഥଶܪ

(For the definitions of ܪଶ(ߗ)	and ܤ௉(ߗ), It would be interesting to see 
whether this method is also useful for domains of the form ܷ௭∈₵శ 	{ܼ} 	×
௭ߗ	 ⊂ ₵௡ାଵ , where 	ߗ௭ is a "sufficiently nice" domain in ₵௡ for each ݖ ∈
₵ା. The case of the light cone, which was studied by Bonami and Peloso, 
would be an interesting candidate for this approach.  

Operator-theoretic properties of the product ߁௙∗߁௚ of a Hankel 
operator and the adjoins of a Hankel operators have been studied for a 
long time, partly motivated by the identity ߁௙∗߁௚ = [ ௙ܶ, ௚ܶ) where[ ௙ܶ, ௚ܶ) 
denotes the semi-commutator ௙ܶ ௚ܶ − ௙ܶ௚of the Toeplitz operators	 ௙ܶ and 

௚ܶ on ܪଶ(॰), the Hardy space of the unit disc. 

One example for this is the Axler-Chang-Sarason-Volberg Theorem, 
which characterizes compact products of Hankel operators in terms of 
certain Douglas algebras . 

The study of such products of Hankel operators is in general much 
more difficult than the study of single Hankel operators. There is still no 
full characterization of boundedness and Schattcn class membership in 
terms of oscillation properties of the symbols.It was shown that the 
natural reproducing kernel condition  
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lim
|௭|→ଵ

ฮΓ௚݇௭ฮଶฮΓ௙݇௭ฮଶ = 0																														(27). 

is equivalent to compactness of the product ߁௙∗߁௚. Here, {݇௭}௭∈॰, denote 
the normalized reproducing kernels on ܪଶ(॰). However, it is an open 
question whether the reproducing kernel condition  

sup
௭∈॰

ฮΓ௚݇௭ฮଶฮΓ௙݇௭ฮଶ < ∞																													(28). 

Which can be understood as a "combined" oscillation condition and was 
shown to be necessary ,implies the boundedness of the product ߁௙∗߁௚	. 
Slightly stronger sufficient conditions have been found.It is also open for 
which symbols ݃, ݂ ∈  is in	௚߁∗௙߁ ଶ(ॻ) the product of Hankel operatorsܮ
the Schatten-von Neumann class Sp ,although partial results were found 
and estimates for the singular values of such products have been obtained. 
In this section, we will again consider dyadic paraproducts as a model 
case for Hankel operators and study operator-theoretic properties for 
products ߨ௙∗ߨ௚ of dyadic paraproducts. Asesquilinear version of the 
dyadic sweep from (II). Given by  

࣫[݂, ݃] =෍
߯ூ
|ܫ| ூ݂ ூ݃ഥ

ூ∈ࣞ

		൫݂, ݃ ∈  .(29)																											ଶ(ℝ)൯ܮ

 allows us to address this dyadic analogue in a very simple fashion.  

as before we collect some elementary properties of the sesquilinear 
map	࣫.  

Lemma (1.3.4) [1]: (i) ‖࣫[݂, ݃]‖ூ ≤ ‖݂‖ଶ‖݃‖ଶ; 

(ii) ூܲ࣫[݂, ݃] 	= ூܲ࣫[ ூܲ
ᇱ݂, ூܲ

ᇱ݃]  

We first need an analogue of Proposition (1.1.2). For	݂, ݃ ∈  ଶ(ℝ), letܮ
  be defined on the Haar basis by [௙,௚]ܦ

ℎூ[௙,௚]ܦ = ቌ
1
|ܫ|

෍ ௃݂݃௃തതത
௃∈ࣞᇲ(ூ)

ቍℎூ . 

Lemma (1.3.5) [1]: 

௙ߨ∗௚ߨ = [௙,௚]࣫ߨ + Δ࣫[௙,௚] +  .[௙,௚]ܦ

Proof: Exactly as in Proposition (1.1.2). 
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Theorem (1.3.6) [1]: Let	݂, ݃ ∈  :ଶ(ℝ). Then the following are equivalentܮ

(i)  ߨ௙∗ߨ௚	defines a bounded linear operator on L2(ℝ) → L2(ℝ). 
(ii)  ࣫[݂, ݃] ∈ ௗܱܯܤ 	, and  

sup
ூ∈ࣞ

1
|ܫ|
ቮ ෍ ௃݂݃௃തതത
௃∈ࣞᇲ(ூ)

ቮ < ∞						(30). 

(iii)   

sup
ூ∈ࣞ

1
|ܫ|
‖࣫[ ூܲ

ᇱ݂, ூܲ
ᇱ݃]‖ூ < ∞	. 

(iv)  

sup
ூ∈ࣞ

ฮߨ௚∗ߨ௙ℎூฮ < ∞. 

Proof: (i)  (iv) obvious.  

(iv)  (ii): Remember from (1.3.5) that ߨ[௙,௚]	is the superdiagonal part of 
 is the diagonal part with [௙,௚]ܦ ௙, ∆࣫[௙,௚] is the subdiagonal part, andߨ∗௚ߨ
respect to the Haar basis. The uniform boundedness of ∥ ௙ℎூߨ∗௚ߨ ∥ : 
therefore implies uniform boundedness of ฮܦ௙,௚	ℎூฮ = ∥< ௙ℎூߨ∗௚ߨ , ℎூ >∥ 

and thereby (30). Furthermore, note that ଵ
|ூ|
∑ ห(࣫[݂, ݃])௃ห

ଶ
=ூ∈ࣞ

ฮ࣫ߨ[௙,௚]ℎூฮ
ଶ
= ฮ ூܲ

ᇱߨ௚∗ߨ௙ℎூฮ
ଶ
≤ ฮߨ௚∗ߨ௙ℎூฮ

ଶ
 for all	ܫ ∈ ࣞ and therefore. 

࣫[݂, ݃] ∈ ௗܱܯܤ . 

 (ii)(iii):Note the identity 

࣫[ ூܲ
ᇱ݂, ூܲ

ᇱ݃] = ߯ூ݉ூ(࣫[ ூܲ
ᇱ݂, ூܲ

ᇱ݃]) +	 ூܲ(࣫[݂, ݃]) 

Thus  

1
|ܫ|
‖࣫[ ூܲ

ᇱ݂, ூܲ
ᇱ݃]‖ூ ≤ |݉ூ(࣫[ ூܲ

ᇱ݂, ூܲ
ᇱ݃])| +

1
|ܫ|
‖ ூܲ(࣫[ ூܲ

ᇱ݂, ூܲ
ᇱ݃])‖ூ

=
1
|ܫ|
ቮ ෍ ௃݂݃̅௃
௃∈ࣞᇲ(ூ)

ቮ +
1
|ܫ|
‖ ூܲ࣫[݂, ݃]‖ூ																									(31). 
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(iii)  (ii): By the uniform boundedness of the projections ( ூܲ)ூ∈ࣞ, on 
 ), the uniform boundedness of the left-hand side in (31) implies the	ଵ(ℝܮ
uniform boundedness of the right-hand side. Therefore  

‖࣫[݂, ݃]‖஻ெை೏ 	= sup
ூ∈ࣞ

1
|ܫ|
‖ ூܲ࣫[݂, ݃]‖ூ < ∞ 

and also (30) holds. 

 (ii)  (i): By Theorem (1.1.8), ࣫ߨ[௙,௚] and ∆࣫[௙,௚] arc bounded, and by 
  .௙ + ∆࣫[௙,௚] + ∆௙,୥ is boundedߨ∗௚ߨ is bounded. Thus [௙,௚]ܦ,(30)

Condition (30) looks like a natural sesquilinear analogue to the 
ௗܱܯܤ 	condition. However, a simple example shows that it is not 
sufficient for the boundedness of ߨ௚∗ߨ௙.  

Remark (1.3.7) [1]: There exists functions ݂, ݃ ∈  ଶ(ℝ) such that (30)ܮ
holds, but ߨ௚∗ߨ௙ does not define a bounded linear operator on ܮଶ(ℝ).  

Proof: Let ݂, ݃ be defined by the following Haar coefficients. For ݇ ≥ 0. 
let ܫ௞ = [0, 2ି௞]	Let ܽ > 0, 1/2 < ܽସ < 1 , and let ூ݂ೖ = ூ݂ೖ = ூ݃ೖ =
ܽ௞ 	 ூ݃ೖ

ష = ܽ௞  for each ݇ ≥ 0. 

 Let all remaining Haar coefficients of ݂ and g be 0. Then ݃, ݂ ∈  ଶ(ℝ)ܮ
and ∑ ௃݂݃̅௃௃∈ࣞᇲ(ூ) = 0	for each ܫ ∈ ࣞ, but  

෍ |(࣫[݂, ݃])ூ|ଶ = ෍
1
|ܫ|

ூ⊆[଴,ଵ]ூ⊆[଴,ଵ]

ቮ ෍ ௃݂݃̅௃
௃∈ࣞ(ூశ)

− ෍ ௃݂݃̅௃
௃∈ࣞ(ூష)

ቮ

ଶ

=෍
1
|௞ܫ|

ቮ ෍ ௃݂݃̅௃
௃∈ࣞ(ூೖ

శ)

− ෍ ௃݂݃̅௃
௃∈ࣞ(ூೖ

ష)

ቮ

ଶ

=෍2௞4ܽସ௞
ஶ

௞ୀ଴

ஶ

௞ୀ଴

= +∞. 

The remark follows now by Theorem (1.2.6) (ii).  

A further natural candidate for a "combined" ܱܯܤௗ condition is given by  

sup
୍∈ࣞ

1
|I|

෍ หf୎หหg୎ห
୎∈ࣞᇲ(୍)

																																		(32). 

It turns out that this condition leads even to a stronger property. For ߪ ∈
.ܫ−} 	let {ܫ ఙܶ, denote the dyadic martingale transforms ܮଶ(ℝ) →
,ଶ(ℝ)ܮ	 ∑ ℎூ ூ݂ூ∈ࣞ ⟼ ∑ ℎூ(ܫ)ߪ ூ݂ூ∈ࣞ . then we have the following result:  
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Theorem (1.3.8) [1]: Let	݂, ݃ ∈   :ଶ(ℝ).Then the following are equivalentܮ

(i) For each dyadic martingale transform	 ఙܶ,	ߨ௚∗ ఙܶߨ௙ defines a 
bounded linear operator on ܮଶ(ℝ), and the operators 
∗௚ߨ) ఙܶߨ௙)ఙ∈{ିଵ.ଵ}ࣞ are uniformly bounded. (ii)  

sup
ூ∈ࣞ

1
|ܫ|

෍ ห ௃݂หห݃௃ห
௃∈ࣞᇲ(ூ)

 

sup
ூ∈ࣞ,ఙ∈{ିଵ,ଵ}ࣞ

ฮߨ௚∗ ఙܶߨ௙ℎூฮ < ∞, 

Proof: (i)  (iii) obvious.  

(iii)  (ii): Let ܫ ∈ ࣞ Then for each ߪ ∈ 	 {−1,1}ࣞ.  

∗௚ߨ〉 ఙܶߨ௙ℎூ , ℎூ〉 =
1
|ܫ|
〈 ෍ ,ܬ)݊݃݅ݏ ℎ௃(ܬ)ߪ(ܫ ௃݂ , ෍ ,ܬ)݊݃݅ݏ ℎ௃݃௃(ܫ

௃∈ࣞᇲ(ூ)௃∈ࣞᇲ(ூ)

〉

=
1
|ܫ|

෍ ௃̅݃(ܬ)ߪ ௃݂
௃∈ࣞᇲ(ூ)

. 

Choosing an appropriate sequence ((ܬ)ߪ)௃∈ࣞ ∈ {−1,1}ࣞ,	we obtain  

1
|ܫ|

෍ ห݃௃หห ௃݂ห ≤ √2
௃∈ࣞᇲ(ூ)

ቮ ෍ ௃̅݃(ܬ)ߪ ௃݂
௃∈ࣞᇲ(ூ)

ቮ ≤
√2
|ܫ|

sup
ఙ∈{ିଵ,ଵ}ࣞ

ห〈ߨ௚∗ ఙܶߨ௙ℎூ , ℎூ〉ห

≤
√2
|ܫ|

sup
ఙ∈{ିଵ,ଵ}ࣞ

ฮߨ௚∗ ఙܶߨ௙ℎூฮ. 

(ii)  (i): Observe that ߨ௚∗ ఙܶߨ௙ ܫ ௙ For allߨ்ߨ∗௚ߨ	= ∈ ࣞ and all ߪ ∈ {−1,1}ࣞ 

1
|ܫ|
‖࣫[ ூܲ

ᇱ( ఙ݂ܶ), ூܲ
ᇱ݃]‖ூ =

1
|ܫ|
ቯ ෍

߯௃
|ܬ|
௃̅݃(ܬ)ߪ ௃݂

௃∈ࣞᇲ(ூ)

ቯ

ூ

≤
1
|ܫ|

෍ ห݃௃หห ௃݂ห
௃∈ࣞᇲ(ூ)

. 

(1) Follows now from Theorem (1.3.6) . 

Unfortunately, when considering products of operators it is not as easy as 
in the situation to pass from results on paraproducts to results on Hankel 
operators via averaging. The following remark shows that products of 
paraproducts and products of Hankel operators behave quite differently.  
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Remark (1.3.9): A seemingly natural dyadic analogue to Zheng's 
necessary condition (28) is the following: 

sup
ூ∈ࣞ

ฮߨ௙ℎூฮଶฮߨ௚ℎூฮଶ < ∞																										(33). 

This condition is easily seen to be sufficient for the uniform boundedness 
of all operator products	ߨ௚∗ ఙܶߨ௙, {1,1-},∋ߪऎ , by Theorem (1.3.8) (ii). 
However, whenever the sets {ܫ ∈ ࣞ ∶ 	 ூ݂ ≠ ܫ}	݀݊ܽ	{0 ∈ ܦ ∶ ூ݃ 	≠ 	0} are 
disjoint, the product ߨ௚∗ ఙܶߨ௙is 0 for all {1,1-},∋ߪ. Thus one sees that (33) 
is not necessary. 

Finally, we want to characterise Schatten class products of 
paraproducts. First, let us look at the compact case.  

Theorem (1.3.10) [1]: Let ݂, ݃ ∈  ଶ(ℝ). Then the folowing areܮ
equivalent: 

(i)  ߨ௚∗ ௙ܶ defines a compact linear operator on. ܮଶ(ℝ) →   .ଶ(ℝ)ܮ
(ii)  ࣫[݂, ݃] ∈ ௗܱܯܸ ,	and  

lim
ூ→ஶ

1
|ܫ|
อ෍ ூ݂݃̅ூ
௃⊊ூ

อ = 0																															(34). 

(iii)  

lim
ூ→ஶ

1
|ܫ|
‖࣫[ ூܲ

ᇱ݂, ூܲ
ᇱ݃]‖ூ = 0. 

(iv)  
lim
ூ→ஶ

ฮߨ௚∗ߨ௙ℎூฮ = 0 

Here, the limits in (ii)- (iv) are meant in the sense of (10), and 
convergence to 0 is meant to be uniform, as |ܫ| → 0 or |ܫ| → ∞ 
respectively.  

Proof: (i)  (iv): For ܰ ∈ ℕ. let ܲ(ே) denote the orthogonal projection 
defined in (21). (ܲ(ே))ே∈ℕ. Converges to the identity in the strong 
operator topology, so ߨ௚∗ߨ௙ܲ(ே) −  converges to 0 in norm, and we	௙ߨ∗௚ߨ
obtain (iv). For the remainder of the proof, one shows (iv)  (ii) (i) and 
(ii)  (iii) along the same lines as in the proof for Theorem (1.3.6), using 
Theorem (1.1.8) (iii) and Lemma (1.3.5).  
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Now we look at the Schatten classes ܵ௉ , 1 ≤ ܲ < ∞. In this case. it 
turns out that if ߨ௚∗ߨ௙ ∈ ܵ௉then alsoߨ௚∗ ఙܶߨ௙ ∈ ܵ௉ for all ߪ ∈ {−1,1}ࣞ, 
with uniformly hounded ܵ௉	norm. We get a natural combined dyadic 
Besov space condition for the symbols ݂ and ݃. 

Theorem (1.3.11) [1]: Let ݂, ݃ ∈ ଶ(ℝ), the 1ܮ ≤ ܲ < ∞ the following 
are equivalent:  

(i)  ߨ௚∗ ఙܶߨ௙ ∈ ܵ௉ For each ߪ ∈ {−1,1}ࣞ,and (ߨ௚∗ ఙܶߨ௙)ఙ∈{ିଵ,ଵ}ࣞ  is 
bounded in ܵ௉  

(ii)  ߨ௚∗ߨ௙ ∈ ܵ௉. 
(iii)  ࣫[݂, ݃] ∈   ௣ௗ, andܤ

෍ቮ
1
|ܫ|

෍ ௃݂݃̅௃
௃∈ࣞᇲ(ூ)

ቮ

௉

< ∞
ூ∈ࣞ

 

(iv)   

෍
1
௉|ܫ|

| ூ݂ ூ݃|௉ < ∞
ூ∈ࣞ

 

(v)  for all 1 ≤ ݍ < ∞. 

෍
1

௉|ܫ| ௤⁄ ‖࣫[ ூܲ
ᇱ݂, ூܲ

ᇱ݃]‖௤௉ < ∞
ூ∈ࣞ

 

Proof: We will show 

(ii)  (iv)  (v)  (iii)  (ii) and (iv)  (i)  (ii), 

(ii)  (iv) : For ܫ ∈ ࣞ , Let 

߰ூ =
1

ାା|ଵܫ| ଶ⁄ (߯ூశశశ − ߯ூశషష)	 

and  

߰ூ
ᇱ =

1
ାା|ଵܫ| ଶ⁄ (߯ூశశష − ߯ூషషశ). 

The sequences (߰ூ)I∈D and (߰ூᇱ )I∈D are not orthonrmal , but it is easy to 
see that they are the images of the rothonormal Haar basis under bounded 
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linear maps A,B. In the notation, (	߰ூ)ூ∈ࣞ	and(߰ூᇱ	)ூ∈ࣞ	are weakly 
orthonormal. Therefore, 

෍ห〈ߨ௚∗ߨ௙߰ூ , ߰ூᇱ〉ห
௉
=

ூ∈ࣞ

෍ห〈ߨ∗ܤ௚∗ߨ௙ܣℎூ , ℎூ〉ห
௉
≤ ௙ฮௌುߨ∗௚ߨ௉ฮ‖ܤ‖௉‖ܣ‖

௉

ூ∈ࣞ

. 

Notice that  

݉ூ߰ூ =

⎩
⎪⎪
⎨

⎪⎪
⎧ భ

మห಺శశหభ మ⁄ 						೔೑	಻⊆಺శశ	,

ష భ

మห಺శశหభ మ⁄ 						೔೑	಻⊆಺శష,

భ

మห಺శశหభ మ⁄ 						೔೑	಻⊆಺శశశ,

భ

మห಺శశหభ మ⁄ 								೔೑	಻⊆಺శషష,

బ													೚೟೓೐ೝೢ೔ೞ೐	,

  

and  

݉ூ߰ூ
ᇱ =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

ଵ
ସ|ூశశ|భ మ⁄ 										௜௙	௃ୀூశ	,

ି ଵ
ସ|ூశశ|భ మ⁄ 										௜௙	௃ୀூష,

ଵ
ଶ|ூశశ|భ మ⁄ 												௜௙	௃ୀூశశ,

భ

మห಺శశหభ మ⁄ 													೔೑	಻స಺షష,

భ

ห಺శశหభ మ⁄ 														೔೑	಻⊆಺శశ				

ష భ

ห಺శశหభ మ⁄ 													೔೑	಻⊆಺షషశ

బ													೚೟೓೐ೝೢ೔ೞ೐	,

 

Thus 〈݉௃߰ூ , ݉௃߰ூᇱ〉 equals ଵ
ସ∣ூశశ∣

	for	ܬ =   ାା and 0 otherwise, givingܫ

෍ห〈ߨ௚∗ߨ௙߰ூ , ߰ூᇱ〉ห
௉
=

1
4௉

ூ∈ࣞ

෍
1

ାା|௉ܫ|
|݂ூషశ݃ூశశ|௉

ூ∈ࣞ

. 

Adjusting the definitions of ߰I and ߰ூᇱ we obtain corresponding 
expressions for 

෍ ଵ
∣ூశష∣೛ห݂ூశష௚ூశషห

௉

ூ∈ࣞ

	 ,෍ ଵ
∣ூషశ∣೛	ห݂ூషశ௚ூషశห

௉

ூ∈ࣞ

	ܽ݊݀	෍
1

∣ ିିܫ ∣௣
ூ∈ࣞ

	 ห ூ݂షష௚ூషష 	ห
௉

 

Thus (iv) holds. 

(iv)  (v): Let	߶	 = 	∑ ℎூ| ூ݂ ூ݃|ଵ ଶ⁄
ூ∈ࣞ . Then  
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෍
1

௉|ܫ| ௤⁄ ‖࣫[ ூܲ
ᇱ݂, ூܲ

ᇱ݃]‖௤௉ ≤
ூ∈ࣞ

෍
1

௉|ܫ| ௤⁄ ‖࣫[ ூܲ
ᇱϕ]‖௤௉

ூ∈ࣞ

≤ ଶ௤ଶ௉෍ܥ
1

௉|ܫ| ௤⁄ ‖ ூܲ
ᇱϕ‖ଶ௤ଶ௉

ூ∈ࣞ

= ଶ௤ଶ௉‖߶‖஻మು,మ೜೏ܥ
ଶ௉

≤ ଶ௉,ଶ௤‖߶‖஻మು,మ೜೏ܭଶ௤ଶ௉ܥ
ଶ௉ = ଶ௉,ଶ௤෍ܭଶ௤ଶ௉ܥ

1
௉|ܫ|

| ூ݂ ூ݃|௉

ூ∈ࣞ

. 

by Theorem (1.1.6) where ܥଶ௤denotes the norm of the dyadic square 
function on ܮଶ௤ and ݇ଶ௉,ଶ௤denotes the equivalence constant between the 
௣,௤ௗܤ  and the ܤ௣ௗ norms from Theorem (1.1.6). 

(v)  (iii): Suppose that (v) holds for some	1 ,ݍ ≤ ݍ < ∞. Them by 
Holder's inequality, (v) holds in particular for ݍ = 1. Note that the 
projections (	 ூܲ)ூ∈ࣞ	are uniformly bounded on ܮଵ(ℝ). We obtaion  

෍
1
௉|ܫ|

‖ ூܲ࣫[݂, ݃]‖ூ௉

ூ∈ࣞ

=෍
1
௉|ܫ|

‖ ூܲ࣫[ ூܲ
ᇱ݂, ூܲ

ᇱ݃]‖ூ௉ ≤
ூ∈ࣞ

௉෍ܥ
1
௉|ܫ|

‖࣫[ ூܲ
ᇱ݂, ூܲ

ᇱ݃]‖ூ௉

ூ∈ࣞ

. 

And it follows from Theorem (1.1.4) that ࣫[݂, ݃] ∈   ,௣ௗ Furthermoreܤ

෍
1
|ܫ|
ቮ ෍ ௃݂݃̅௃
௃∈ࣞᇲ(ூ)

ቮ

௉

ூ∈ࣞ

≤෍
1
|ܫ|
‖࣫[ ூܲ

ᇱ݂, ூܲ
ᇱ݃]‖ூ௉

ூ∈ࣞ

. 

Thus (iii) holds. 

(iii)  (ii): This follows directly from Lemma (1.3.5). 

(iv)  (i) : Note again that ߨ௚∗ ఙܶߨ௙ = ߨ∗௚ߨ	 ఙ݂ܶ, and that condition (iv) is 
invariant under exchanging f with ఙ݂ܶ . 

Condition (i) now follows by applying the implication (iv) (ii) proved 
above to the symbols ఙ݂ܶ and g.  

(i)  (ii): This is immediate . 

Using Theorem (1.2.12) we also obtain a vector version of this 
result: 
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Corollary (1.3.12) [1]: Let ℋ be separable Hilbert space , Let ܨ, 	ℝ	:ܩ →
be weakly locally integrable, and let 1 (ܪ)℘	 ≤ ݌ < ∞. Then the 
following are equivalent: 

(i)  ீߎ∗ ிߎ	 ∈ ܵ௣ 
(ii)  

෍
1
௉|ܫ|

ூ‖ௌುܨ∗ூܩ‖
௉ < ∞

ூ∈ࣞ

. 

Proof: The proof (ii)  (iv)  (i)  (ii) in theorem (1.3.11) also works 
in the vector case. We omit the details here. 

In [VI], it was shown that the condition           

sup
௞∈ℕ

෍
1
௉|ܫ|

| ூ݂ ூ݃|௉ < ∞
ூ∈ࣞೖ

																																	(35). 

is necessary for the product of Hankel operators ߁௚∗߁௙  to be in	ܵ௉.  

We have seen above that the stronger condition Theorem (1.3.11) 
(iv) holds whenever ߨ௚∗ߨ௙ is in ܵ௉ It would be interesting to know 
whether Theorem (1.3.11) (iv) holds (at least in some averaze sense) 
whenever ߁௚∗߁௙ is in ܵ௉. Conversely, it would be of great interest to know 
whether a translation and dilation invariant version of condition (1.3.11) 
(iv) implies that ߨ௚∗ߨ௙ is in ܵ௉. We finish by stating this as a conjecture. 

As before, denote by ࣞఈ,௥where and ߙ ∈ ℝ ݎ ∈ ℝା the dyadic grid 
obtained by dilating the standard dyadic grid	ࣞ by ݎ	and then translating 
it by	ߙ.  

Conjecture (1.3.13) [1]:Let1 ≤ ݌ < ∞, and let	݂, ݃ ∈  ഥଶ(ℝ). Supposeܪ
that  

sup
ఈ∈ℝ,௥∈ℝశ

෍
1
௉|ܫ|

| ூ݂ ூ݃|௉ < ∞
ூ∈ࣞഀ,ೝ

. 

Then ߁௚∗߁௙ ∈ ܵ௉  
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Chapter 2 

Continuity in Schatten- von Neumann of ࢖- class of Hankel 
Operators with Fock Spaces   

 

We investigate Hankel operators ܪ௙̅:	ܣ௠ଶ → -with anti	௠ଶୄܣ
holomorphic symbols ݂̅ = ∑௞ୀ଴ஶ ܾ௞	̅ݖ௞ ∈ )ଶܮ ℂ, ∣ ݖ ∣௠ ), where ܣ௠ଶ  
are general Fock spaces. We will show that ܪ௙̅ is not continuous 
if the corresponding symbol is not a polynomial ݂̅ = ∑௞ୀ଴ஶ ܾ௞	̅ݖ௞. 

Namely in case 2݇ < ݉ the Hankel operators ݇ݖ̅ܪ are in 
the Schatten– von Neumann ݌-class iff ݌ > 2݉/(݉ − 2݇); and 
in case 2݇ ≥ ݉ they are not in the Schatten–von Neumann ݌-
class. 
Section (2.1): Hankel operators with anti–holomorphic 
symbols  

Hankel operators with the special symbols	̅ݖ௞	,	݇	 ∈ 	ℕ, have been 
considered. Here we try to generalize these investigations in order to 
obtain more insight for general anti-holomorphic symbols 

݂̅ = ∑௞ୀ଴ஶ ܾ௞	̅ݖ௞ ∈ )ଶܮ ℂ, ∣ ݖ ∣௠ )	, ݉ ∈ ℕ 

Where 

௠ଶܮ ∶= ,ଶ(ℂܮ (௠|ݖ|

= ൝݃	݈ܾ݉݁ܽ݁ܽݎݑݏ:	‖݃‖௠ଶ :

= න ଶ݁ି|௭|೘|(ݖ)݃|	 (ݖ)ߣ݀	 < 	∞
	

ℂ

ൡ .	

and ܣ௠ଶ  is the corresponding subspace of entire functions: 

௠ଶܣ	 ∶= ,ଶ(ℂܣ (௠|ݖ|

= ൝݃	݁݊݁ݎ݅ݐ:	‖݃‖௠ଶ : = න ଶ݁ି|௭|೘|(ݖ)݃|	 (ݖ)ߣ݀	 < 	∞
	

ℂ

ൡ .	
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For convenience we sometimes abbreviate ܮଶ(ℂ,  and (௠|ݖ|)ଶܮ ௠)by|ݖ|
,ଶ(ℂܣ ௠ଶܣ The subspaces .(௠|ݖ|)ଶܣ by	௠)|ݖ|  are weighted Bergman 
spaces with weight function ݁݌ݔ	{|ݖ|௠}, norm ∥·∥௠ and associated inner 
product  

〈݂, ݃〉௠ ≔ න݂(ݖ)݃̅(ݖ)݁ି|௭|೘	݀(ݖ)ߣ
	

ℂ

, 

 Where ݀ߣ	denotes the Lebesgue measure in ℂ ≅ 	ℝଶ	. the expressions  

௡,௠ܥ = ,௡ݖ〉 ௡〉௠ݖ = න ௡|ଶ݁ି|௭|೘ݖ|	 (ݖ)ߣ݀	
	

ℂ

= ௡‖௠ଶݖ‖ , ݊, ݉ ∈ ℕ, 

are the so-called moments. We denote the spaces, ܣ௠ଶ  general Fock 
spaces, where Fock space is the (Hilbert) direct sum of tensor products of 
copies of a single-particle Hilbert space ܪ 

(ܪ)௩ܨ = 	
∞
⊕

݊ = 0
ܵ௩ܪ⊗௡

= ℂ⊕ܪ⊕ ൫ܵ௩(ܪ ⊗ ⊕൯(ܪ ൫ܵ௩(ܪ ⊗ ൯(ܪ⊗ܪ ⊕ … .. 

Here ℂ, a complex scalar, represents the states of no particles, ܪ the state 
of one particle, ܵ௩(ܪ ⊗  .the states of two identical particles etc (ܪ

A typical state in ܨ௩(ܪ) is given by 

|Ψ〉௩ = |Ψ଴〉௩ ⊕ |Ψଵ〉௩ ⊕ |Ψଶ〉௩ ⊕…

= ܽ଴|0〉	⊕ |߰ଵ〉	 ⊕෍ܽ௜௝

	

௜௝

ห߰ଶ୧	, ߰ଶ୨	〉௩⊕… 

Where:  

|0〉	is a vector of length 1, called the vacuum state and ܽ଴ ∈ ℂ is a 
complex coefficient, 
|߰ଵ〉 ∈  ,is a state in the single particle Hilbert space ܪ

ห߰ଶ୧	, ߰ଶ୨	〉௩ =
1
2
ቀ|߰ଶ୧〉 ⊗	ห߰ଶ୨	〉 + (−1)௩ห߰ଶ୨〉 ⊗	

|߰ଶ୧	〉ቁ 	

∈ ܵ௩(ܪ ⊗  ,(ܪ
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and ܽ௜௝ = 	ݒ	 ௝ܽ௜ ∈ ℂ is a complex coefficient etc [6]. 
 and ܣଶଶ is the classical Fock space. Remember that the Hankel operator 
with symbol ݂̅= ∑௞ୀ଴ஶ ܾ௞	̅ݖ௞ ∈ )ଶܮ	 ℂ, ∣ ݖ ∣௠ ) is given by 

௙̅(ℎ)ܪ = ݀ܫ) −   ൫݂̅ℎ൯(݌

௙̅ܪ = ݀ܫ) − :൫݂̅൯(݌ ௠ଶܣ 	→  ,௠ଶୄܣ	

Where ܲ ∶ ௠ଶܣ	 	
ୄ
௠ଶܣ	→  denotes the Bergman projection, which has the 

following integral representation:  

(ݓ)(݃)ܲ = ∫ℂ݃(ݖ)ܭ௠(ݓ, ݁(ݖ
ି|௭|೘	݀(ݖ)ߣ, ∀݃ ∈ )ଶܮ ℂ, ∣ ݖ ∣௠ ), 

Here ܭ௠(ݓ,  ,is the reproducing kernel, the so called Bergman kernel(ݖ
which is given by  

,ݖ)௠ܭ (ݓ = ෍߶௞,௠(ݖ)߶௞,௠(ݓ)തതതതതതതതതതത
ஶ

௞ୀ଴

, 

Where {߶௞,௠}௞ୀଵஶ  is any complete orthonormal system of ܣ௠ଶ  . 

Most results about Hankel operators only deal with essentially 
bounded symbols ߰. In that case it is well known, that the Hankel 
operators are bounded with	ฮܪటഥฮ 	≤ ‖߰‖ஶ. 

In the last years further (spectral-) properties of Hankel operators, 
like compactness, Hilbert-Schmidt or p-Schatten-von Neumann class 
where a Hilbert–Schmidt operator, named for David Hilbert and Erhard 
Schmidt, is a bounded operator ܣ on a Hilbert space ܪ with finite 
Hilbert–Schmidt norm 

ுௌଶ‖ܣ‖ = |ܣ∗ܣ|ݎܶ ≔	෍ ௜‖ଶ݁	ܣ‖
	

௜∈ூ
 

where ‖ ‖ is the norm of ܪ and {݁௜: ݅ ∈  an orthonormal basis of	{ܫ
  .Note that the index set need not be countable [7] .ܫ for an index set ܪ

There has been some work on Hankel operators on weighted 
Bergman spaces .For a general introduction in the field of compact 
operators and for the p-Schatten-von Neumann class. Later on Hankel 
operators with monomial-symbols ̅ݖ௞ were studied also on weighted 
Bergman spaces, especially on generalized Fock spaces It should be also 
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mentioned that there is the following connection between Hankel 
operators and the ߲̅-Neumann problem: the canonical solution operator 
ܵ	to ߲̅ is a Hankel operator of the form ܵ = 	 ൫݀ܫ	– 	ܲ൯̅ݖ 	=  If ܵ is	;	௭̅ܪ	
restricted to Bergman spaces, or more generally to holomorphic 
(0, (ݍ −forms.  

Let ܪ௙̅ be the Hankel operator with general anti-holomorphic 
symbol		ഥ݂ , i.e. ݂̅ is polynomial or more generally a power series  

݂̅ = ෍ܾ௞̅ݖ௞ 	 ∈ (௠|ݖ|)ଶܮ
ஶ

௞ୀ଴

 

Then the following problem arises: if ℎ ∈  then it is not clear ,(௠|ݖ|)ଶܣ
that ݂ℎ ∈  is only densely	௡̅ݖ Even the multiplication with .(௠|ݖ|)ଶܮ
defined as an operator from ܮଶ(|ݖ|ଶ) to ܮଶ(|ݖ|ଶ)	, ∀݊ ∈ ℕ. 

Example (2.1.1) [2]:	ℎ	 = 	∑௞ୀ଴	
ஶ ܽ௞̅ݖ௞	ݐ݅ݓℎ หܽ௞ห

ଶ
= 	 ଵ

௞మ௞!
. A calculation 

shows  

‖ℎ‖ଶଶ ∼෍
1
݇ଶ

௞

, 

௡ℎ‖ଶଶ̅ݖ‖ ∼෍
(݊ + ݇)… (݇ + 1)

݇ଶ
௞

>෍(݊ + ݇)… (݇ + 3)
௞

, 

So,	ℎ ∈ ௡ℎ̅ݖ but	,(ଶ|ݖ|)ଶܮ ∉ ,(ଶ|ݖ|)ଶܮ ∀݊ ∈ ℕ, ݊ ≠ 0 

In this section we investigate continuity of the Hankel 
operators	ܪ௙̅. In the following we will show that there are no continuous 
Hankel operators with anti-holomorphic symbols if the corresponding 
symbol is not a polynomial. Let {݁௡ = 	 ೥೙

಴೙,೘
:	݊ ∈ ℕ}	be the natural basis 

of ܣ௠ଶ  and ܥ௡,௠ the moments corresponding to m. We will suppress the 
dependence of ܥ௡,௠	on m and will simply write ܥ௡,. In the following we 
will assume that  

݂̅݁௡ ∈  	,(௠|ݖ|)ଶܮ

in order to ensure that ܪ௙̅(en) can be defined in a suitable way. 
Clearly	ܪ௙̅(݁௡) = 	݂̅݁௡ − ܲ	(݂̅݁௡).  

The following proposition calculates	ܪ௙̅(݁௡) = 	݂̅݁௡ − ܲ	(݂̅݁௡). directly  



٤٩ 
 

  



٥٠ 
 

Proposition (2.1.2) [2]: let ݂̅ = 	∑௞	ܾ௞̅ݖ௞ 	 ∈  Then we have.(௠|ݖ|)ଶܮ

௙̅(݁௡)ܪ = ݂̅
௡ݖ

ܿ௡
− ܲ ൬݂̅

௡ݖ

ܿ௡
൰ = ݂̅

௡ݖ

ܿ௡
−෍ܾ௞

ܿ௡
ܿ௡ି௞ଶ

௞ஸ௡

 .௡ି௞ݖ

Proof: Note that 

ܲ൫݂̅݁௡൯(ݖ) =
1
ܿ௡
ܲ(∑௞ୀ଴	ஶ ܾ௞̅ݖ௞ݖ௡)

=
1
ܿ௡
෍〈∑௞ୀ଴	

ஶ ܾ௞̅ݖ௞ݖ௡|݁௟〉݁௟ =
1
ܿ௡
෍෍

ܾ௞
ܿ௟ଶ

ஶ

௞ୀ଴

ஶ

௟ୀ଴

ஶ

௟ୀ଴

௟ݖ〈௟ା௞ݖ|௡ݖ〉

=
1
ܿ௡

෍ ෍
ܾ௞
ܿ௟ଶ
ܿ௡ଶߜ௡,௟ା௞ݖ௟ =

1
ܿ௡௞ୀ௡ି௟௟ୀ௡ି௞

෍
ܿ௡ଶ

ܿ௡ି௞ଶ ܾ௞
௞ஸ௡

 .௡ି௞ݖ

Now we calculate the norm of Hankel operators in terms of the moments 
ܿ௞and the coefficients	ܾ௞: 

௙̅ܪ〉 ൬
௡ݖ

ܿ௡
൰ ௙̅ܪ| ൬

௠ݖ

ܿ௠
൰〉 	

= 〈݂̅
௡ݖ

ܿ௡
−෍ܾ௞

ܿ௡
ܿ௡ି௞ଶ

௞ஸ௡

݂̅|௡ି௞ݖ
௠ݖ

ܿ௠
−෍ ௟ܾ

ܿ௠
ܿ௠ି௟ଶ

௟ஸ௠

〈௠ି௟ݖ

= 〈݂̅
௡ݖ

ܿ௡
|݂̅
௠ݖ

ܿ௠
〉 +෍෍ܾ௞ തܾ௟ܿ௡ܿ௠ 〈

௡ି௞ݖ

ܿ௡ି௞ଶ |
௠ିଵݖ

ܿ௠ି௟ଶ 〉
௟ஸ௠௞ஸ௡

−෍ തܾ௟ܿ௠
௟ஸ௠

〈݂̅
௡ݖ

ܿ௡
|݂̅
௠ିଵݖ

ܿ௠ି௟ଶ 〉 −෍ܾ௞ܿ௡ 〈
௡ି௞ݖ

ܿ௡ି௞ଶ |݂̅
௠ݖ

ܿ௠
〉

௞ஸ௡

. 

For ݂̅ = ∑௞	ஶܾ௞̅ݖ௞ and n = m we have  

ฯܪ௙̅ ൬
௡ݖ

ܿ௡
൰ฯ

ଶ

= ฯ݂̅
௡ݖ

ܿ௡
ฯ
ଶ

+෍ܾ௞ തܾ௞ܿ௡ଶ ብ
௡ି௞ݖ

ܿ௡ି௞ଶ ብ
ଶ

−
௞ஸ௡

෍ തܾ௞ܿ௡
௞ஸ௡

〈݂̅
௡ݖ

ܿ௡
|
௡ି௞ݖ

ܿ௡ି௞ଶ 〉

−෍ܾ௞ܿ௡ 〈
௡ି௞ݖ

ܿ௡ି௞ଶ |݂̅
௡ݖ

ܿ௡
〉

௞ஸ௡

=෍|ܾ௞|ଶ

௞

ܿ௡ା௞ଶ

ܿ௡ଶ
+෍|ܾ௞|ଶ

௞ஸ௡

ܿ௡ଶ

ܿ௡ି௞ଶ − 2෍|ܾ௞|ଶ

௞ஸ௡

ܿ௡ଶ

ܿ௡ି௞ଶ

=෍|ܾ௞|ଶ

௞ஸ௡

ቈ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቉ + ෍|ܾ௞|ଶ

௞வ௡

ܿ௡ା௞ଶ

ܿ௡ଶ
. 

So we can conclude the following characterization . 
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Proposition (2.1.3) [2]: Let 	ഥ݂ = ∑௞	ஶܾ௞̅ݖ௞  then the Hankel ,(௠|ݖ|)ଶܮ ∋
operator ܪ௙̅ ≔	A୫ଶ → A୫ଶୄ is bounded if only if there exists a constant C 
such that  

෍|ܾ௞|ଶ

௞ஸ௡

ቈ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቉ + ෍|ܾ௞|ଶ

௞வ௡

ܿ௡ା௞ଶ

ܿ௡ଶ
< ݊∀,ܥ ∈ ℕ. 

Note that in case of polynomials ݂ = ∑௞	ேܾ௞ݖ௞ the formula of the norm 
reduces for ݊ > ܰ to  

ฯܪ௙̅ ൬
௡ݖ

ܿ௡
൰ฯ

ଶ

=෍|ܾ௞|ଶ ቈ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቉ =:෍|ܾ௞|ଶܽ௡(݇)
ே

௞

ே

௞

. 

In this case we have only to investigate a finite sum of ܽ௡(݇). in 
the next section we will give explicit, necessary and sufficient conditions 
for boundedness and compactness of Hankel operators with polynomial 
symbols on generalized Fock spaces.  

One result will be the following: if k is large enough, i.e., if	2݇ >
݉, then ܽ௡(݇) → ∞ for	݊ → ∞. Consequently boundedness is only 
possible for polynomial symbols.  
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Section (2.2): Hankel Operators with Polynomial Symbols 
on Fock Spaces and Schatten-von Neumann P-class  
 

We recall (Eq. (1)) that in case of polynomials 	ഥ݂ = ∑௞	ேܾ௞̅ݖ௞ the 
formula of the norm simplifies in case ݊ > ܰ to 

ฯܪ௙̅ ൬
௡ݖ

ܿ௡
൰ฯ

ଶ

=෍|ܾ௞|ଶ ቈ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቉
ே

௞

. 

So we have to investigate the asymptotic behaviour of  

ܽ௡ = ܽ௡(݇) ≔
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ݊	ݎ݋݂	 → ∞, 

Example (2.2.1) [2]: On the Fock space ܣଶ(ℂ,  ଶ)the moments are|ݖ|
given by ܿ௡ଶ~݊! and so we have,  

ܽ௡ =
(݊ + ݇)!

݊!
−

݊!
(݊ − ݇)!

	, 

Consequently for polynomial-symbols ݂ = ∑௞ୀ଴	ே ܾ௞ݖ௞	the Hankel 
operators ܪ௙̅ are bounded in case ܰ = 0,1	; but in case ܰ ≤ 2 they are 
unbounded. To see this we note that ܽ௡(0) = 0 and ܽ௡(1) = 1, for all 
݊ ≥ 0. Furthermore, for ݇ ≥ 2	the coefficient ܽ௡(݇) is a polynomial of 
degree ݇ − 1 with leading coefficient equal to  

෍݆
௞

௝ୀଵ

+෍݆
௞ିଵ

௝ୀଵ

= ݇ଶ, 

There is also a more direct way to see that the operators ܪ௭̅ೖ are not 
bounded on the Fock space for ݇ > 1	.If ݇௪	denotes the normalized 
reproducing kernel on the Fock space 

 (defined by ݇௪(ݖ) 	= 	݇ଶ(ݓ,ݖ)/݇ଶ(ݓ,ݓ)ଵ ଶ⁄ = 	݁௪ഥ௭ି∣௪∣మ/ଶ), and τ୵ 
denoted the translation by w (so τw (z) = z + w), the formula  

ฮܪ௙̅݇௪	ฮଶ = τ୵ߧ݂‖ −  ଶ‖(ݓ)݂

is valid for analytic functions f such that ݂̅݇௪ ∈ ଶଶܮ  , in particular for all 
polynomials f . Since the functions ݇௪ have unit norm, a necessary 
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condition for boundedness of ܪ௙̅	 on the Fock space is that the norms 
τ୵ߧ݂‖ − (ݖ)݂ ଶ are uniformly bounded. If‖(ݓ)݂ 	= 	 ݊ ௞ andݖ ≥ 2, then 
it is easily to see that  

τ୵ߧ݂‖ − ଶ‖(ݓ)݂ = නห(ݖ + ௞(ݓ − ௞หݓ
ଶ

ℂ

݁ି|௭|మ݀ߣ → ∞	, 

as	|ݓ| → 	∞ ,so that the operator ܪ௭̅ೖ is unbounded for ݇ > 1.  

Let us recall that on generalized Fock spaces the moments are 
given by  

,ଶ(ℂܣ (௠|ݖ| ≔ ቐ݂	݁݊݁ݎ݅ݐ:	‖݂‖௠ଶ : = න ଶ|(ݖ)݂|	 exp{−|ݖ|௠}
ℂ

(ݖ)ߣ݀	 < ∞ቑ. 

The moments are given by 

ܿ௞ଶ = ܿ௞,௠ଶ = න ଶ௞|ݖ|	 exp{−|ݖ|௠}
ℂ

(ݖ)ߣ݀ =
ߨ2
݉
Γ ൬
2݇ + 2
݉

൰	, 

Where ߁ = (ݔ)߁ = ∫଴	
ஶ	ݐ௫ିଵ݁ି௧	݀ݐ	, ݔ > 0, is the Gamma function. We 

remember  Stirling's formula with error term  

Γ(ݔ + 1) = ݔߨ௫݁ି௫√2ݔ ൬1 +
1
ݔ12

+
1

ଶݔ288
+ ࣩଷ൰, 

Where ࣩ௞ ∶= ࣩ(1/݊௞) are the so-called Landau symbols  

The following proposition determines the limiting behavior of the 
sequence ܽ௡ = ܿ௡ା௞ଶ /ܿ௡ଶ −	ܿ௡ଶ/ܿ௡ା௞ଶ  '  

Proposition (2.2.2) [2]:  

ܽ௡ = 	
ܿ௡ା௞ଶ

ܿ௡ଶ
−	

ܿ௡ଶ

ܿ௡ି௞ଶ 	≈ ݊(݉,݇)ܥ
మೖ
೘	షభ, 

Where  

(݉,݇)	ܥ = 	 ൬
2
݉
൰
మೖ
೘ 2݇ଶ

݉
	, 

Proof: Using Stirling's formula it is easy to verify that  
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Γ(ݔ + 1 + ܲ)
Γ(ݔ + 1)

∼ ݔ) + P)୔	as	ݔ → ∞, 

Thus  

ܽ௡ =
Γ ቀ2݊ + 2݇ + 2

݉ ቁ

Γ ቀ2n + 2
m ቁ

−
Γ ቀ2݊ + 2

݉ ቁ

Γ ቀ2n − 2k + 2
m ቁ

∼ ൬
2݊ + 2݇ + 2

݉
− 1൰

ଶ௞
௠
− ൬

2݊ + 2
݉

− 1൰
ଶ௞
௠
	as	݊ → ∞. 

It follows from Eq. (2) that ܽ௡ → 	1 as ݊ → ∞ if 2݇ = ݉ and ܽ௡ → 	∞ as   ݊ →
∞	if 2k. also, if 2݇ < ݉, then it is easy to show that Eq. (2) implies that 

ܽ௞~൬
2݇
݉
൰
ଶ

൬
2
݉
൰
ଶ௞
௠ 	ିଵ 2݇

݊௠
− 	݊	ݏܽ	1 → ∞. 

So we can conclude the following theorems. 

Theorem (2.2.3) [2]: Let ܪ௙̅ be a Honkel operator with sysmbol ݂̅	= 
∑௞ୀ଴	ஶ ܾ௞̅ݖ௞ ∈  ଶ(∣z∣m), which is not a polynomial. Then the hankelܮ
operator  

௙̅ܪ = ݀ܫ) − ܲ)݂̅: ,ଶ(ℂܣ (௠|ݖ| → ,ଶ(ℂܣ  .ୄ(௠|ݖ|

is unbounded. 

Proof: We recall that for symbols ݂̅ = ∑௞	
ஶܾ௞̅ݖ௞	 ∈  ଶ(∣ɀ∣m), the Hankelܮ

operator ܪ௙̅ ∶ 	 ௠ଶܣ 	→  ௠ଶୄ is bounded if and only if there exists aܣ	
constant C such that 

ฯܪ௙̅ ൬
௡ݖ

ܿ௡
൰ฯ

ଶ

=෍|ܾ௞|ଶ

௞ஸ௡

ܽ௡(݇) + ෍|ܾ௞|ଶ

௞வ௡

ܿ௡ା௞ଶ

ܿ௡ଶ
< ,ܥ ∀݊ ∈ ℕ 

In case that the power series symbol ݂̅ is not a polynomial we have n with 
2݊ > ݉. 

Consequently we have k with 2݇ > ݉. And with proposition (2.2.2) we 
have  ܽ௡(݇) → ∞ for all k with 2݇ > ݉ . So clearly ܪ௙̅ is not bounded.  

Theorem (2.2.4) [2]: ܪ௙̅ be Hankel operator operator with polynomial 
݂̅ = ∑௞ୀ଴	ே ܾ௞̅ݖ௞ . Then in case 2ܰ ≤ ݉ the Hankel operators 
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௙̅ܪ = ݀ܫ) − ܲ)݂̅: ,ଶ(ℂܣ (௠|ݖ| → ,ଶ(ℂܣ  .ୄ(௠|ݖ|

are bounded; and in case 2ܰ > ݉ they are unbounded.  

Proof of: We have only to recall that in case ݊ > ܰ we have  

ฯܪ௙̅ ൬
௡ݖ

ܿ௡
൰ฯ

ଶ

=෍|ܾ௞|ଶ ቈ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቉
ே

௞

=෍|ܾ௞|ଶܽ௡(݇)
ே

௞

. 

and so with Proposition (2.2.2) we get the result.  

Now we consider compactness conditions of Hankel operators 
݂ with symbol	௙̅ܪ = ∑௞	ேܾ௞ݖ௞	 on generalized Fock spaces ܣଶ(ℂ,  .(௠|ݖ|
we will need the following proposition for the further investigations.  

Proposition (2.2.5) [2]: Let 	݂ = ∑௞ୀ଴	ஶ ܽ௞ݖ௞	 and ݊, ݎ ∈ ℕ with	݊ >  .ݎ
Then in case	݊ − ݎ > ܰ	we get  

(௡ݖ)௙̅ܪ ⊥  .(௥ݖ)௙̅ܪ

Proof: We have  

௙̅ܪ〉 ൬
௡ݖ

ܿ௡
൰ ௙̅ܪ| ൬

௥ݖ

ܿ௥
൰〉

= 〈݂̅
௡ݖ

ܿ௡
|݂̅
௥ݖ

ܿ௥
〉 +෍෍ܾ௞ തܾ௟ܿ௡ܿ௥ 〈

௡ି௞ݖ

ܿ௡ି௞ଶ |
௥ି௟ݖ

ܿ௥ି௟ଶ 〉
௟ஸ௥௞ஸ௡

−෍ തܾ௟ܿ௥
௟ஸ௥

〈݂̅
௡ݖ

ܿ௡
|
௥ିଵݖ

ܿ௥ି௟ଶ 〉 −෍ܾ௞ܿ௡
௞ஸ௡

〈
௡ି௞ݖ

ܿ௡ି௞ଶ |݂̅
௥ݖ

ܿ௥
〉. 

Clearly	–ܰ ≤ ݇, ݈, ݇– ܫ ≤ ܰ <  and so by using	ݎ–݊
(௡ݖ)௙̅ܪ ݐ݁݃	݁ݓ௡ି௥,௞ߜ	and	௡ି௥,ିଵߜ,௡ି௥,௞ିଵߜ ⊥  .(௥ݖ)௙̅ܪ

So we can conclude the following. 

Corollary (2.2.6) [2]: Let	݂ = ∑௞ୀ଴	ே ܽ௞ݖ௞	. Then for all ݊, ݎ ∈ ℕ with 
݊– ݎ > ܰ, ݎ > ܰ we get 

ฮܪ௙̅(݁௡) − ௙̅(݁௥)ฮܪ
ଶ = ฮܪ௙̅(݁௡)ฮ

ଶ + ฮܪ௙̅(݁௥)ฮ
ଶ

=෍|ܾ௞|ଶ ቈ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቉
ே

௞

+෍|ܾ௞|ଶ ቈ
ܿ௥ା௞ଶ

ܿ௥ଶ
−

ܿ௥ଶ

ܿ௥ି௞ଶ ቉
ே

௞

=෍|ܾ௞|ଶ[ܽ௡(݇) − ܽ௥(݇)]
ே

௞

. 
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Theorem (2.2.7) [2]: Let ݂ = ∑௞	ேܾ௞ݖ௞	. Then in case 2ܰ < ݉ the 
Hankel operators. 

௙̅ܪ = ݀ܫ) − ܲ)݂̅: ,ଶ(ℂܣ (௠|ݖ| → ,ଶ(ℂܣ  .ୄ(௠|ݖ|

are compact and in case 2ܰ = ݉ the Hankel operator ܪ௙̅ fail to be 
compact. 

Proof: Let 2ܰ = ݉. With Corollary (2.2.6) we get  

ฮܪ௙̅(݁௡) − ௙̅(݁௥)ฮܪ
ଶ
=෍|ܾ௞|ଶ[ܽ௡(݇) − ܽ௥(݇)]

ே

௞

. 

and with Proposition (2.2.2) we have for 2݇ = ݉ =  that ݎ2
ܽ௡(݇), ܽ௥(݇) →  ௙̅ canܪ Consequently the Hankel operator	.(݉,݇)	ݐݏ݊݋ܿ	
not be compact.  

Compactness is shown for ܪ௙̅: 	௠ܣ
ଶ in case 2݇	௠ଶୄܣ	→ < ݉. so 

clearly ܪ௙̅ = ∑௞	ேܾ௞ܪ௭̅ೖ 	is compact in case 2ܰ < ݉. 

In this section we will give for the symbol	̅ݖ௞	, ݇ ∈ ℕ and for 
all	݌ > 0 a complete characterization of the Schatten-von Neumann p-
class membership in terms of k, m and p. Let us start with some 
definitions. 

First we recall that a bounded linear Hilbert space operator ܶ:	ܪଵ →
 ଶ is called positive, ifܪ

,ݔ	ݐ〉 〈ݔ ≥ 0	, ݔ∀ ∈  .ଵܪ

In fact this is equivalent to ܶ	 = 	ܶ∗	and ߪ(ܶ) ⊆ 	 [0,  .(ݔ

Definition (2.2.8) [2]: Let ܪଵ,  ଶ be Hilbert spaces with a completeܪ
orthonormal system {݁௡}௡∈ℕ of ܪଵ. A positive operator ܶ ∶ ଵܪ	  ଶ isܪ	→
in the trace class if  

(ܶ)ݎݐ ≔෍〈ܶ݁௡ , ݁௡〉 < ∞
ஶ

௡

. 

The definition is independent of the choice of the orthonormal system. 
Clearly a bounded linear Hilbert space operator T is Hilbert-Schmidt, i.e.  
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‖ܶ‖ுௌଶ ≔෍‖ܶ݁௡‖ଶ
ஶ

௡

=෍〈ܶ݁௡, ܶ݁௡〉 < ∞
ஶ

௡

, 

if and only if the operator ܶ∗ܶ is in the trace class. In that case clearly we 
have  

‖ܶ‖ுௌଶ =  .(ܶ∗ܶ)ݎݐ

This can be generalized to the definition of the Schatten-von Neumann  p-
class (or the Schatten ideal ܵ௉):  

Definition (2.2.9) [2]: Let ݌ > 0 and ܪଵ,  be Hilbert spaces with a	ଶܪ
complete orthonormal system {݁௡}௡∈ℕ	of	ܪଵ. A bounded linear operator  
ܶ ∶ ଵܪ	 is in the Schatten-von Neumann p-class if (ܶ∗ܶ)௉	ଶܪ	→ ଶ⁄  is in 
the trace class, i.e.,  

൫(ܶ∗ܶ)௉ݎݐ ଶ⁄ ൯ ≔෍〈(ܶ∗ܶ)௉ ଶ⁄ ݁௡, ݁௡〉
ஶ

௡

< ∞, 

In that case we define ‖ܶ‖௉௉: = ൫(ܶ∗ܶ)௉ݎݐ ଶ⁄ ൯. so by definition the 
Schatten-von Neumann 2-class (or the Schatten ideal	ܵଶ) is the ideal of 
Hilbert-Schmidt operators. Now let us turn to our Hankel operators with 
symbol	̅ݖ௞	, ݇ ∈ ℕ and let us repeat some facts. As above we abbreviate 
௡,௠ܥ =   . ௡ܥ	

Lemma (2.2.10) [2]: Let ݇ ∈ ℕ with ݊ ≥ ݇	and ݁௡(ݖ) =  ௡/ܿ௡ . thenݖ

௭̅ೖܪ〉
∗ ௭̅ೖ݁௡ܪ , ݁௡〉 =

ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ . 

Theorem (2.2.11) [2]: Let ݌ > 0 and	2݇ < 	݉. Then the Hankel operator 
௭̅ೖܪ : ௠ܣ

ଶ   ௠ଶୄ is in the Schatten-von Neumann p-class if and only ifܣ	→

෍ቆ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቇ

௉
ଶ
< ∞

ஶ

௡ୀ௞

, 

Proof: In case 2݇ < ݉ with Theorem (2.2.7) the Hankel operator ܪ௭̅ೖ  is 
compact and so the operator ܪ௭̅ೖ 	

∗   ௭̅ೖ has the formܪ
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	௭̅ೖܪ
∗ (݃)௭̅ೖܪ = 	෍ ௡,௞ߣ

ஶ

௡ୀ଴

〈݃, ݁௡〉	݁௡. 

Consequently 

	௭̅ೖܪ〉
∗ ,݁௡	௭̅ೖܪ ݁௡〉 = 	  .௡,௞ߣ

and with Lemma (2.2.10),  

෍ߣ௡.௞
௉
ଶ

ஶ

௡ୀ௞

= ෍〈ܪ௭̅ೖ 	
∗ ,݁௡	௭̅ೖܪ ݁௡〉

௉
ଶ

ஶ

௡ୀ௞

= ෍ቆ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቇ

௉
ଶஶ

௡ୀ௞

. 

In case of the Fock space (m = 2) for all ݇ ≥ 1 the sequence  

ܽ௡(݇) = 	
௖೙శೖ
మ

௖೙మ
− ௖೙మ

௖೙షೖ
మ =	 (௡ା௞)!

௡!
−	 ௡!

(௡ି௞)!
. 

Does not even tend to	0. So we can conclude the following. 

Corollary (2.2.12) [2]: Let ݌ > 0. On the Fock space the Hankel 
operators  

:	௭̅ೖܪ ܣ
ଶ(ℂ, (ଶ|ݖ| → ,ଶ(ℂܮ  .(ଶ|ݖ|

are not in the Shatten p-class for all ݇ ≥ 1.  

Theorem (2.2.13) [2]: Let ݌ > 0. In case	2݇ < ݉	the Hankel operators  

	௭̅ೖܪ = 	 	݀ܫ) − :	௞̅ݖ(ܲ	 ,ଶ(ℂܣ (௠|ݖ| → ,ଶ(ℂܣ  .ୄ(௠|ݖ|

are in the Schatten p-class, iff ݌ > ଶ௠
௠ିଶ௞

 . In case 2݇ ≥ ݉	the Hankel 
operators are not in the Schatten p-class.  

Proof: Use Eq. (3) to note that  

෍ቆ
ܿ௡ା௞ଶ

ܿ௡ଶ
−

ܿ௡ଶ

ܿ௡ି௞ଶ ቇ

௉
ଶ

௡ஹ௞

≈ ෍
1

൬݊ଵି
ଶ௞
௡ ൰

௉ ଶ⁄

ஶ

௡ୀ௞

< ∞ 

if and only if (1 −	 మೖ೘)	2/݌ > 1 , that is ݌ > 2/(1 −	 మೖ೘) . 
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Chapter 3 

Stieltjes Moment Problem and Hankel Operators 
 

We prove that there are nontrivial Hilbert–Schmidt Hankel 
operators with anti-holomorphic symbols if and only if s is exponentially 
bounded. In this case, the space of symbols of such operators is shown to 
be the classical Dirichlet space. We mention that the classical weighted 
Bergman spaces, the Hardy space and Fock type spaces fall in this 
setting. 

Section (3.1): operators of Hilbert space A2(s)  

We consider Hankel operators and the ߲̅-canonical solution 
operator in a Hilbert space of analytic functions related to a Stieltjes 
moment sequence. We recall that a sequence	ܵ = (ܵௗ), ݀ ∈ ℕ଴, is.said to 
be a Stieltjes moment sequence if it has the form  

ௗݏ = න (ݐ)ߤௗ݀ݐ
ାஶ

଴

, 

Where ߤ is a non-negative measure on [0,+	∞), called a representing 
measure for s. These sequences have been characterized by Sticltjes in 
terms of some positive definiteness conditions. We denote by ࣭ the set of 
such sequences. It follows from the above integral representation that 
each ݏ ∈ ࣭ is either non-vanishing, that is, ܵௗ > 0 for all d, or else ݏௗ =
଴ௗߜ	 	for all d. We denote by ܵ∗ the set of all non-vanishing elements of S. 
Fix an element ݏ = (ௗݏ) ∈ ࣭∗. By Cauchy-Schwarz inequality we see that 
the sequence.௦೏శభ

௦೏
 is non-decreasing and hence converges as ݀ → +∞	to 

the radius of convergence of the entire series  

(ߣ)௦ܨ ≔ ෍
ௗߣ

ௗାଵି௡ݏ
, ߣ ∈ ℂ

ାஶ

ௗୀ௡ିଵ

, 

Set ܴ௦ ∶	= 	 limௗ→ାஶ	ට
ೞ೏శభ
ೞ೏

=		ට lim
ௗ→ାஶ	

 .The sequences s for which the	ௗ݀ୄݏ

radius ܴ௦ is finite are called exponentially bounded.  



٦٠ 
 

Denote by Ω௦ the ball in ℂ௡	centered at the origin with radius ܴ௦ with the 
understanding that Ω௦ = ℂ௡	ݓℎ݁݊	ܴ௦ = +	∞. We denote by ࣛଶ(ݏ) the 
Hilbert space of those holomorphic functions ݂(ݖ) = ∑ఈ∈ℕబ೙ 	ܽఈ	ݖ

ఈ on Ω௦ 
that satisfy  

∑ఈ∈ℕబ೙ 	
!ߙ |ܵఈ|

|ߙ|) + ݊ − 1)!
|ܽఈ|ଶ < +∞ 

equipped with the natural inner product  

〈݂, ݃〉 ≔ ∑ఈ∈ℕబ೙ 	
!ߙ ܵ|ఈ|

|ߙ|) + ݊ − 1)!
ܽఈ തܾఈ . 

if ݂(ݖ) = ∑ఈ∈ℕబ೙ 	ܽఈ	ݖ
ఈ and g(ݖ) = ∑ఈ∈ℕబ೙ 	ܽఈ ݖ	

ఈare two elements of 
ࣛଶ(ݏ) .  

Now let ߪ =  ௡ be the rotation invariant probability measure on the unitߪ
sphere ॺ௡ in ℂ௡and let ߤ, be a representing measure of ݏ. We denote by 
ߤ ௡, the image measure in ℂ௡ ofߤ ⊗ ,ݐ)	௡ under the mapߪ (ߦ → ඥߦݐ from 
[0,+	∞) 	× 	ॺ௡	ontoℂ௡. We consider the Hilbert space ܮଶ(ߤ௡) of square 
integrable complex-valued functions in ℂ௡with respect to the measure ߤ௡. 
Our first result is the following: 

The classical weighted Bergman spaces, weighted Fock spaces and 
Hardy spaces, where Hardy spaces (or Hardy classes) ܪ௣ are certain 
spaces of holomorphic functions on the unit disk or upper half plane. 
They were introduced by Frigyes Riesz, who named them after G. H. 
Hardy. In real analysis Hardy spaces are certain spaces of distributions on 
the real line, which are (in the sense of distributions) boundary values of 
the holomorphic functions of the complex Hardy spaces, and are related 
to the ܮ௣spaces of functional analysis. For 1 ≤ ݌ ≤ ∞ these real Hardy 
spaces ܪ௣	are certain subsets of ܮ௣ , while for ݌ < 1 the ܮ௣ spaces have 
some undesirable properties, and the Hardy spaces are much better 
behaved [8], are of the form , ࣛଶ(ݏ) ; each of these space is associated to 
an appropriate choice of the sequence ݏ.  

To state further results we consider the orthogonal projection ௦ܲ, 
associated to ࣛଶ(ߤ௡). It is given for all ݃ ∈   by (௡ߤ)ଶܮ

( ௦ܲ݃)(ݖ) = ∫Ωഥೞܭ௦(ݓ,ݖ)݃(ݓ)݀ߤ௡(ݓ), ݖ ∈ Ω௦ . 
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This integral operator can be extended in a natural way to functions g 
that satisfy ܭ௦(ݖ	,·)݃ ∈ ∋for all z (௡ߤ)ଵܮ Ω௦ . This extension allows us to 
define Hankel operators. To do so, denote by ࣮(ݏ) the class of all ݂ ∈
ࣛଶ(ݏ)	such that	݂߮ܭ௦(ݖ	,·) ∈  ߮ for all holomorphic polynomials (௡ߤ)ଵܮ
and ݖ ∈ Ω௦and the function  

(ݖ)(߮)௙̅ܪ ≔ න (ݓ,ݖ)௦ܭ
ℂ೙

(ݖ)݂̅ൣ(ݓ)߮ − ݖ	(ݓ)௡ߤ൧݀(ݓ)݂̅ ∈ Ω௦ , 

is the restriction to Ω௦of a function in ܮଶ(ߤ௡). This is a densely defined 
operator from ࣛଶ(ݏ)	into ܮଶ(ߤ௡) which will be called the Hankel 
operator ܪ௙̅ with symbol ݂̅ it can be written in the form  

(߮)௙̅ܪ = ܫ) −	 ௦ܲ)൫݂̅߮൯. 

for all holomorphic polynomials ߮. 

It is not hard to see that the class ࣮(ݏ) contains all holomorphic 
polynomials. Finally, if ݂ ∈  the set of all (	݂)	ܿ݁݌ܵ we denote by ,(ݏ)࣮

multi-indices ݇ ∈ ℕ଴
௡	such that	డ

ೖ௙
డ௭ೖ

(0) 	≠ 	0. 

 Our second result is the following : 

Theorem (3.1.1) [3]: Suppose that ݂ is a holomorphic polynomial Then  

(i)  ܪ௙̅ is bounded if and only if  

sup
ௗ∈ℕబ

ቆ
|ௗାଶ|௞ݏ
|ௗା|௞ݏ

−
|ௗା|௞ݏ
ௗݏ

+
݊ − 1
݀

−
|ௗା|௞ݏ
ௗݏ

ቇ < +∞,											(1) 

For all ݇ ∈   .(݂)ܿ݁݌ܵ

(ii)  ܪ௙̅ is compact if and only if  

lim
ௗ→ାஶ

ቆ
|ௗାଶ|௞ݏ
|ௗା|௞ݏ

−
|ௗା|௞ݏ
ௗݏ

+
݊ − 1
݀

|ௗା|௞ݏ
ௗݏ

ቇ = 0,																(2) 

For all ݇ ∈   .(݂)ܿ݁݌ܵ

(iii) If	݌ > 0, then ܪ௙̅ is in the Schatten class ܵ௉(ࣛଶ(ݏ),  (௡ߤ)ଶܮ
if and only if  
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෍݀௡ିଵ ቆ
|ௗାଶ|௞ݏ
|ௗା|௞ݏ

−
|ௗା|௞ݏ
ௗݏ

ቇ

௉
ଶ
+ (݊ − 1)

ௗ∈ℕ

݀௡ିଵି
௉
ଶ ൬
|ௗା|௞ݏ
ௗݏ

൰
௉
ଶ
< +∞, 

for all ݇ ∈   .(݂)ܿ݁݌ܵ

We point out that if the sequence s is exponentially bounded then 
(1) and (2) hold. The last assertion of Theorem (3.1.2) shows that if ݊ ≥
2, and the Schatten classܵ௉(ࣛଶ(ݏ),  concerns nontrivial Hankel (௡ߤ)ଶܮ
operators with anti-holomorphic symbols, then ݌ > 2݊. The converse to 
this statement is not true as shown. In particular, in higher dimensions 
there are no nontrivial Hilbert-Schmidt Hankel operators with anti-
holomorphic symbols. The situation in the one-dimensional case is 
completely different. More precisely. 

The first equality shows the characterization in the latter theorem 
depends only on the limit limௗ→ஶ	

೏೏శభ
ೞ೏

 . The above result has been proved 

by separate methods in the two simple partieular cases of Hardy and 
Bergman spaces. 

 Now we shall characterize the boundedness, the compactness and 
the membership in a Schatten class of ܵ the canonical solution operator of 
the ߲̅ on the space ℋ(଴,ଵ)(Ω௦) consisting of (0,1) − forms with 
holomorphic coefficients in ܮଶ(ߤ௡) defined by ߲̅(݂ܵ) = ݂ and ݂ܵ is 
orthogonal to holomorphic elements of ܮଶ(ߤ௡). The spectral properties of 
this operator were studied by Haslinger, Haslinger and Helfer and Lovera 
and Youssfi.  

Corollary (3.1.2) [3]: Consider the canonical solution operator S to the ߲̅ 
from ℋ(଴,ଵ)(Ω௦) to ܮଶ(ߤ௡). Then the following are equivalent:  

(i) ܵ is bounded on ℋ(଴,ଵ)(Ω௦) . 
(ii) For all	݆ = 1, … . ݊, the Hankel operator ܪ௭̅ೕ	is bounded from 

ࣛଶ(ݏ) into	ܮଶ(ߤ௡). 
(iii) There is ݆ = 1, … 	݊, such that the Hankel operator	ܪ௭̅ೕ	. is 

bounded from ࣛଶ(ݏ) into ܮଶ(ߤ௡). 
(iv) There is a positive constant ܥ > 0 such that  

൬
ௗା௡ݏ
ௗା௡ିଵݏ

−
ௗା௡ିଵݏ
ௗା௡ିଶݏ

൰ +
݊ − 1
݀

ௗା௡ݏ
ௗା௡ିଵݏ

≤  ܥ
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for all positive integers ݀.  

Corollary (3.1.3) [3]: Consider the canonical solution operator ܵ to the ∂ത 
from ℋ(଴,ଵ)(Ω௦) to ܮଶ(ߤ௡) .Then the following are equivalent:  

(i) ܵ is compact on ℋ(଴,ଵ)(Ω௦) . 
(ii) For all ݆ = 1,… . , ݊, the Hankel operator H୸തౠ	is compact from 

ࣛଶ(ݏ) into ܮଶ(ߤ௡). 
(iii) There is ݆ = 1, … . , ݊ such that the Hankel operator H୸തౠ	is 

compact ࣛଶ(ݏ)	into ܮଶ(ߤ௡). 
(iv) We have  

lim
ௗ→ାஶ

൬
ௗା௡ݏ
ௗା௡ିଵݏ

−
ௗା௡ିଵݏ
ௗା௡ିଶݏ

+
݊ − 1
݀

ௗା௡ݏ
ௗା௡ିଵݏ

൰ = 0. 

In each of the two preceding corollaries, the equivalence between 
the two assertions (i) and (iv) was established in Lovera and Youssfi and 
later by Haslinger and Lame!.  

Corollary (3.1.4) [3]: Consider the canonical solution operator S to the 
߲̅	from ℋ(଴,ଵ)(Ω௦) to ܮଶ(ߤ௡) and let ݌ > 0. Then the following are 
equivalent:  

(i) ܵ	is in the Schatten class	࣭௉(ℋ(଴,ଵ)(Ω௦),  .((௡ߤ)ଶܮ
(ii) For all ݆ = 1, . . . , ݊, the Hankel operator ܪ௭̅ೕ	is in the Schatten 

class	࣭௉(ℋ(଴,ଵ)(Ω௦),  .((௡ߤ)ଶܮ
(iii) There is	݆ = 1, . . . . , ݊, such that the Hankel operator ܪ௭̅ೕ	  is in 

the Schatten class ࣭௉(ࣛଶ(ݏ),  .(௡ߤ)ଶܮ
(iv) There is a positive constant ܥ such that  

෍݀௡ିଵ ൬
ௗା௡ݏ
ௗା௡ିଵݏ

−
ௗା௡ିଵݏ
ௗା௡ିଶݏ

൰
௉
ଶ
+ (݊ − 1)

ௗ∈ℕ

݀௡ିଵି
௉
ଶ ൬

ௗା௡ݏ
ௗା௡ିଵݏ

൰
௉
ଶ
≤  ܥ

for all positive integers ݀.  

In the latter corollary, the equivalence between the two assertions 
(i) and (iv) was established in Lovera and Youssfi in the case ݌ ≥ 2 and 
later by Haslinger and Lamel in the general case.  
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To state another result, we let ℳ(ݏ)	be the subspace of ࣮(ݏ) 
consisting of those functions	݂. for which the Hankel operator ܪ௙̅ is 
bounded on ࣛଶ(ݏ) .We equip	ℳ(ݏ)	with norm  

‖݂‖ℳ(௦)	 ≔ ฮܪ௙̅ฮ + |݂(0)|. 

The subspace of ℳ(ݏ)consisting of functions ݂ such that ܪ௙̅	  is a 
compact operator will be denoted by ℳஶ(ݏ).	Then it is not hard to see 
that ℳஶ(ݏ)is a closed subspace of ℳ(ݏ). 

If ݌ > 0, we denote by ℳ௉(ݏ) the subspace of those functions ݂ ∈
ℳ(ݏ) such that the Hankel operator ܪ௙̅	  is the Schatten class ࣭௉(ࣛଶ(ݏ), 
  with quasi-norm (ݏ)We equip ℳ௉ ((௡ߤ)ଶܮ

‖݂‖ℳ(௦)	 ≔ ฮܪ௙̅ฮ࣭ು
+ |݂(0)|. 

Then we have the following “ 

Theorem (3.1.5) [3]: Let ॿ ∈ {ℳ(ݏ),ℳஶ(ݏ),ℳ௉(ݏ)} and let ܷ be a 
rotation in ℂ௡. Then the following assertions hold.  

(i) If ݂ ∈ ॿ, then ݂ܷߧ ∈ ॿ and ‖݂ܷߧ‖ॿ	 = ‖݂‖ॿ	.	
(ii) If ݂ ∈ ॿ, then ݖ௞ ∈ ॿ for all ݇ ∈ 	.(	݂	)ܿ݁݌ܵ
(iii) If the sequence s is either exponentially bounded or satisfies  

lim
ௗ→ାஶ

ቆ
ௗାூݏ
ௗଶݏ

ቇ

ଵ
ௗ
= ݈	݈݈ܽ	ݎ݋݂	0 ∈ ℕ଴ 				(3). 

then the spaces ℳ(ݏ),ℳஶ(ݏ), and ℳ௉(ݏ), ݌ ≥ 1, are Banach spaces and 
the space ℳ௉(ݏ), 0 < ݌ < 1, is a quasi-Banach space.  

We point out that there are examples of Stieltjes moment 
sequences that do not satisfy (3) as shown by Boas type sequences. There 
is a sequence of positive real numbers ܵ satisfying ܵ଴ ≥ 1 and 

	ܵ௡ାଵ ≥ 	 (݊ܵ௡)௡ାଵ. It is not hard to see by Theorem (3.1.5) that the 
spaces ℳ(ݏ),	M∞(s) and ℳ௉(ݏ)	corresponding to such sequences are 
trivial, namely, they consist only of constant functions.  

Another type of Stieltjes moment sequences for which Theorem 
(3.1.1) applies to show that the corresponding spaces ℳ(ݏ),ℳஶ(ݏ),and 
ℳ௉(ݏ)	are trivial are the Stieltjes sequences s that satisfy ܵ଴ ≥ 1 and  
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ௗଶݏ ≤ ௦೏శభ௦೏షభߜ ݀	݈݈ܽ	ݎ݋݂	 ≥ 1																												(4)  

for some 0 < ߜ < 1. Arbitrary sequences satisfying (4) were studied by 
Bisgaard and Sasviri and Bisgaard. They were shown to be Stieltjes 
moment sequences as long as ∑ௗஹଵߜௗ

మ ≤ 	 భర. 

Let ℕ଴
௡ denote the set of all n-tuples with components in the set ℕ଴ 

of all non-negative integers. If ߙ = ,ଵߙ) . . , (௡ߙ ∈ ℕ଴
௡ , We let ‖ߙ‖:=

ଵߙ +⋯	+ ߚ If .ߙ denote the length of	௡ߙ = (௡ߚ…ଵߚ) ∈ ℕ଴
௡	satisfies 

௝ߙ ≥ ݆	௝ for allߚ = 1, … , ݊	,	then we write ߙ ≥ ≰ Otherwise, set .ߚ  . ߚ

Finally, if ܣ	and ܤ are two quantities, we use the symbol ܣ ≈
ܣ whenever	ܤ ≤ ܤ and	ܤଵܥ ≤  ଶ are positiveܥ	ଵandܥ	where	,ܣଶܥ
constants independent of the varying parameters. 

Theorem (3.1.6) [3]: The measure ߤ௡	is supported by the closure of the 
domain Ω௦ .In addition, for each set compact ܭ ⊂ Ω௦  there exists 

ܥ  = (ܭ)ܥ > 0 Such that  

sup
௭∈௞

|(ݖ)݂| ≤  .௅మ(ఓ೙)‖݂‖ܥ

for all holomorphic polynomials f in ℂ௡ . Furthermore, the space ࣛଶ(ݏ) 
coincides with the clo-sure of the holomorphic polynomials in ܮଶ(ߤ௡) and 
its reproducing kernel is given by  

(ݓ,ݖ)௦ܭ =
1

(݊ − 1)!
௦ܨ
(௡ିଵ)(〈ݖ, ,(〈ݓ ,ݖ ݓ ∈ Ω௦ . 

Proof: We first observe that if a positive real number ݎ	satisfies 
,ݎ])	ߤ +∞)) = 0, then for all non-neutive integers	݀, we have	ݏௗ ≤

,0])	ߤௗݎ +∞)) and hence lim sup
ௗ
ௗݏ
భ
೏ ≤  .ݎ

This shows that the radius of converence of the series ܨ௦  is smaller 
that or equal to the infimum of all such real numbers ݎ. 

Conversely, suppose that ݎ > 0 satisfies ݎ])ߤ, +∞)) > 0 then  

,ݎ])ߤௗݎ +∞)) ≤  ௗݏ	

For all non-negative integers ݀. Therefore,  
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ݎ ≤ ݈݅݉ௗ inf ௗݏ
భ
೏ ≤ 	 ݈݅݉ௗ 	sup ௗݏ

భ
೏ 

Since  

((∞+,ݎ])ߤ	:ݎ}݌ݑݏ 	> 	0} = ,ݎ])	ߤ	:ݎ}݂݊݅ +∞)) = 0}	

we see that ܴ௦ଶ	 =	 ݈݅݉ௗ→ஶ	ݏௗ
భ
೏	. Therefore, the measure ߤ௡is supported the 

closure Ωഥ௦ since both series ܨ௦	and ܨ௦
(௡ିଵ) have the same radius of 

convergence it follows that for cach ݖ ∈ Ω௦  , the series 

,ݖ)௦ܭ (ݓ =
1

(݊ − 1)!
෍

(݀ + ݊ − 1)!
݀! ௗݏ

,ݖ〉 ௗ〈ݓ
ାஶ

଴

, ݓ ∈ Ω௦ , 

Converges on Ωഥ௦. Moreover, by Fatou's lemma and orthognality of the 
holomorphic monomials with respect to ߤ௡ we have 

න|ܭ௦(ݖ, ଶ|(ݓ

Ωഥೞ

(ݓ)௡ߤ݀ 	

≤ ൬
1

(݊ − 1)!
൰
ଶ

lim inf
ே→ାஶ

න อ෍
(݀ + ݊ − 1)!

݀! ௗݏ
,ݖ〉 ௗ〈ݓ

ே

ௗୀ଴

อ

ଶ

Ωഥೞ

(ݓ)௡ߤ݀

= ൬
1

(݊ − 1)!
൰
ଶ

lim inf
ே→ାஶ

න อ෍
(݀ + ݊ − 1)!

݀! ௗݏ
,ݖ〉 ௗ〈ݓ

ே

ௗୀ଴

อ

ଶ

Ωഥೞ

(ݓ)௡ߤ݀ =

= ,ݖ)௦ܭ  (ݖ

Hence for any fixed ݖ ∈ Ω௦ , the series ܭ௦(ݖ,  In .(௡ߤ)ଶܮ converges in (ݓ
addition , a little computing shows that for any ߙ ∈ ℕ଴

௡, we have  

න ,ݖ)௦ܭ	ఈݓ (ݓ
Ωഥೞ

(ݓ)௡ߤ݀

=
1

(݊ − 1)!
෍

(݀ + ݊ − 1)!
݀! ௗݏ

ାஶ

ௗୀ଴

න ,ݖ)	ఈݓ ௗ(ݓ

Ωഥೞ

(ݓ)௡ߤ݀

=
1

(݊ − 1)!
|ߙ|) + ݊ − 1)!

!|ߙ| |ఈ|ݏ
න ,ݖ)	ఈݓ |ఈ|(ݓ

Ωഥೞ

(ݓ)௡ߤ݀ = ఈݖ . 
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This shows that the kernel ܭ௦(ݖ,  reproduces holomorphic (ݓ
polynomials. Morcover it satisfies  

sup
௭∈௄

|(ݖ)݂| ≤ sup
௭∈௄

ඥܭ௦(ݖ,  .௅మ(ఓ೙)‖݂‖(ݖ

For all holomorphic polynomials and each set compact	ܭ ⊂ Ω. The 
remaining part of the proof follows by standard arguments. 

We point out that ܴ௦ is always strictly positive. 

Lemma (3.1.7) [3]: Suppose that ݇ and ݈ are in ℕ଴
௡ then the domain 

௭̅ೖܪ)݉݋ࣞ
∗ ) of ܪ௭̅ೖ	

∗ 	contains all polynomials in ݓ	and ݓഥ . Moreover, if ݂ is 
a holomorphic homogeneous polynomial of degree	݀, then 

	௭̅ೖܪ
∗ ௭̅ೖ݂ܪ =

|ௗା|௟ݏ
|ௗା|௟|ି|௞ݏ

Γ(݊ + ݀ + |݈| − |݇|)
Γ(݊ + ݀ + |݈|)

߲|௞|

௞ݖ߲
(௟݂ݖ)

−
ௗݏ

|ௗି|௞ݏ
Γ(݀ + ݊ − |݇|)
Γ(݀ + ݊)

௟ݖ
߲|௞|

௞ݖ߲
݂ 

In particular, ܪ௭̅ೖ	
∗ ௭̅ೖܪ  ݂ is a holomorphic homogeneous polynomial of 

degree ݀ + |݈| − |݇|. In particular, for each a in ℕ଴
௡ the monomial	ݖఈ is an 

eigenvector for the operator ܪ௭̅ೖ	
∗ ௭̅ೖܪ  and the corresponding eigenvalue 

  ఈis given byߣ

ఈߣ =
|ఈ|ା|௞|ݏ
|ఈ|ݏ

Γ(݊ + (|ߙ|
Γ(݊ + |ߙ| + |݇|)

ߙ) + ݇)!
!ߙ

−
|ఈ|ݏ

|ఈ|ି|௞|ݏ
Γ(|ߙ| + ݊ − |݇|)
Γ(|ߙ| + ݊)

!ߙ
ߙ) − ݇)!

 

if	ߙ ≥ ݇ and 

ఈߣ =
|ఈ|ା|௞|ݏ
|ఈ|ݏ

Γ(݊ + (|ߙ|
Γ(݊ + |ߙ| + |݇|)

ߙ) + ݇)!
!ߙ

 

Otherwise.  

For simplicity reasons, we introduce some notations. We set 

௡݂(ݐଵ, … , (௡ݐ ≔ −|݇|ଶݐ௞ +෍ ௝݇
ଶ ݐ

௞

௝ݐ

௡

௝ୀଵ

, ݐ ∈ ℝ௡																									(5) 

With that understanding that	ܭ௝ଶ
೟ೖ

೟ೕ
= 0as long as	 ௝݇ = 0	 
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And 
೟ೕ
ೖೕ

೟ೕ
= 	 ௝ݐ

௞ೕషభ 	ݎ݋݂	 ௝݇ 	≥ 1.	we also let  

(ߙ)ݐ ≔ ൬
1 + ଵߙ
|ߙ| + ݊

, … ,
1 + ௡ߙ
|ߙ| + ݊

൰ , ߙ ∈ ℕ଴
௡. 

Lemma (3.1.8) [3]: The function ௡݂ 	given by (5) Satisfies 
௡݂(ݐଵ, … . , (௡ݐ ≥ 0 for all non-negative real numbers ݐଵ, … . , ௡ݐ 	that 

satisfy ݐଵ +⋯+ ௡ݐ = 1. In particular , ௡݂((ߙ)ݐ) ≥ ߙ	݈݈ܽ	ݎ݋݂	0 ∈ ℕ଴௡ 

 Proof: Setting ݎ௝ =
ೖೕ
∣ೖ∣, the lemma follows from the inequality  

෍
௝ଶݎ

௝ݐ

௡

௝ୀଵ

≥ 1	, 

Which holds for all ݐଵ, . . , ,௡ݐ … . , ∈ [0, +∞) that satisfy : 

ଵݐ +⋯+ ௡ݐ = ଵݎ	 +⋯+ ௡ݎ = 1	,	

This inequality, in turn, can be proved by induction on ݊.  

Lemma (3.1.9) [3]: Suppose that ߙ	and ݇	are in ℕ଴
௡. If ݊ = 1, set ߛఈ,௞ ∶=

0 and if ݊ > 1, set 

ఈ,௞ߛ ≔
1

݊ − 1
ቆ

Γ(݊ + (|ߙ|
Γ(݊ + |ߙ| + |݇|)

ߙ) + ݇)!
!ߙ

−
Γ(|ߙ| + ݊ − |݇|)
Γ(|ߙ| + ݊)

!ߙ
ߙ) − ݇)!

ቇ, 

Then ߛఈ,௞ ≥ 0, for all ߙ ∈ ℕ଴
௡ that satisfy ߙ ≥ ݇. In addition, if ݊ ≥ 2,		then  

ఈ,௞ߛ =
1

݊ − 1
1

݀ + ݊
ቆ ௡݂൫(ߙ)ݐ൯ + ߍ ൬

1
݀
൰ቇ	, 

for all ݇, ߙ ∈ ℕ଴
௡, satisfying ߙ ≥ ݇, where ݀:=   .|ߙ|

Proof: We consider the particular case of the constant Stieltjes 
moment sequence ݏௗ = 1, ݀ ∈ ℕ଴	represented by the Dirac measure 
ߤ = ߙ ଵ . ifߜ ∈ ℕ଴௡ , then (݊ − 1)ఊഀ,ೖ , is the eigenvalue of ܪ௭̅ೖ	

∗ ௭̅ೖܪ  
corresponding to the eigenvector ݖఈ . Applying the previous lemma we 
sec that (݊ − 1)ఊഀ,ೖ ≥ 0	and hence the first part of the lemma follows. 
Next, we prove the second part of lemma. From the property of the 
Gamma function. 
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Γ(ݔ + (ݕ
Γ(ݔ + (ݖ

= ௬ି௭ݔ ൭1 +
ݕ) − ݕ)(ݖ + ݖ − 1)

ݔ2
+ ߍ ൬

1
ଶݔ
൰൱ ݔ	ݏܽ	 → +∞	, 

where ݕ	and	ݖ are real numbers, we get  

Γ(݀ + ݊)
Γ(݀ + ݊ + |݇|)

= (݀ + ݊)ି|௞| ൭1 −
|݇|(|݇| − 1)
2(݀ + ݊)

+ ߍ ൬
1
݀ଶ
൰൱ ݀	ݏܽ	 → +∞, 

Γ(݀ + ݊ − |݇|)
Γ(݀ + ݊)

= (݀ + ݊)ି|௞| ൭1 +
|݇|(|݇| + 1)
2(݀ + ݊)

+ ߍ ൬
1
݀ଶ
൰൱ ݀	ݏܽ	 → +∞, 

By the proof of a Lemma, we have, when ߙ ≥ ݇,  
ߙ) + ݇)!

!ߙ
=ෑ൫1 + ௝൯ߙ

௞ೕ +෍ ௝݇൫ ௝݇ − 1൯
2

௡

௝ୀଵ

௡

௝ୀଵ

൫1 + ௝൯ߙ
௞ೕିଵෑ(1+ ௟)௞೗ߙ

௟ஷ௝

+ (ߙ)ݍ = (݀ + ݊)|௞| ቈݐ௞ +
ℎ(ݐ) − (ݐ)݃
݀ + ݊

+
(ߙ)ݍ

(݀ + ݊)|௞|
቉. 

Where  

ℎ(ݐ) ≔෍ ௝݇
ଶݐ௞

௝ݐ2

௡

௝ୀଵ

(ݐ)݃			, ≔෍ ௝݇ ௞ݐ

௝ݐ2

௡

௝ୀଵ

	. 

Using a similar argument, we also have  

!ߙ
ߙ) − ݇)!

=ෑ൫1 + ௝൯ߙ
௞ೕ −෍ ௝݇൫ ௝݇ − 1൯

2

௡

௝ୀଵ

௡

௝ୀଵ

൫1 + ௝൯ߙ
௞ೕିଵෑ(1 + ௟)௞೗ߙ

௟ஷ௝

+ (ߙ)ݎ == (݀ + ݊)|௞| ቈݐ௞ −
ℎ(ݐ) + (ݐ)݃
݀ + ݊

+
(ߙ)ݎ

(݀ + ݊)|௞|
቉ 

Where ݍ and ݎ are polynomials of degree at most |݇| − 	2.  
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Γ(݀ + ݊)
Γ(݀ + ݊ + |݇|)

ߙ) + ݇)!
!ߙ

−
Γ(݀ + ݊ − |݇|)
Γ(݀ + ݊)

!ߙ
ߙ) − ݇)!

= (݀ + ݊)ି|௞|
ߙ) + ݇)!

!ߙ
൭1 −

|݇|(|݇| − 1)
2(݀ + ݊)

+ ߍ ൬
1
݀ଶ
൰൱

− (݀ + ݊)ି|௞|
!ߙ

ߙ) − ݇)!
൭1 +

|݇|(|݇| + 1)
2(݀ + ݊)

+ ߍ ൬
1
݀ଶ
൰൱

= ൭1 −
|݇|(|݇| − 1)
2(݀ + ݊)

+ ߍ ൬
1
݀ଶ
൰൱ ቈݐ௞ +

ℎ(ݐ) − (ݐ)݃
݀ + ݊

+ ߍ ൬
1
݀ଶ
൰቉

− ൭1 +
|݇|(|݇| + 1)
2(݀ + ݊)

+ ߍ ൬
1
݀ଶ
൰൱ ቈݐ௞ −

ℎ(ݐ) + (ݐ)݃
݀ + ݊

+ ߍ ൬
1
݀ଶ
൰቉

=
1

݀ + ݊
ቆ−|݇|ଶݐ௞ + 2ℎ(ݐ) + ߍ ൬

1
݀ଶ
൰ቇ 

The lemma now follows since	 ௡݂(ݐ) = −|݇|ଶݐ௞ + 	2ℎ(ݐ). 

Lemma (3.1.10) [3]: If ߙ ∈ 	ℕ଴
௡, then the eigenvalue ߣఈ of the operator 

	௭̅ೖܪ
∗ ௭̅ೖܪ  satisfies  

ఈߣ = ൬௦|ഀ|శ|ೖ|
௦|ഀ|

− ௦|ഀ|
௦|ഀ|ష|ೖ|

൰ ൬൫(ߙ)ݐ൯௞ + ߍ ቀଵ
ௗ
ቁ൰ + ௡ିଵ

ௗା௡

௦|ഀ|
௦|ഀ|ష|ೖ|

൬ ௡݂൫(ߙ)ݐ൯ + ߍ ቀଵ
ௗ
ቁ൰ . 

If ߙ	 ≥ ݇	ܽ݊݀	 

ఈߣ =
|ఈ|ା|௞|ݏ
|ఈ|ݏ

ߍ ൬
1
݀
൰	, 

Otherwise. 

Proof: By Lemma (3.1.7) and the definition of ߛఈ,௞,	we have  

ఈߣ = ቆ
|ఈ|ା|௞|ݏ
|ఈ|ݏ

−
|ఈ|ݏ

|ఈ|ି|௞|ݏ
ቇ

Γ(݀ + ݊)
Γ(݀ + ݊ + |݇|)

ߙ) + ݇)!
!ߙ

+ (݊ − ௡,௞ߛ(1
|ఈ|ݏ

|ఈ|ି|௞|ݏ
 

By the estimates in the proof of Lemma (3.1.10) we deduce that  

Γ(݀ + ݊)
Γ(݀ + ݊ + |݇|)

ߙ) + ݇)!
!ߙ

= ቆݐ௧(ఈ) + ߍ ൬
1
݀
൰ቇ. 

The latter equation, combined with Lemma (3.1.9), completes the 
proof of the first part of the lemma. To prove the remaining part of the 
lemma, suppose that for some ݆଴ = 1… . , ݊ we have that ௝݇బ ≥ 1	and 
௝బߙ < ௝݇బ .Then by Lemma (3.1.7) we have 
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ఈߣ =
|ఈ|ା|௞|ݏ
|ఈ|ݏ

Γ(݀ + ݊)
Γ(݀ + ݊ + |݇|)

ߙ) + ݇)!
!ߙ

 

Set 

ᇱߙ = ,ଵߙ) … ௝బషభߙ , 0, ௝బశభߙ , … . . , ′݇	݀݊ܽ	௡ߙ = (݇ଵ, … , ௝݇బషభ , 0, ௝݇బశభ , … , ݇௡) 

Arguing like in a Lemma we get  

ߙ) + ݇)!
!ߙ

≤ ൫2 ௃݇బ൯! ቎ ෑ ൫1 + ௝൯ߙ
௞ೕ

௡

௝ୀଵ,௝ஷ௝బ

+ ෍ ௝݇൫ ௝݇ − 1൯
2

௡

௝ୀଵ,௝ஷ௝బ

൫1 + ௝൯ߙ
௞ೕିଵ ෑ൫1+ ௝൯ߙ

௞ೕ

௜ஷ௝,௝బ

቏ +  .(ᇱߙ)ݍ

Where (′ߙ)ݍ is a polynomial of degree at most |݇′| − 2 this inequality, 
combined with the estimate  

Γ(݀ + ݊)
Γ(݀ + ݊ + |݇|)

= ߍ ൬
1

(݀ + ݊)|௞|
൰. 

gives the second part of the lemma. 

Theorem (3.1.11) [3]: Fix ݇ ∈ 	ℕ଴
௡ and consider the Hankel operator 

௭̅ೖܪ 	from the dense subspace of ࣛଶ(ݏ) consisting of holomorphic 
polynomials into ܮଶ(ߤ௡). Then:  

(i)  ܪ௭̅ೖ  is bounded if and only if  

sup
ௗ∈ℕబ

ቆ
|ௗାଶ|௞ݏ
|ௗା|௞ݏ

−
|ௗା|௞ݏ
ௗݏ

+
݊ − 1
݀

|ௗା|௞ݏ
ௗݏ

ቇ < +∞																		(6) 

(ii) ܪ௭̅ೖ  Compact if and only if    

lim
ௗ→ାஶ

ቆ
|ௗାଶ|௞ݏ
|ௗା|௞ݏ

−
|ௗା|௞ݏ
ௗݏ

+
݊ − 1
݀

|ௗା|௞ݏ
ௗݏ

ቇ = 0																			(7) 

Proof: We consider the sequence (ߣఈ)ఈ of eigenvalues of the ܪ௭̅ೖ	
∗ ௭̅ೖܪ . 

Let ∑n be the simplex consisting of those ݐ = ,ଵݐ) … , (௡ݐ ∈ ℝ௡ such that  

௝ݐ ≥ 0 and ݐଵ +⋯+ ௡ݐ = 1. Since the set  
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ራ ൜൬
ଵߙ + 1
݀ + ݊

,… . . ,
௡ߙ + 1
݀ + ݊

൰ , |ߙ| = ݀ൠ
ௗ∈ℕబ

 

is dense in ∑n, it follows that  

sup
|ఈ|ୀௗ

௡݂ ൬
ଵߙ + 1
݀ + ݊

,… . . ,
௡ߙ + 1
݀ + ݊

൰ ≈ sup
௧∈∑೙

௡݂(ݐ) 

and  

sup
|ఈ|ୀௗ

௞(ߙ)ݐ ≈ ݌ݑݏ
௧∈∑೙

௞ݐ . 

As ݀ tends to	+∞, these estimates, combined with Lemma (3.1.10), 
implies that (ߣఈ)ఈ ,is bounded if and only if (6) holds and lim

|ఈ|→ାஶ
ఈߣ =

0	if and only if (7) holds. The theorem now follows since ܪ௭̅ೖ  is bounded 
if and only if ܪ௭̅ೖ	

∗ ௭̅ೖܪ 	is bounded and compactness of ܪ௭̅ೖis equivalent to 
that of ܪ௭̅ೖ	

∗ ௭̅ೖܪ  . 

Next, let ݌ > 0. we shall study the membership of the operator 
௭̅ೖܪ 	in a Schatten class	࣭௉.  

Recall that ܪ௭̅ೖ  is in ࣭௉if and only if ܪ௭̅ೖ	
∗ ௭̅ೖܪ 	is in ࣭೛

మ
, that is to say the 

series ∑ߣఈ
೛
మ  is convergent.  

Let ݀ be an integer. We shall estimate the sumܵௗ = ∑∣ఈ∣ୀௗ	ߣఈು  when ݀ →
+	∞. The calculations above lead to study the cases ߙ	 ≥ ݇ and its 
opposite separately. Let ℬௗ: = ߙ	} ∈ 	ℕ଴

௡, |ܽ| = ݀	}. We partition ℬௗ =
ℬௗᇱ ∪ ℬௗᇱᇱ, where ℬௗᇱ = ߙ} ∈ ℬௗ 	, ߙ ≥ ݇} and ℬௗᇱᇱ = ℬௗ 	\	ℬௗᇱ 	.Thus ܵௗ	can 
be written in the form ܵௗ = ܵௗᇱ +	ܵௗᇱᇱ	where ܵௗᇱ = ∑ఈ∈ℬ೏ᇲ ఈߣ	

ು 	and ܵௗᇱᇱ =
∑ఈ∈ℬ೏ᇲᇲ ఈߣ	

ು . We shall use the following lemmas . 

Lemma (3.1.12) [3]: If ݊ ≥ 2, then we have the estimates 

#ℬௗ ≈ 	#ℬௗᇱ ≈ 	
೏೙షభ

(೙షభ)! ܽ݊݀	#ℬௗ
ᇱᇱ 	≈ 	 ݀௡ିଶ	ܽݏ	݀ → +	∞. 

Lemma (3.1.13) [3]: Suppose that ݊ ≥ 2 and g is a continuous on ℝ	௡ିଵ. 
Consider the open set ܦ:= ,ଵݐ)} … . , (௡ିଵݐ ∈ ℝା

௡ିଵ, ∑ ௝௡ିଵݐ
௝ୀଵ < 1}. For a 

multi-index ߚ = ,ଵߚ) … . , ௡ିଵ) in ℕ଴ߚ
௡ିଵ, set  
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ఉ,ௗܥ ≔ ൬
ଵߚ + 1
݀

… . .
௡ିଵߚ + 1

݀
൰, 

ॵௗ ≔ ቐߚ ∈ ℕ଴
௡ିଵ:ෑ൤

௝ߚ
݀
,
௝ߚ + 1
݀

൨ ⊂ ܦ
௡ିଵ

௝ୀଵ

ቑ. 

The lim
ௗ→ାஶ

ଵ
ௗ೙షభ

	∑ఉ∈ॵ೏ 	݃(ܿఉ.ௗ) = 	∫ ஽(ݐ)݃ 	.ݐ݀	

 The above results enable us to estimate ܵௗ 	when ݀	 = |ܽ| → +	∞. 

Lemma (3.1.14) [3]: If ݌ > 0, then  

ܵௗ ≈ ݀௡ିଵ ቆ
|ௗା|௞ݏ
ௗݏ

−
ௗݏ

|ௗି|௞ݏ
ቇ
௉

+ (݊ − 1)݀௡ିଵି௉ ቆ
ௗݏ

|ௗି|௞ݏ
ቇ
௉

. 

Proof: Recall that ܵௗ = ܵௗᇱ +	ܵௗᇱᇱ	where ܵௗᇱ = ∑ఈ∈ℬ೏ᇲ ఈߣ	
೛ 	and ܵௗᇱᇱ =

∑ఈ∈ℬ೏ᇲᇲ ఈߣ	
೛ .	First we shall estimate ܵௗᇱ  By Lemma (3.1.10), we know 

that this sum has the following expansion when ݀ = |ܽ| → +∞	

ܵௗᇱ ≈ ቆ
|ௗା|௞ݏ
ௗݏ

−
ௗݏ

|ௗି|௞ݏ
ቇ
௉

෍ ቆ൫(ߙ)ݐ൯
௞
+ ߍ ൬

1
݀
൰ቇ

௉

ఈ∈ℬ೏
ᇲ

+ ቆ
݊ − 1
݀ + ݊

ௗݏ
|ௗି|௞ݏ

ቇ
௉

෍ ቆ ௡݂൫(ߙ)ݐ൯ + ߍ ൬
1
݀
൰ቇ

௉

ఈ∈ℬ೏
ᇲ

. 

Using the properties of the function ݔ →  ௉ and Lemma (3.1.14) we seeݔ
that there exists a constant ܯ > 0, such that 

෍ ቆ൫(ߙ)ݐ൯
௞
+ ൬ߍ

1
݀
൰ቇ

௉

ఈ∈ℬ೏
ᇲ

≈ ݀௡ିଵ න ଵݐ
௉௞భ ௡ିଵݐ…

௉௞೙షభ

஽

ቌ1 −෍ݐ௝

௡

௝ୀଵ

ቍ

௉௞೙

ݐ݀ ෍ ቆ ௡݂൫(ߙ)ݐ൯ + ߍ ൬
1
݀
൰ቇ

௉

ఈ∈ℬ೏
ᇲ

≈݀௡ିଵ න ൮ ௡݂ ቌݐଵ, … . , ௡ିଵݐ , 1 −෍ݐ௝

௡

௝ୀଵ

ቍ൲

௉

ݐ݀
஽

 

Therefore,  
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ܵௗᇱ ≈ ݀௡ିଵ ቆ
|ௗା|௞ݏ
|ఈ|ݏ

−
ௗݏ

|ௗି|௞ݏ
ቇ
௉

+ ݀௡ିଵ ቆ
݊ − 1
݀ + ݊

ௗݏ
|ௗି|௞ݏ

ቇ
௉

≈ ݀௡ିଵ ቆ
|ௗା|௞ݏ
|ఈ|ݏ

−
ௗݏ

|ௗି|௞ݏ
ቇ
௉

+ (݊ − 1)݀௡ିଵି௉ ቆ
ௗݏ

|ௗି|௞ݏ
ቇ
௉

. 

as	݀ → +	∞. 

To estimate ܵௗᇱᇱ	we observe that if ݊	 = 	1, then  

ܵௗᇱᇱ 	≤ 	 ܵ|௞|
ᇱᇱ 	

On the other hand, if ݊ ≥ 2, by Lemma (3.1.10) we see that for ߙ ∈ ℬௗᇱᇱ 
we have  

ఈ௉ߣ = (݊ − 1) ൬
|ௗା|௞ݏ
ௗݏ

൰
௉
 .	(௉ି݀)ߍ

Since #ℬௗᇱᇱ 	≈ 	 ݀௡ିଶ	we see that	ܵௗᇱᇱ = ∣ቆೄ೏శ∣ೖߍ
ᇲ

೏೛ ቇ the lemma follows from 

the relation	ܵௗ = ܵௗᇱ +	ܵௗᇱᇱ. 

We then characterize the Schatten class membership of ܪ௭̅ೖ . 

Theorem (3.1.15) [3]: Let ݇ ∈ ℕ଴
௡. Then the Hankel operator ܪ௭̅ೖ, is in 

the Schattn ࣭௉(ࣛଶ(ݏ),   if and only if ((௡ߤ)ଶܮ

݀௡ିଵ ቆ
|ௗାଶ|௞ݏ
|ௗା|௞ݏ

−
|ௗା|௞ݏ
ௗݏ

ቇ

௉
ଶ
+ (݊ − 1)݀௡ିଵି

௉
ଶ ൬
|ௗା|௞ݏ
ௗݏ

൰
௉
ଶ
< +∞,														(7) 

Proof: We use that the operator ܪ௭̅ೖ  is in the Schatten class 

࣭௉(ࣛଶ(ݏ), 	௭̅ೖܪ if and only if ((௡ߤ)ଶܮ
∗ ௭̅ೖܪ 	is in ࣭

ು
మ(ࣛଶ(ݏ)). Therefore, 

the theorem follows from Lemma (3.1.15).  

Lemma (3.1.16) [3]: If ܷ	is a unitary transformation in ℂ௡, the operator 
ܷ	݂ ∶=  onto itself and from	(௡ߤ)ଶܮ is a unitary isometry, form	ܷ	ߍ	݂	
ࣛଶ(ݏ)	onto itself. Moreover the following assertions hold.  

(i)  If ݂ ∈ ℳ(ݏ), then ܷ݂ ∈ ℳ(ݏ) and	‖ܷ݂‖ℳ(௦) = ‖݂‖ℳ(௦). 
(ii)  If ݂ ∈ ℳஶ(ݏ), then ܷ݂ ∈ ℳஶ(ݏ). 
(iii) If ݂ ∈ ℳ௉(ݏ), then ܷ݂ ∈ ℳ௉(ݏ) and 

‖ܷ݂‖ℳು(௦) = ‖݂‖ℳು(௦) 
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Proof: Let ܷ	be a unitary transformation in ℂ௡	and denote ܷ∗ its adjoint, 
which is also its inverse. It is clear that the operator ܷ	is a unitary 
isometry from ܮଶ(ߤ௡)onto itself and from ࣛଶ(ݏ)onto itself. Let ݂	be in 
ℳ(ݏ). If ݃	is a holomorphic polynomial, then by a change of variable we 
see that  

(ݖ)(݃)௎௙തതതതܪ = න (ݖ)തതതത݂ܷൣ(ݓ∗ܷ)݃(ݓ,ݖܷ)௦ܭ − (ݓ)௠ߤ൧݀(ݓ)݂̅
ℂ೙

= න ,ݖܷ)௦ܭ (ݖܷ)݂̅ൣ(ݓ)(݃∗ܷ)(ݓ − (ݓ)௠ߤ൧݀(ݓ)݂̅
ℂ೙

= (ݖܷ)(݃∗ܷ)௙̅ܪ = ൫ܷܪ௙ܷ̅∗൯(݃)(ݖ). 

 

Therefore,  

௎௙തതതതܪ =  (8)																												ܷ∗	௙̅ܪ	ܷ

and thus ฮܪ௎௙തതതതฮ = ฮ	ܪ௙̅ฮ, showing that 

‖ܷ݂‖ℳು(௦) = ‖݂‖ℳು(௦) 

This proves part (i) of the lemma. The proof of parts (ii) and (iii) of the 
lemma are similar.  

Let ॻ௡ ∶= ߞ} = ,ଵߞ	) … , (݊ߞ ∈ ℂ
௡:	หߞ௝ห = 1, ݆ = 1, . . . ݊} and for 

ߞ = ,ଵߞ	) … , (݊ߞ ∈ ॻ
௡ let ఍ܷ  be the unitary linear transformation in 

ℂ௡	defined by ఍ܷ(ݖ) = ,ଵݖଵߞ) … . =	௡),for all zݖ௡ߞ ,	ଵݖ) (௡ݖ	… ∈ ℂ௡.	 

We have the following. 

Lemma (3.1.17) [3]: If ݂ ∈ ݃ and (ݏ)࣮ ∈ ࣛଶ(ݏ), the mappings ߞ	 →
	 ఍ܷ݃	and ζ ↦   .(௡ߤ)ଶܮ to	௎ഥಎ௙(݃) are continuous from ॻ௡ܪ

Proof: Let ݃ ∈ ࣛଶ(ߤ௡) and write	݃(ݖ) = ∑ఈ∈ℕబ೙ܽ௞ݖ
௔ If ߞ, ߟ ∈ ॻ௡, then  

ฮ൫ కܷ − ܷఎ൯݃ฮ௅మ(ఓ೙)
ଶ = ฮ݃ߧ కܷ − ఎฮ௅మ(ఓ೙)ܷߧ݃

ଶ

= ෍ |ܽఈ|ଶ
ఈ∈ℕబ೙

ฮ൫ కܷݖ൯
ఈ − ൫ܷఎݖ൯

ఈฮ
௅మ(ఓ೙)

ଶ

= ෍ |ܽఈ|ଶܥఈ|ߦఈ − ఈ|ଶߟ
ఈ∈ℕబ೙

. 
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Where  

ఈܥ = න|ݖఈ|ଶ

ℂ೙
,(ݖ)௡ߤ݀ ߙ ∈ ℕ଴

௡. 

Since  

෍ |ܽఈ|ଶܥఈ < +∞	
	ఈ∈ℕబ೙

ఈߦ|	݀݊ܽ	 − ఈ|ଶߟ ≤ 4	, 

The dominated convergence theorem leads to  

lim
క→ఎ

ฮ൫ కܷ − ఎܷ൯݃ฮ௅మ(ఓ೙)
= 0, 

Showing that the mapping ߞ	 → 	 ఍ܷ݃ is continuous from ॻ௡	to ܮଶ(ߤ௡). 
this, combined with the fact that ఍ܷ  is unitary and the equalities  

௎഍௙തതതതതതܪ ௎ആ௙തതതതതതܪ− = కܷܪ௙ܷ̅కത − ఎܷܪ௙̅ ఎܷഥ

= కܷܪ௙ܷ̅కത − కܷܪ௙̅ ఎܷഥ + కܷܪ௙̅ ఎܷഥ − ఎܷܪ௙̅ ఎܷഥ

= ఎܷܪ௙̅൫ܷకത − ܷఎഥ൯ + ൫ కܷ − ఎܷ൯ܪ௙ܷ̅ఎഥ 	, 

shows that the mapping ߞ  is also continuous from ॻ௡ to	(݃)	௎௙തതതതܪ	⟼
  .(௡ߤ)ଶܮ

Lemma (3.1.18) [3]: Assume that ݂ ∈   .(ݏ)࣮

(i) monomial	ݖ௞is in ℳ(ݏ). 
(ii) if ݂ ∈ ℳஶ(ݏ), then for any multi-index ݇ ∈  the ,(݂)ܿ݁݌ܵ

monomial ݖ௞is in ℳஶ(ݏ).  
(iii) if ݌ > 0 and ݂	 ∈ ℳ௉(ݏ), then for any multi-index ݇ ∈

 .(ݏ)௞is in ℳ௉ݖ the monomial ,(݂)ܿ݁݌ܵ

Proof: To prove (i), suppose that ݂ ∈ ℳ(ݏ) and write ݂(ݖ) =
∑௞∈ℕబ೙ܽ௞ݖ

௞ .	By the Cauchy formula we have 

ܽ௞ݖ௞ = න ݂൫ కܷݖ൯̅ߦ௞

ॻ೙
݀݉௡(ߦ), 

where ݀݉௡(ߦ) is the normalized Lebesgue measure on ॻ.௡ if ݃ is a 
holomorphic polynomial and ℎ ∈  an application of Fubini's ,(௡ߤ)ଶܮ
theorem leads to     
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න ,(݃)௎഍௙തതതതതതܪ〉 ℎ〉 ௞̅ߦ

ॻ೙
݀݉௡(ߦ) = ,(݃)௔ೖ௭ೖതതതതതതതܪ〉 ℎ〉																										(9) 

By Lemmas (3.1.18), (3.1.19) we see that  

ቛܪ௔ೖ௭ೖതതതതതതത(݃)ቛ
௅మ(ఓ೙)

≤ න ቛܪ௎഍௙തതതതതത(݃)ቛ
ॻ೙

݀݉௡(ߦ)																	(10) 

Since ∥ ௎௙തതതതܪ 	(݃) ≤	∥ ௙̅ܪ ∥∥ ݃ ∥௅మ(ఓ೙) for all ߞ in ॻn, it follows that ܪ௔ೖɀೖതതതതതതത 

is bounded and ܽ௞ݖ௞	is ℳ(ݏ).Therefore, ݖ௞ ∈ ℳ(ݏ) as long as డ
ೖ௙
డɀೖ

(0) ≠

0. This proves part (i) of the lemma. Suppose now that ݂ ∈ ℳஶ(ݏ).		And 
let (݃௤)	be a sequence in ࣛଶ(ݏ).which converges weakly to	0.  

lim
௤→ାஶ

ቛܪ௎഍௙തതതതതത൫݃௤൯ቛ௅మ(ఓ೙)
= 0, ߦ	݈݈ܽ	ݎ݋݂	 ∈ ॻ௡	, 

so that by (10) and the dominated convergence theorem we see that  

lim
௤→ାஶ

ቛܪ௔ೖ௭ೖതതതതതതത൫݃௤൯ቛ௅మ(ఓ೙)
= 0. 

and hence ݖ௞ ∈ ℳஶ(ݏ).	whenever డ
ೖ௙
డɀೖ

	(0) ≠ 0. Therefore part (ii) of the 

lemma holds. To establish dzk the remaining part of the lemma, we recall 
that if ܶ	is a compact operator from ࣛଶ(ݏ) to ܮଶ(ߤ௡) then its singular 
numbers ௤ࣰ(ܶ), ݍ ∈ ℕ଴, are given by 

௤ࣰ(ܶ) ≔ ݂݅݊
஺∈ℛ೜

‖ܶ −  , ‖ܣ

where ܴ௤ is the space of all operators from ࣛଶ(ݏ) to ܮଶ(ߤ௡)	with finite 
rank at most ݍ. Assume that ݂ ∈ ℳ௉(ݏ) .Then the sequence ௤ࣰ(ܪ௙̅)௤ is 
in ݈௉. Moreover, there are an orthonormal system (ݑ௤)௤ in ࣛଶ(ݏ) and an 
orthonormal system ( ௤ࣰ)௤ 	in ܮଶ(ߤ௡) such that  

௙̅ܪ = ෍ ௤ࣰ൫ܪ௙̅൯〈·, 〈௤ݑ ௤ࣰ

ାஶ

௤ୀ଴

	, 

Where the series converges in the operator norm. If q is a positive integer, 
consider the operator with rank at most ݍ given by. 



٧٨ 
 

௤ܣ ≔ ෍ ௝ࣰ൫ܪ௙̅൯〈·, 〈௞௝ݑ ௞ࣰ௝

௤ିଵ

௝ୀ଴

	, 

Where for each integer ݆ = 0, …	 , ݍ − 1 and ݖ ∈ ℂ௡ the functions ݑ௞௝ 	and 
௞௝ݒ 	are defined by  

(ݖ)௞௝ݑ ≔ න൫ కܷݑ௝൯(ݖ)̅ߦ௞

ॻ೙

݀݉௡(ߦ)	ܽ݊݀	 ௞ࣰ௝(ݖ) ≔ 	 න൫ కܷℎ௝൯(ݖ)̅ߦ௞

ॻ೙

݀݉௡(ߦ) 

The dominated convergence theorem, combined with (9) and (8), yields  

〈ቀܪ௔ೖ௭ೖതതതതതതത − ௤ቁܣ (݃), ℎ〉 = න෍ ௝ࣰ൫ܪ௙̅൯〈ܷకത݃, 〉〈௝ݑ ௝ࣰܷకതℎ〉̅ߦ௞
ାஶ

௝ୀ௤ॻ೙
݀݉௡(ߦ)	. 

Due to the facts that the sequence ቀ ௝ࣰ൫ܪ௙̅൯ቁ௝
 is non-increasing and the 

systems (ݑ௝)௝ and (ݒ௝)௝are orthonormal it follows that 

ቮ෍ ௤ࣰ൫ܪ௙̅൯〈ܷకത݃, 〉〈௝ݑ ௝ࣰܷకതℎ〉
ାஶ

௝ୀ௤

ቮ ≤ ௤ࣰ൫ܪ௙̅൯‖݃‖ࣛమ(௦)‖ℎ‖௅మ(ఓ೙) 

for all ߞ ∈ ॻ௡ , ݃ ∈ ࣛଶ(ݏ) and ℎ ∈   Hence .(௡ߤ)ଶܮ

ቛܪ௔ೖ௭ೖതതതതതതത − ௤ቛܣ ≤ ௤ࣰ൫ܪ௙̅൯	. 

This implies that  

௤ࣰ ቀܪ௔ೖ௭ೖതതതതതതതቁ ≤ ௤ࣰ൫ܪ௙̅൯. 

Showing that ܽ௞ݖ௞ ∈ ℳ௉(ݏ), consequently, ݖ௞ ∈ ℳ௉(ݏ) if and only if 
డೖ௙
డ೥ೖ

(0), the proof of the lemma is now complete.  

Lemma (3.1.19) [3]: Suppose that ܴ௦ = +	∞ and the sequence ݏ satisfies 
(3). Then the function ݓ	 → ,ݖ)௦ܭ	(ݓ)݃	  for all (௡ߤ)ଶܮ is in (ݓ
holomorphic polynomials g and	ݖ ∈ ℂ௡.  

Proof: We first observe that  
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,ݖ)௦ܭ (ݓ =
1

(݊ − 1)!
෍

(݀ + ݊ − 1)!
݀!௦೏

ାஶ

଴

,ݖ〉 ,ௗ〈ݓ ݖ ∈ ℂ௡, ݓ ∈ ℂ௡	, 

Therefore, for any ߙ ∈ ℕ଴
௡ and	ݖ ∈ ℂ௡. 

න|ݓఈܭ௦(ݖ, (ݓ)ଶ݀݉௡|(ݓ
ℂ೙

= ൬
1

(݊ − 1)!
൰
ଶ

෍ቆ
(݀ + ݊ − 1)!

݀!௦೏
ቇ
ଶାஶ

଴

න|ݓఈ〈ݖ, (ݓ)ௗ|ଶ݀݉௡〈ݓ
ℂ೙

≤ ൬
1

(݊ − 1)!
൰
ଶ

෍ቆ
(݀ + ݊ − 1)!

݀!௦೏
ቇ
ଶାஶ

଴

ଶௗන|ݖ| ఈ|ାௗ|ݐ
ோ

଴

(ݐ)ߤ݀

= ൬
1

(݊ − 1)!
൰
ଶ

෍ቆ
(݀ + ݊ − 1)!

݀!௦೏
ቇ
ଶାஶ

଴

 ఈ|ାௗ|௭|మ೏|ݏ

Now assumption (3) ensures that the latter series converges for all ݖ ∈ ℂ௡.  

Lemma (3.1.20) [3]: Assume that s satisfies (2). Then the spaces ℳ(ݏ) 
and	ℳଶ(ݏ), p ≥ 1 are Banach spaces and	ℳ௉ 0 ,(ݏ)	 < ݌ < 1, i.s a quasi-
Banach space.  

Proof: We prove the lemma for	ℳ(ݏ). Let ( ௤݂)௤∈ℕబ  be a Cauchy 
sequence in ℳ(ݏ). without loss of generality we may assume that 

 ௤݂(0) = 0 For all ݊. the sequence (ܪ௙̅೜)௤∈ℕబ  is a Cauchy sequence of 
bounded operators on ࣛଶ(ݏ).Therefore, there is an operator ܶ in ࣛଶ(ݏ) 
such that (ܪ௙̅೜)௤∈ℕబ converges to ܶ in the norm operator. Let ݂:= 	ܶ(1)തതതതതത 
be the conjugate of the image ܶ(1)	of the constant function 1 under ܶ 
since ܪ௙̅೜(1) = ݂௤̅ 	, it follows that  

ฮ ௤݂ − ݂ฮ
௅మ(ఓ೙)

= ฮ݂௤̅ − ܶ(1)ฮ
௅మ(ఓ೙)

	= ቛܪ௙̅೜(1) − ܶ(1)ቛ
௅మ(ఓ೙)

≤

ቛܪ௙̅೜ − ܶቛ‖1‖௅మ(ఓ೙)  

Showing that  

lim
௤→ஶ

ฮ ௤݂ − ݂ฮ
௅మ(ఓ೙)

= 0														 																	(11) 

Thus	݂ ∈ ࣛଶ(ݏ), we shall show that the Hankel operator ܪ௙̅ with symbol 
݂̅ is bounded. We shall prove that ݂ ∈  ௙̅ coincides with ܶ onܪ and	(ݏ)࣮
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holomorphic polynomials. Let g be a holomorphic polynomial. We first 
observe by Lemma (3.1.19) that for all ݖ ∈ ℂ௡ . we have : 

ቚ ௦ܲ ቀ൫݂̅ − ௤݂ഥ൯݃ቁ ቚ(ݖ) ≤ ฮ ௤݂ − ݂ฮ
௅మ(ఓ೙)

 ௅మ(ఓ೙)‖(·,ݖ)௦ܭ݃‖

So that (11) we see that lim௤→ାஶ݌௦(൫݂̅ − 	݂௤̅൯(݃)(ݖ) = 0. Since again by 
(11) we have that lim௤→ାஶ(൫݂̅ − 	݂௤̅൯(݃)(ݖ) = 0 .it follows that 

lim
௤→ାஶ

௙ೌതതതܪ) (ݖ)(݃)(௙̅ܪ	− = 0. 

This proves that ܶ݃ = ݂ ௙̅(݃) and henceܪ ∈ ܶ and (ݏ)	࣮ =  .௙̅ܪ
Therefore ℳ(ݏ) is a Banach space. The proof of that ℳ௉(ݏ) is a Banach 
space for ݌ ≥ 1, and a quasi-Banach space for 0 < ݌ < 1 is similar.  

Theorem (3.1.21) [3]: Suppose that	݊ = 1	and ݂	is a non constant 
holomorphic function in ݂ ∈  ௙̅ is in. the Hilbert-Schmidt classܪ Then .(ݏ)࣮
ܵ௉(ࣛଶ(ݏ),  if and only if s is exponentially bounded and ݂ is in the(௡ߤ)ଶܮ
classical Dirichlet space ࣞ(Ω௦). In addition, the trace ܶܪ)ݎ௙̅

௙̅ܪ ) of	௙̅ܪ∗
  is	௙̅ܪ∗

given by  

௙̅ܪ൫ݎܶ
൯	௙̅ܪ∗ =

1
π
න|݂ᇱ(ݖ)|ଶ݀(ݖ)ܣ
Ωഥೞ 	

= න|݂(ݖ) − (ݓ)ܣ݀(ݖ)ܣଶ݀|(ݓ,ݖ)௦ܭ|ଶ|(ݓ)݂
Ωഥೞ

. 

Where dA(z) is the Lebesgue measure in ℂ.  

Proof: Suppose that ݊ = 1 and	݂	is as in the hypothesis of Theorem 
(3.1.21). A straight-forward calculation appealing to Lemma (3.1.7) 
shows that for all non-negative integers ݆, ݇ we have : 

௭̅ೖܪ൫ݎܶ
∗ ௭̅ೕ൯ܪ	 = ݆ ݏܽ	݃݊݋݈	ݏܽ	0 ≠ ݇ 

and  

௭̅ೖܪ൫ݎܶ
∗ ௭̅ೖ൯ܪ = ෍ቆ

ௗାଶ௞ݏ
|ௗା|௞ݏ

−
ௗା௞ݏ
ௗݏ

ቇ
ାஶ

ௗୀ௞

+෍
ௗା௞ݏ
ௗݏ

௞ିଵ

ௗୀ଴

	= ܴ݇௦ଶ. 

Writing ݂ = ∑௞∈ℕ	ܽ௞ݖ௞ yields 

௙̅ܪ൫ݎܶ
௙̅൯ܪ∗ = ܴ௦ଶ෍݇|ܽ௞|ଶ

௞∈ℕ

=
1
ߨ
න|݂ᇱ(ݖ)|ଶ

ஐೞ

 .(ݖ)ܣ݀
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This proves the first equality of the theorem. Next we prove the second 
equality. Writingܭ௦(ݖ, ∑(ݓ ௞݂

ஶ
௞ୀ଴ ) where ,(ݓ)௞݂̅(ݖ) ௞݂) is an orthonormal 

basis of ࣛଶ(ݏ), we observe by a standard argument that for any positive 
operator ܶ on 	ࣛଶ(ݏ).we have  

(ܶ)ݎܶ = ෍〈ܶ ௞݂ , ௞݂〉
ஶ

௞ୀ଴

ࣛଶ(ݏ) = න〈TKୱ(·, z), Kୱ(·, z)〉ࣛమ(௦)

ஐೞ

 .(ݖ)ܣ݀

Applying this equality to ܶ = ௙̅ܪ
 ௙̅ and using the reproducing propertyܪ	∗

of the kernel ܭ௦ implies that  

௙̅ܪ൫ݎܶ
௙̅൯ܪ∗ = න|݂(ݖ) − ,ݖ)ܭ|ଶ|(ݓ)݂ ଶ|(ݓ

ஐೞ

 (ݖ)ܣ݀

and hence completes the proof of the theorem. 

Chapter 4 

Membership of Hankel Operators in a Class of Lorentz 
Ideals 

We will show that the Lorentz ideal ܥ௣ି is the collection of 

operators ܣ satisfying thecondition ‖ܣ‖௣ି = ∑ ݆ି
೛షభ
೛ ஶ(ܣ)௝ݏ

௝ୀଵ < ∞. Now 
we consider Hankel operators ܪ௙: (ܵ)ଶܪ → ,ܵ)ଶܮ (ߪ݀ ⊕  ଶ(ܵ), whereܪ
 ଶ(ܵ) is the Hardy space on the unit sphere ܵ in ℂ௡. Hence weܪ
characterize the membership ܪ௙ ∈ ,௣ିܥ 2݊ < ݌ < ∞. 

Section (4.1): Symmetric Guge Functions with Decomposition 
and Modified Kernel 

The study of  Hankel operators has a long and rich history. We are 
particularly interested in one kind of Hankel operators: those on the 
Hardy space of the unit sphere. Let us begin by describing our basic 
setting. 

Let S be the unit sphere{ݖ: |ݖ| = 1} in ܥ௡. In this chapter, the 
complex dimension n is always assumed to be greater than or equal to 2. 
Let ݀ߪ be the standard spherical measure on ܵ.  
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That is, ݀ߪ is the positive, regular Borel measure on S with ߪ(S) = 1 that 
is invariant under the orthogonal group ܱ(2݊), i.e., the group of 
isometries on ∁௡≅ ܴଶ௡, which fix 0. 

Recall that the Hardy space ܪଶ(ݏ) is the norm closure in 
,ܵ)	ଶܮ  of the collection of polynomials in the complex (ߪ݀
variables	ݖଵ, … . ,  ௡. As usual, we let ܲ denote the orthogonalݖ
projection from ܮଶ(ܵ,  The main object of study is, the . (ݏ)ଶܪ	onto (ߪ݀
Hankel operator ܪ௙ ∶ (ܵ)ଶܪ	 ⟶ ,ܵ)	ଶܮ (ߪ݀ ⊖  is defined by the ,(ݏ)ଶܪ	
formula 

௙ܪ 	= 	 (1 − 	.(ܵ)ଶܪ|	௙ܯ(ܲ
We consider symbol functions ݂ ∈ ,ܵ)	ଶܮ  Recall that the .(ߪ݀

problems of boundedness and compactness of ܪ௙ were settled .Later, we 
characterized the membership of ܪ௙ in the Schatten class ܥ௣,	2݊ < ݌ < 1. 
Moreover, it was shown that the membership ܪ௙ ∈ ௙ܪ	ଶ௡ impliesܥ = 0. 
More recently, we characterized the membership of ܪ௙ in the ideal 
௣ା,2nܥ < ݌ < 1 . 
We turn our attention to the membership of	ܪ௙ in the Lorentz ideal ܥ௣ି. 
Before going any further, it is necessary to recall the definition of these 
operator ideals. 
Given an operator ܣ, we write ݏଵ(ܣ), … ,  for its s-numbers For …(ܣ)௝ݏ
each 1 < ݌ < ∞, the formula  

௉ି‖ܣ‖ =෍
(ܣ)௝ݏ
݆(௣ିଵ)/௣

ஶ

௜ୀଵ

	

defines a symmetric norm for operators .On any separable Hilbert space 
ℋ, the set ܥ௣ି = 	 ൛ܣ ∈ :(ℋ)ߚ ି	௣‖ܣ‖ < ∞ൟ	is a norm ideal . 

Closely associated with the Lorentz ideals ܥ௣ି are the ideals ܥ௣ା , 
which are defined as follows: each 1 ≤ 	݌	 < 	∞, the formula  

௣ା‖ܣ‖ = sup
௝ஹଵ

(ܣ)ଵݏ + ܵଶ(ܣ) + ⋯+ ௝ܵ(ܣ)
1ିଵ/௣ + 2ିଵ/௣ +⋯+ ݆ିଵ/௣

 

also defines a symmetric norm for operators .On any separable Hilbert 
space ℋ, we have the norm ideal 

௣ାܥ = 	 ൛ܣ ∈ :(ℋ)ߚ ା	௣‖ܣ‖ < ∞ൟ	 
As we mentioned, the C௣ା 's were the ideals of interest. These ideals will 
play an important supporting role. 

Compared with the more familiar Schatten class  
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௣ܥ = ܣ} ∈ :(ℋ)ߚ ௉‖ܣ‖ < ∞}	, 
Where 

௣‖ܣ‖ = ൛ݎݐ൫(ܣ∗ܣ)௉/ଶ൯ൟ
ଵ/ଶ

 
 for all 1	 < ݌ < ∞ we have the relation ܿ୮ᇱା ⊂ ܿ௣ି ⊂ ܿ௣ ⊂ ܿ௣ା. 
with all the inclusions being proper. This explains the + and − in the 
notation: ܥ௣ି is slightly smaller than ܥ௣, whereas ܥ௣ା, is slightly larger 
than ܥ௣. 

Since the membership problem	ܪ௙ ∈ ௣ା , 2݊ܥ < ݌ < ∞, was settled, 
the obvious next step is to determine the membership ܪ௙ ∈ ௣ି, 2݊ܥ < ݌ <
∞, But this next step,however natural it is, turns out to be quite a 
challenge. We have a sizable collection of techniques from previous 
investigations but these techniques alone are not sufficient for the 
membership problem ܪ௙ ∈ .‖ ௣ି . The reason for that is that the normܥ ‖௣ି 
is much harder to work with than	‖. ‖௣ା .  
But, with considerable effort, we have finally developed the necessary 
additional techniques. Combining these additional techniques with 
techniques from previous investigations, we are able to characterize the 
membership ܪ௙ ∈ ௣ି, 2݊ܥ < ݌ < ∞. 

It is well known that, if ݌, 	ݍ ∈ 	 (1,∞) are such that ି݌ଵ ଵିݍ	+ =
1, then ܥ௤ା	is the dual of ܥ௣ି .This duality was quite useful, sometimes 
even crucial, in the	investigations of many problems in the past. Instead, 
we must exploit a diferent	kind of relation between the families 

൛ܥ௣ି:	2	 < 	݌	 < 	∞ൟ	ܽ݊݀	൛ܥ௣ା:	2	 < 	݌	 < 	∞ൟ	
To state the result, it is necessary to recall the notion of symmetric 

gauge functions. Let ܿ̂ be the linear space of sequences൛ ௝ܽൟ௝∈அ, where 

௝ܽ 	߳	ܴ and for every sequence the set	{݆	߳	ܰ ∶ 	 ௝ܽ ≠ 	0}	is finite. A 
symmetric gauge function (also called symmetric norming function) is a 
map ߔ:	ܿ̂ → [0,∞) that has the following properties: 

(a) Φ is a norm on ܿ̂. 
(b) Φ({1,0,… ,0, … }) = 1. 
(c) Φ({ ௝ܽ}௝∈அ) = 	Φ(൛หܽగ(௝)หൟ௝∈அ) for every bijection ߨ:ܰ → ܰ. 

 Each symmetric gauge function Φ gives rise to the symmetric norm 
ః‖ܣ‖ = sup

௝ஹଵ
…,(ܣ)ଵݏ൛)ߔ , ,(ܣ)௝ݏ 0, … ,0, … ൟ) 

for operators. On any separable Hilbert space H, the set of operators 
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ఃܥ = 	 	ܣ} ∈ :(ℋ)ߚ	 ః‖ܣ‖ < ∞}	. is a norm ideal . 
If ܺ is an unbounded operator, then its s-numbers are not 
defined. But it will be convenient to adopt the convention that ‖ܺ‖ః = 1 
whenever ܺ is an unbounded operator. 

In particular, associated with the ideal ܥ௣ିis the symmetric gauge 
function ߔ௣ି , which is defined as follows. Let 1 < p < ∞. For each 
൛ ௝ܽൟ௝∈௺ ∈ ܿ̂, define  

௣ିߔ ቀ൛ ௝ܽൟ௝∈௺ቁ =෍
|ܽగ(݆)|
݆௣ିଵ/௣

ஶ

௝ୀଵ

	, 

where ߨ ∶ 	ܰ → ܰ is any bijection such that |ܽగ(݆)| ≥ |ܽగ(݆ + 1)| for 
every ݆ ∈ ܰ, which exists because ܽ୨ = 0 for all but afinite number of j's. 
Then we have ܥ௣ି =	ܥః೛ష Similarly, for each 1 ≥ ݌ < ∞ we define the 
symmetric gauge function 

௣ିߔ ቀ൛ ௝ܽൟ௝∈௺ቁ = sup
௝ஹଵ

|ܽగ(1)| + |ܽగ(2)| + ⋯+ |ܽగ(݆)|
1ିଵ/௣ + 2ିଵ/௣ +⋯+ ݆ିଵ/௣

	 , ൛ ௝ܽൟ௝∈௺ ∈ ܿ̂ 

Where, again,	ߨ ∶ 	ܰ → ܰ is any bijection such that|ܽగ(݆)| ≥ |ܽగ(݆ + 1)| 
for every ݆ ∈ ܰ. 

Then ܥ௣ା =  is a	ః೛శ. Theorem we state the following if Φܥ	
symmetric gauge function and if 0 < ః	‖	௙ܪ‖	 < 1 for some ݂ ∈
,ܵ)ଶܮ ఃܥ then ,(ߪ݀ ⊃ ଶ௡ାܥ  .we need to extend the domains of definition of 
symmetric gauge functions beyond the space ܿ̂. Let Φ be any symmetric 
gauge function. Suppose that ൛ ௝ܾൟ௝∈௺ is an arbitrary sequence of real 

numbers, i.e. suppose that the set ൛݆ ∈ Ν	, ௝ܾ ≠ 0ൟ is not necessarily finite. 
Then we define  

Φቀ൛ ௝ܾൟ௝∈௺ቁ = ݌ݑݏ
௝ஹଵ

Φ൫൛ܾଵ,… , ௝ܾ , ,݋ … ,0, … ൟ൯																					(1). 

Thus for every bounded operator A we can simply write 
ః‖ܣ‖ = Φ൫൛ݏଵ(ܣ),… , ,(ܣ)௝ݏ … ൟ൯. 

We also need to deal with sequences indexed by sets other than ܰ. 
If W is a countable,infinite set, then we define 

Φ({ܾఈ}ఈ∈ௐ) = Φ ቀ൛ܾగ(௝)ൟ௝∈அቁ. 

where ߨ:ܰ → ܹ is any bijection . From the definition of symmetric 
gauge functions we see that the value of Φ({ܾఈ}ఈ∈ௐ) is independent of 
the choice of the bijection ߨ.  
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For a finite index set F = {ݔଵ, … ,  ℓ}, we defineݔ
(௫∈ி{௫ܾ})ߔ = Φ൫൛ܾ௫భ,… , ܾ௫ℓ , 0, … ,0, … ൟ൯	 

Let us write ܤ for the open unit ball {ݖ ∶ |ݖ| < 1	} in ܥ௡.  
Let ߚ be the Bergman metric on ܤ. That is, 

,ݖ)ߚ ߱) = 	
1
2
	log

1 + |߮௭(߱)|
1 − |߮௭(߱)|

,ݖ	 ݓ ∈  ܤ

where ߮௭ is the Mobius transform of ܤ .For each ݖ ∈ ܽ and each .ܤ >
0,we define the corresponding -ball ݖ)ܦ, ܽ) = {߱ ∈ :ܤ ,ݖ)ߚ ߱) <
,ݖ	{ܽ ݓ ∈  .ܤ

(i) Let a be a positive number. 
 A subset Гof ܤ is said to be a-separated if ܦ(ऊ, ܽ) ∩ ,߱)ܦ ܽ) = 0 for all 
distinct elements ऊ,߱ in Г. 

(ii) Let 0 < ܽ < ܾ < ∞. A subset Г of ܤ is said to be an a, b-lattice 
if it is a-separated and has the property ⋃ ,ऊ)ܦ ܾ)௭∈Г =  .ܤ

Recall that the normalized reproducing kernel for the Hardy space 
 ଶ(ܵ) is given by the formulaܪ

(߱)ऊ߈ =
(1 − |ऊ|ଶ)௡/ଶ

1 − 〈߱, ऊ〉௡
	 , |ऊ| < 1, |߱| ≤ 1 

For ݂ ∈ ,ܵ)ଶܮ ݖ and (ߪ݀ ∈   we define ,ܤ
;݂)ݎܸܽ (ݖ	 = ‖(݂ −	〈	݂݇௭, ݇௭〉)݇௭‖ଶ	

We think of ܸܽݎ(݂;  as the ʺvariance" of f with respect to the (ݖ
probability measure |݇௭|ଶ݀ߪ on ܵ.  

We know from previous investigations that the scalar quantity 
;݂)ݎܸܽ  plays an extremely important role in the study of Hankel (ݖ
operators. 
One can formulate a rather broad conjecture about the membership of 
Hankel operators ܪ௙	in a norm ideal ܥః.  
Suppose that Φ is a symmetric gauge function satisfying the condition 
ఃܥ ⊃ ା	ଶ௡ܥ	 , which is necessary for ܥః to contain any ܪ௙ ≠ 0.Then the 
general conjecture is that a Hankel operator ܪ௙ belongs to ܥః if and only 
if 	

Φ ቆ൜ܸܽݎ
ଵ
ଶ(݂ − 	݂ܲ; 	ऊ)ൠ

ऊ∈Г
ቇ < ∞	,	

for some a; b-lattice Г in B with ܾ ≥ 2ܽ. But the challenge is to prove 
this conjectured result for specific symmetric gauge functions, where 
success depends in no small measure on the “user-friendliness” of the Φ 
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in question, the solution of this problem for the symmetric gauge 
functions Φ௣

ା, 2݊ < ݌ < ∞, represented the limit of what could be done 
with the techniques available then. Now, newly developed techniques 
allow us to finally solve this problem for the symmetric gauge functions 
Φ୮
ି , 2݊ < ݌ < ∞ 

Theorem (4.1.2) [4]: Let 2݊ < ݌ < ∞ be given. Let 0 < ܽ < ܾ < ∞ 
be positive numbers such that ܾ ≥ 2ܽ. Then there exist constants 0 <
ܿ ≤ ܥ < ∞ which depend only on the given ݌, ܽ, ܾ and the complex 
dimension n such that the inequality 

ܿΦ୮
ି ቆ൜ܸܽݎ

ଵ
ଶ(݂ − 	݂ܲ; 	ऊ)ൠ

ऊ∈Г
ቇ ≤ ฮΗ௙ฮ௣

ି

≤ 	ܿ	Φ୮
ି ቆ൜ܸܽݎ

ଵ
ଶ(݂ − 	݂ܲ; 	ऊ)ൠ

ऊ∈Г
ቇ. 

holds for every ݂ ∈ ,ܵ)ଶܮ  .and every a; b-lattice Г in B	(ߪ݀
Next let us explain some of the dificulties involved in the proof of 

Theorem (4.1.2). Recall that, an extremely important role was played by 
the inequality 

ܿ ቀߔ௣ା({ߙ௞}௞∈அ)ቁ
௥
≤ ௣ାߔ ቀ൛ߙ௞௥	ൟ௞∈அቁ ≤ ܿ ቀߔ௣ା({ߙ௞}௞∈அ)ቁ

௥
								(2). 

where 1 < ݎ < ∞, 1 < ߩ < ∞ and ݌ =  ,For the lack of a better term .ݎߩ
one might call (2) the power-transformation property of the family of 
symmetric gauge functions Φ௣	,

ା 1 < ݌ < ∞.  
This power-transformation property is needed because, e.g., at 

certain point in our estimates, what we can prove are inequalities of the 
form  

Φ൬ቄฮܣऊ,௧ฮ
ଶ
ቅ
ऊ∈ி

൰ = ߔ ቀ൛〈߰ܣ∗ܣ௭,௧, ߰௭,௧〉ൟ௭∈ிቁ ≤  (3)											ః‖ܣ∗ܣ‖ܥ

but what we need to prove are inequalities of the form 

Φቀ൛ฮ߰ܣ௭,௧ฮൟ௭∈ிቁ ≤  (4)																													ః‖ܣ‖ܥ	
The power-transformation property is precisely what allows us to deduce 
(4) from (3). 
But, the first stumbling block is that there is no analogue of this power 
transformation property for the family of symmetric gauge functions Φ௣

ି , 
1 < ݌ < ∞.	Thus our only hope is to somehow “make (2) work for 
the	Φ௣

ି-problem” so to speak. 
Thanks to a rather complicated relation between	ߔ௣ି and 
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௥ᇲߔ
ା 	, ,	௥ାߔ 1 < ᇱݎ < ݌ < ݎ < ∞, 

this idea actually works. 
Another major difficulty is the proof of a “reverse Ḧ݋lder's inequality” of 
the form 

Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯ ≤ ;݃)ܬ}൫ߔܥ ݇, ݆)}(௞,௝)∈ூ൯																		(5) 
Here	ݐ ≥ 1	and ܬ௧ “has the exponent t inside the integral”, making (5) a 
reverse Holder 's inequality. The proof of this inequality in the case 
of		Φ௣

ା again depended on the power-transformation property. But for the 
proof of this inequality in the case of 	ߔ௣ି , even the above-mentioned 
relation between 	ߔ௣ି and ߔ௥ᇲ

ା 	,  ௥ା does not help. Instead, we must take anߔ
entirely new approach. We exploit a property of 	ߔ௣ି called (DQK). 
Condition (DQK) was introduced for a completely different purpose, but 
it turns out to be exactly what is needed to prove (5). We are able to show 
that (5) actually holds for every symmetric gauge function that satisfies 
condition (DQK). 

We begin by establishing the all too important relation between 
Φ௉
ି	and Φ௥ᇲ

ା , Φ௥
ା	. The proof of Theorem (4.1.2) depends on a crucial 

relation between the symmetric gauge functions Φ௉
ି	and	Φ௥ᇲ

ା , Φ௥
ା ,where  

1 < ᇱݎ 	< ݌ < ݎ < ∞. Our task in this section is to establish this relation. 
Let us introduce the following notation. For every sequence of non-
negative numbers ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ.	and every ݏ > 0, we denote 
ܰ(ܽ; (ݏ = ൛݆݀ݎܽܿ ∈ :ࡺ ௝ܽ >  .ൟݏ
Lemma (4.1.3) [4]: Let 1 < ݌ < ∞. Then for every sequence of non-
negative numbers ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ.	we have 

න{ܰ(ܽ; ଵ{(ݏ ௉⁄
∞

଴

≤ Φ௉
ି(ܽ) ≤ ܲන{ܰ(ܽ; ଵ{(ݏ ௉⁄

∞

଴

											(6) 

Proof: Given any 1 < ݌ < ∞. it is trivial that 

݇ଵ ௉⁄ ≤෍
1

݆(௉ିଵ) ௉⁄

௞

௝ୀଵ

≤ 1 + න
1

(௉ିଵ)ݔ ௉⁄

௞

ଵ

ݔ݀ ≤ ܲ݇ଵ ௉⁄ 											(7) 

for every ݇ ∈  by the ࡺ ௉ି onߤ define the measure ,݌ For the given .ࡺ
formula 

(ܧ)௉ିߤ =෍
1

݆(௉ିଵ) ௉⁄
௝∈ா

, ܧ ⊂  .	ࡺ
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By the monotone convergence theorem and (1), it suffices to consider the 
case where the sequence	ܽ = ൛ܽଵ, … , ௝ܽ, … ൟ.	has only a finite number of 
nonzero terms. For such a sequence, rearranging the terms if necessary, 
we may assume that it is non-increasing, i.e., ܽଵ ≥ ܽଶ ≥ ⋯ ≥ ௝ܽ ….. For 
such an ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ.	we have 

Φ௉
ି(ܽ) =෍ ௝ܽ

݆(௉ିଵ) ௉⁄

ஶ

௝ୀଵ

= න ௉ିߤ
ஶ

଴

ቀ൫݆ ∈ :ࡺ ௝ܽ > ൯ቁݏ  (8)										ݏ݀

Where the second = follows from Fubini's theorem. Suppose that ܽଵ > 0, 
for otherwise (6) holds trivially. Since the sequence ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ.	is 
non-increasing, for each 0 < ݏ < ܽଵ, we have ௝ܽ > if 1 ݏ ≤ ݆ ≤ ܰ(ܽ;  (ݏ
and ௝ܽ ≤ ݆ if ݏ	 > ܰ(ܽ; Thus for every 0 .(ݏ < ݏ < ܽଵ	we have 

௉ିߤ ቀ൫݆ ∈ :ࡺ ௝ܽ > ൯ቁݏ = ,௉ି({1ߤ … . , ܰ(ܽ; ({(ݏ = ෍
1

݆(௉ିଵ) ௉⁄

ே(௔;௦)

௝ୀଵ

	. 

Combining this with (7), we obtain 
{ܰ(ܽ; ଵ{(ݏ ௉⁄ ≤ ௉ିߤ ቀ൫݆ ∈ :ࡺ ௝ܽ > ൯ቁݏ ≤ ܲ{ܰ(ܽ; ଵ{(ݏ ௉⁄ 															(9) 

for 0 < ݏ < ܽଵ. On the other hand, it is obvious that if ݏ ≥ ܽଵ, then 

௉ିߤ ቀ൫݆ ∈ :ࡺ ௝ܽ > ൯ቁݏ = ௉ି(0)ߤ = 0 = {ܰ(ܽ; ଵ{(ݏ ௉⁄ 														(10) 
Obviously, (6) follows from the combination of (8), (9) and (10). 
Proposition (4.1.4) [4]: For every sequence of non-negative numbers 
 ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ.	and every ݏ > 0, define the sequence ܽ∨(ݏ) =
൛ܽଵ∨(ݏ), … , ௝ܽ

…,(ݏ)∨ ൟ. where  

௝ܽ
(ݏ)∧ = ൜

0			݂݅	 ௝ܽ > ݏ
௝ܽ 			݂݅	 ௝ܽ ≤ ,	ݏ ݆ ∈  ࡺ

Then given any 1 < ݌ < ݎ < ∞, there exists a constant 0 < ଶ.ଶܥ < ∞ 
such that 

නቆ
1
ݏ

Φ௥
ା(ܽ∨(ݏ))ቇ

௥/௣

ݏ݀
∞

଴

≤ ଶ.ଶΦ௉ܥ
ି(ܽ)																																		(11) 

for every sequence of non-negative numbers ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ. 
Proof: Let 1 < ݌ < ݎ < ∞ be given. By the monotone convergence 
theorem and (1), it suffices to consider the case where ܽ =
൛ܽଵ, … , ௝ܽ , … ൟ.	has only a finite number of nonzero terms. For each ݅ ∈  ,ࢆ
define 



٨٩ 
 

(݅)ݒ = ൛݆݀ݎܽܿ ∈ :ࡺ 2ି௜ < ௝ܽ ≤ 2ି௜ାଵൟ																										(12) 
Suppose that 2ି௜ < ݏ ≤ 2ି௜ାଵ for some ݅ ∈  by the ,ݏ For such an .ࢆ
definition of Φ௥

ା , there is a subset (ݏ)ߝ of ܰ with ܿܽ((ݏ)ߝ)݀ݎ = (ݏ)݇ ∈
 such that ࡺ

Φ௥
ା(ܽ∨(ݏ)) =

∑ ௝ܽ
௝∈ఌ(௦)(ݏ)∨

1ିଵ ௥⁄ +⋯+ ଵି((ݏ)݇) ௥⁄ ≤
∑ ௝ܽ

௝∈ఌ(௦)(ݏ)∨

ଵି((ݏ)݇) ௥⁄ 	 

Define ݆ ∈ :(ݏ)ߝ 2ି௜ି௠ < ௝ܽ
(ݏ)∨ = 	∑ ∑ ௝ܽ

∨
௝∈ாೄ,ಾ ஶ.(ݏ)

௠ୀ଴  
If ݆, ݅ and m are such that ௝ܽ

(ݏ)∨ > 2ି௜ି௠, then ௝ܽ
(ݏ)∨ = ௝ܽ.  

Therefore 
௦,௠൯ܧ൫	݀ݎܽܥ ≤ ݅)ݒ} + ݉),  	{(ݏ)݇

Hence for each ݉ ≥ 0 we have 
1

ଵି(ଵ((ݏ)݇) ௥⁄ ) ෍ ௝ܽ
(ݏ)∨

௝∈ாೞ,೘

≤
2

2௜ା௠
.
௦,௠൯ܧ൫	݀ݎܽܥ
ଵି(ଵ((ݏ)݇) ௥⁄ ) ≤

2
2௜ା௠

݅)ݒ} + ݉)}ଵ ௥⁄ 	. 

Combining this with the above, we conclude that if 2ି௜ < ݏ ≤ 2ି௜ାଵ, 
then 

Φ௥
ା(ܽ∨(ݏ)) ≤

1
ଵି(ଵ((ݏ)݇) ௥⁄ ) ෍ ෍ ௝ܽ

∨

௝∈ாೄ,ಾ

	(ݏ)
ஶ

௠ୀ଴

≤ 2෍
1

2௜ା௠
݅)ݒ} + ݉)}ଵ ௥⁄

ஶ

௠ୀ଴

 

Consequently, we have 
1
ݏ
Φ௥
ା(ܽ∨(ݏ)) ≤ 2෍

1
2௠

݅)ݒ} + ݉)}ଵ ௥⁄
ஶ

௠ୀ଴

ݏ	ݕݎ݁ݒ݁	ݎ݋݂	 ∈ (2ି௜, 2ି௜ାଵ]										(13) 

Since	݌/ݎ > 1, we have ݌/ݎ = (1 + ߳)/(1 − ߳) for some 0 < ߳ < 1. 
That is, (	݌/ݎ)/(1 − ߳) = 1 + ߳.	Factoring 2ି௠ in the form 2ି௠ =
2ିఢ௠. 2ି(ଵିఢ)௠	a simple application of Holder's inequality to (13) gives 
us 

ቆ
1
ݏ
Φ௥
ା(ܽ∨(ݏ))ቇ

௥/௣

≤ ܥ ෍
1

2(ଵାఢ)௠
݅)ݒ} + ݉)}ଵ ௉⁄

ஶ

௠ୀ଴

 

for ݏ ∈ (2ି௜, 2ି௜ାଵ]. Therefore 
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න ቆ
1
ݏ
Φ௥
ା(ܽ∨(ݏ))ቇ

௥/௣

ݏ݀
ஶ

଴

= ෍ න ቆ
1
ݏ
Φ௥
ା(ܽ∨(ݏ))ቇ

௥/௣

ݏ݀
ଶష೔శభ

ଶష೔

ஶ

௜ୀିஶ

≤ ܥ ෍
1
2௜

ஶ

௜ୀିஶ

෍
1

2(ଵାఢ)௠
݅)ݒ} + ݉)}ଵ ௉⁄

ஶ

௠ୀ଴

= ܥ ෍ ෍
1
2ఢ௠

ஶ

௠ୀ଴

ஶ

௜ୀିஶ

.
1

2௜ା௠
݅)ݒ}	 + ݉)}ଵ ௉⁄ =

= ܥ ෍
1
2௞
ଵ{(݇)ݒ} ௉⁄

ஶ

௞ୀିஶ

෍
1
2ఢ௠

ஶ

௠ୀ଴

= ଵܥ ෍
1
2௞
ଵ{(݇)ݒ} ௉⁄

ஶ

௞ୀିஶ

																																																						(14) 

By (12), we have ݒ(݇) ≤ ܰ(ܽ; ݏ for every (ݏ ∈ (2ି௞ିଵ, 2ି௞]. Thus 

෍
1
2௞
ଵ{(݇)ݒ} ௉⁄

ஶ

௞ୀିஶ

= 2 ෍
1

2௞ାଵ
ଵ{(݇)ݒ} ௉⁄

ஶ

௞ୀିஶ

≤ 2 ෍ න {ܰ(ܽ; ଵ{(ݏ ௉⁄ ݏ݀
ଶషೖ

ଶషೖషభ

ஶ

௞ୀିஶ

= න{ܰ(ܽ; ଵ{(ݏ ௉⁄ ݏ݀
ஶ

଴

≤ Φ௉
ି(ܽ)																																																					(15) 

where the last ≤ is an application of Lemma (4.1.3). Obviously, the 
proposition follows from the combination of (14) and (15). 
Proposition (4.1.5) [4]:For every sequence of non-negative numbers 
 ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ and every ݏ > 0, define the sequence ܽ∧(ݏ) =
൛ܽଵ∧(ݏ), … , ௝ܽ

…,(ݏ)∧ ൟ,where 

௝ܽ
(ݏ)∧ = ൜ ௝ܽ 			݂݅	 ௝ܽ > ݏ

0			݂݅	 ௝ܽ ≤ ݏ 	, ݆ ∈  ࡺ

Then given any 1 < ᇱݎ < ݌ < ∞, there exists a constant 0 <
ଶ.ଷܥ < ∞	such that 

න ቆ
1
ݏ
Φ௥ᇲ
ା ቇ((ݏ)∧ܽ)

௥ᇲ ௉⁄

ݏ݀
ஶ

଴

≤ ଶ.ଷΦ௉ܥ
ି(ܽ) 

for every sequence of non-negative numbers ܽ = ൛ܽଵ, … , ௝ܽ , … ൟ. 
Proof: Let 1 < ᇱݎ < ݌ < ∞ be given. Again, by the monotone 
convergence theorem and (1), it suffices to consider the case where ܽ =
൛ܽଵ, … , ௝ܽ , … ൟ, has only afinite number of nonzero terms. For each ݅ ∈  ,ࢆ
let ݒ(݅) be given by (12). Suppose that 2ି௜ < ݏ ≤ 2ି௜ାଵ for some ݅ ∈  .ࢆ
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By the definition of Φ௥ᇲ
ା , there is a subset ℱ(ݏ) of ܰ with ܿܽ݀ݎ(ℱ(ݏ)) =

݇ᇱ(ݏ) ∈  such that ࡺ

Φ௥ᇲ
ା ((ݏ)∧ܽ) =

∑ ௝ܽ
௝∈ℱ(௦)(ݏ)∧

1ିଵ ௥ᇲ⁄ +⋯+ (݇ᇱ(ݏ))ିଵ ௥ᇲ⁄ ≤
∑ ௝ܽ

௝∈ℱ(௦)(ݏ)∧

(݇ᇱ(ݏ))ିଵ ௥ᇲ⁄  

Define ܨ௦,௠ = ൛݆ ∈ ℱ(ݏ): 2ି௜ା௠ < ௝ܽ
(ݏ)∧ ≤ 2ି௜ା௠ାଵൟ. for each ݉ ∈ ܼା. 

By definition, if ௝ܽ
(ݏ)∧ > 0, then ௝ܽ

(ݏ)∧ > ݏ Since .ݏ > 2ି௜, we have 

෍ ௝ܽ
(ݏ)∧

௝∈ℱ(௦)

= ෍ ෍ ௝ܽ
(ݏ)∧

௝∈ℱೞ,೘

ஶ

௠ୀ଴

 

We have ܿܽ݀ݎ(ܨ௦,௠) ≤ sup{ݒ(݅ − ݉), ݇ᇱ(ݏ)} for every ݉ ≥ 0. Therefore 

1
ݏ
Φ௥ᇲ
ା ((ݏ)∧ܽ) ≤

1
(݇ᇱ(ݏ))ିଵ ௥ᇲ⁄ ෍ ෍ ௝ܽ

(ݏ)∧
௝∈ℱೞ,೘

ஶ

௠ୀ଴

	 ≤ 2 ෍ 2ି௜ା௠{ݒ(݅ − ݉)}ଵ ௥ᇲ⁄
ஶ

௠ୀ଴

 

Consequently, 
1
ݏ
Φ௥ᇲ
ା ((ݏ)∧ܽ) ≤ 2 ෍ 2௠{ݒ(݅ − ݉)}ଵ ௥ᇲ⁄

ஶ

௠ୀ଴

 

Since 0 < ᇱݎ ܲ⁄ < 1, it follows that 

ቆ
1
ݏ
Φ௥ᇲ
ା ቇ((ݏ)∧ܽ)

௥ᇲ ௉⁄

≤ 2 ෍ 2௠௥ᇲ ௉⁄ ݅)ݒ} − ݉)}ଵ ௉⁄
ஶ

௠ୀ଴

 

for 	2ି௜ < ݏ ≤ 2ି௜ାଵ. Thus 

න ቆ
1
ݏ
Φ௥ᇲ
ା ቇ((ݏ)∧ܽ)

௥ᇲ ௉⁄

ݏ݀
ஶ

଴

= ෍ න ቆ
1
ݏ
Φ௥ᇲ
ା ቇ((ݏ)∧ܽ)

௥ᇲ ௉⁄

ݏ݀
ଶష೔శభ

ଶష೔

ஶ

௜ୀିஶ

≤ 2 ෍ 2ି௜
ஶ

௜ୀିஶ

෍ 2௠௥ᇲ ௉⁄ ݅)ݒ} − ݉)}ଵ ௉⁄
ஶ

௠ୀ଴

= 2 ෍ ෍
1

2൫ଵି(௥ᇲ ௉⁄ )൯௠
.
1

2௜ି௠
݅)ݒ} − ݉)}ଵ ௉⁄

ஶ

௠ୀ଴

ஶ

௜ୀିஶ

= 2 ෍
1
2௞

ஶ

௞ୀିஶ

ଵ{(݇)ݒ} ௉⁄ ෍
1

2൫ଵି(௥ᇲ ௉⁄ )൯௠

ஶ

௠ୀ଴

	. 

Recalling (15), the proof is now complete. 
Although Theorem (4.1.2) is about membership in the ideal ܥ௉ି, the 

fact that we need Propositions (4.1.4) and (4.1.5) clearly indicates that 
symmetric gauge functions Φ௉

ା	, 1 < ݌ < ∞, will be an important part of 
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our analysis. We end this section with some facts about these symmetric 
gauge functions, which will be needed later on. 
Lemma (4.1.6)[4]: Suppose that 1 < ݌ < ∞. Let ߙ = ,ଵߙ} … , ௞ߙ , … . }	be 
a non-increasing sequence of non-negative numbers. Define 

(ߙ)௉ܨ = sup
௞ஹଵ

݇ଵ ௉⁄  ௞ߙ

Then 
ܲ − 1
ܲ

(ߙ)௉ܨ ≤ Φ௉
ା(ܽ) ≤  (ߙ)௉ܨ

Lemma (4.1.7)[4]: Let 1 < ݎ < ∞, 1 < ݌ < ∞. and ݌ =  Then for .ݎߩ
every sequence ߙ = ,ଵߙ} … , ௞ߙ , … . } of non-negative numbers we have 
ߩ − 1
ߩ

൫Φ௉
ା({ߙ௞}௞∈ே)൯

௥
≤ Φఘ

ା({ߙ௞௥}௞∈ே) ≤ ቆ
ܲ

ܲ − 1
Φ௉
ା({ߙ௞}௞∈ே)ቇ

௥

. 

If Φ௉ denotes the symmetric gauge function for the Schatten class ܥ௉, 
1 < ݌ < ∞, then, of course, for every sequence of non-negative numbers 
ܽ = {ܽଵ, … . , ܽ௞ , … }	we have the following well-known inequality of 
weak-type: 

ܰ(ܽ; (ݏ ≤ ቆ
Φ௉(ܽ)
ݏ

ቇ
௉

																																																								(16).	

for ݏ > 0. But for the purpose of this section, (16) is not good enough; we 
need an improved version of it. More specifically, we need to replace the 
Φ௉(ܽ) above by Φ௉

ା(ܽ). 
Lemma (4.1.8)[4]: Suppose that 1 < ݌ < ∞. Then for every sequence of 
non-negative numbers ܽ = {ܽଵ, … . , ܽ௞ , … }	and every ݏ > 0	we have 

ܰ(ܽ; (ݏ ≤ ൬
ܲ

ܲ − 1
൰
௉

ቆ
1
ݏ
Φ௉
ା(ܽ)ቇ

௉

																																	(17) 

Proof: Given an ݏ > 0, set ܯ = ൛݆ ∈ :ࡺ ௝ܽ > (ܯ)݀ݎܽܿ ൟ. Ifݏ = ∞, then 
Φ௉
ା(ܽ) = ∞,and therefore (17) holds in this case. Obviously, (17) also 

holds in the case ܯ = 0,	Suppose that ܿܽ(ܯ)݀ݎ = ݉ ∈ ܰ. Then there is 
a bijection ߨ: {1, … ,݉} →  such that	ܯ

ܽగ(ଵ) ≥ ⋯ ≥ ܽగ(௠) 
Since  ܽగ(௠) >  by Lemma (4.1.6) we have ,ݏ

ଵ݉ݏ ௉⁄ < ܽగ(௠)݉ଵ ௉⁄ ≤ sup
ଵஸ௞ஸ௠

ܽగ(௠)݇ଵ ௉⁄

≤
ܲ

ܲ − 1
Φ௉
ା൫൛ܽగ(ଵ), … , ܽగ(௠)ൟ൯ ≤

ܲ
ܲ − 1

Φ௉
ା(ܽ). 

Solving for ݉(= ܰ(ܽ; 	݉ we find that ,((ݏ ≤ {ܲ (ܲ − 1)⁄ }௉(Φ௉
ା(ܽ)/ݏ)௉	
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Although (17) is only a slight improvement of (16), we will see that this 
improvement makes quite a difference. In fact, (16) is the reason why 
Propositions (4.1.4) and (4.1.5) are useful for our purpose. 

 It is well known that the formula 
,ߞ)݀ (ߦ = |1 − ,ߞ〉 ଵ|〈ߦ ଶ⁄ , ,ߞ ߦ ∈ ܵ																																								(18)	

defines a metric on ܵ .Throughout, we denote 
,ߞ)ܤ (ݎ = ൛ݔ ∈ ܵ: |1 − ,ߞ〉 ଵ|〈ߦ ଶ⁄ <  	ൟݎ

for	ߞ ∈ ܵ and ݎ > 0. There is a constant 2ି௡ < ଴ܣ < ∞ such that 
2ି௡ݎଶ௡ ≤ ,ߞ)ܤ൫ߪ ൯(ݎ ≤  (19)																													ଶ௡ݎ଴ܣ

for all	ߞ ∈ ܵ and 0 < ݎ ≤ √2 . Note that the upper bound actually holds 
when ݎ > √2 . 

Next we need to recall the spherical decomposition. For each 
integer	݇ ≥ 0, let ൛ݑ௞,௝, … ,  which is maximal	௞,௠(௞)ൟbe a subset of ܵݑ
with respect to the property 

,௞,௝ݑ൫ܤ 2ି௞ିଵ൯ ∩ ௞,௝ᇲݑ൫ܤ	 , 2ି௞ିଵ൯ = 1	݈݈ܽ	ݎ݋݂	0 ≤ ݆ < ݆ᇱ ≤ ݉(݇)								(20)		
The maximality of ൛ݑ௞,ଵ, … ,  ௞,௠(௞)ൟimplies thatݑ

ራ ,௞,௝ݑ൫ܤ 2ି௞൯ = ܵ
௠(௞)

௝ୀଵ

																																				(21) 

For each pair of ݇ ≥ 0 and 1 ≤ ݆ ≤ ݉(݇), define 

௞ܶ,௝ = ൛ݑݎ: 1 − 2ିଶ௞ ≤ ଶݎ < 1 − 2ିଶ(௞ାଵ), ݑ ∈ ,௞,௝ݑ൫ܤ 2ି௞൯ൟ			(22) 
We define the index set 

ܫ = {(݇, ݆): ݇ ≥ 0,1 ≤ ݆ ≤ ݉(݇)} 
Recall that for each pair of 0 < ݐ < ∞ and ݖ ∈  we define ,࡮

߰௭,௧(ߞ) =
(1 − ଶ)(௡|ݖ| ଶ⁄ )ା௧

(1 − ,ߞ〉 ௡ା௧(〈ݖ
 

|ߞ| ≤ 1. In terms of the normalized reproducing kernel ݇௭ and the Schur 
multiplier 

݉௭(ߞ) =
1 − |ݖ|
1 − ,ߞ〉 〈ݖ

																																													(23) 

We have the relation 
߰௭,௧ = (1 + ௧݉௭(|ݖ|

௧݇௭	. 
We think of ݖ,  as a modified kernel function, i.e., a modified ݐ

version of ݇௭. 
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Definition (4.1.9) [4]: (a) A partial sampling set is afinite subset ܨ of the 
open unit ball B with the property that ܿܽܨ)݀ݎ ∩ ௞ܶ,௝) ≤ 1 for every 
(݇, ݆) ∈  .ܫ
(b) For any partial sampling set ܨ and any ݐ > 0, denote 

ܴி
(௧) =෍߰௭,௧⨂߰௭,௧

௭∈ி

 

The next proposition shows the benefit of modifying	݇௭: 
Proposition (4.1.10)[4]: For each	ݐ > 0, there is a constant ܥଷ.ଶ(ݐ)	such 
that the inequality 

Φቀ൛〈߰ܤ௭,௧, ߰௭,௧〉ൟ௭∈ிቁ ≤  ஍‖ܤ‖(ݐ)ଷ.ଶܥ

holds for every partial sampling set ܨ, every symmetric gauge function 
Φ, and every non-negative self-adjoint operator B on the Hardy space 
 .(ܵ)ଶܪ
Proof: Let Φ be any symmetric gauge function. Then it has the following 
property: For non-negative numbers ܽଵ ≥ ⋯ ≥ ܽ௩ ≥ 0	and ܾଵ ≥ ⋯ ≥
ܾ௩ ≥ 0 in descending order, if ܽଵ +⋯+ ௝ܽ ≤ 	ܾଵ +⋯+ ௝ܾ for every 1 ≤
݆ ≤  .ݒ
then 

,ଵܽ})ߔ … , ܽ௩ , 0, . . ,0. . . }) ≤ ,ଵܾ})ߔ … , ܾ௩ , 0, . . ,0. . . }) 
Let ݐ > 0 be given,there is a constant ܥଷ.ଶ(ݐ)	such that 

ቛܴி
(௧)ቛ ≤  (ݐ)ଷ.ଶܥ

for every partial sampling set ܨ. 
Let ܤ be a non-negative self-adjoint operator, and suppose that	ܨ is 

a partial sampling set with ܿܽ(ܨ)݀ݎ = ݉. Then we can enumerate the 
elements in ܨ as ݖଵ, … ,  ௠ in such a way thatݖ

,௭భ,௧߰ܤ〉 ߰௭భ,௧〉 ≥ ⋯ ≥ ௭ಾ߰ܤ〉 ,௧, ߰௭ಾ,௧〉 
For each 1 ≤ ݇ ≤ ݉, define the subset ܨ௞ = ,ଵݖ} … ,  Then each .ܨ of	௞}ݖ

௞ is also a partial sampling set, and we have ቛܴிೖܨ
(௧)ቛ ≤ ቛܴி

(௧)ቛ ≤
for every 1	(ݐ)ଷ.ଶܥ ≤ ݇ ≤ ݉. In terms of s-numbers, this implies that 

௝ݏ ቀܴܤிೖ
(௧)ቁ ≤  .(ܤ)௝ݏ(ݐ)ଷ.ଶܥ

for every ݆ ≥ 1 .Write ‖·‖ଵ for the norm of the trace class. Since 

rankቀܴிೖ
(௧)ቁ ≤ ݇	, we have 
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,௭భ,௧߰ܤ〉 ߰௭భ,௧〉 + ⋯+ ,௭ೖ,௧߰ܤ〉 ߰௭ೖ,௧〉 = ிೖܴܤ൫ݎݐ
(௧)൯ ≤ ฮܴܤிೖ

(௧)ฮ
ଵ

= ிೖܴܤଵ൫ݏ
(௧)൯ +⋯+ ிೖܴܤ௞൫ݏ

(௧)൯ ≤ (ܤ)ଵݏ}(ݐ)ଷ.ଶܥ +⋯+  {(ܤ)௞ݏ
Since this holds for every 1 ≤ ݇ ≤ ݉ .by the property of Φ that we 
mentioned in the previous paragraph, we have 

Φቀ൛〈߰ܤ௭,௧, ߰௭,௧〉ൟ௭∈ிቁ ≤ Φ(ݐ)ଷ.ଶܥ ቀ൛ݏ௝(ܤ)ൟ௝∈ࡺቁ =  ஍‖ܤ‖(ݐ)ଷ.ଶܥ

proving the proposition.  
Proposition (4.1.11) [4]: Given any pair of ݐ > 0	and 2 < ݌ < ∞, there 
exists a constant ܥଷ.ଷ(ݐ,  such that the inequality	(݌

Φ௉
ା ቀ൛ฮ߰ܣ௭,௧ฮൟ௭∈ிቁ ≤ ,ݐ)ଷ.ଷܥ  ఘା‖ܣ‖(݌

holds for every bounded operator ܪ:ܣଶ(ܵ) → ,ܵ)ଶܮ  and every partial (ߪ݀
sampling set ܨ. 
Proof: Let ݐ > 0 and 2 < ݌ < ∞ be given. Set ߩ = ߩ Then .2/݌ > 1 and  
݌ = ܥ Let .ߩ2 = ߩ} ߩ) − 1)⁄ }ଵ ଶ⁄ . Let ܪ:ܣଶ(ܵ) → ,ܵ)ଶܮ  be any (ߪ݀
bounded operator and let ܨ be any partial sampling set. Applying Lemma 
(4.1.7) with ݎ = 2, we have 

Φ௉
ି ቀ൛ฮ߰ܣ௭,௧ฮൟ௭∈ிቁ ≤ ܥ ቆΦ௉

ି ቀቄฮ߰ܣ௭,௧ฮ
ଶ
ቅ
௭∈ி

ቁቇ
ଵ ଶ⁄

= ܥ ൬Φ௉
ି ቀ൛〈߰ܣ∗ܣ௭,௧, ߰௭,௧〉ൟ௭∈ிቁ൰

ଵ ଶ⁄
																																(24) 

On the other hand, Proposition (4.1.10) gives us 

Φ௉
ି ቀ൛〈߰ܣ∗ܣ௭,௧, ߰௭,௧〉ൟ௭∈ிቁ ≤  (25)																																		ఘା‖ܣ∗ܣ‖(ݐ)ଷ.ଶܥ

Again applying Lemma (4.1.7) with ݎ = 2, we have 

ఘା‖ܣ∗ܣ‖ = ฮ(ܣ∗ܣ)ଶ ଶ⁄ ฮఘ
ା
≤ ቄ ௉

௉ିଵ
ฮ(ܣ∗ܣ)ଵ ଶ⁄ ฮఘ

ା
ቅ
ଶ
= ቄ ௉

௉ିଵ
ఘାቅ‖ܣ‖

ଶ
						(26)  

Thus if we set ܥଷ.ଷ(ݐ, (݌ = ,ݐ)ଷ.ଶܥ}ܥ ଵ{(݌ ଶ⁄ {ܲ (ܲ − 1)⁄ }, then the 
proposition follows from the combination of (24), (25) and (26). 
Proposition (4.1.12)[4]: Given any pair of ݐ > 0 and 2 < ݌ < ∞, there 
exists a constant ܥଷ.ସ(ݐ,  such that the inequality	(݌

Φ௉
ି ቀ൛ฮ߰ܣ௭,௧ฮൟ௭∈ிቁ ≤ ,ݐ)ଷ.ସܥ  (27)																																															ఘି‖ܣ‖(݌

holds for every bounded operator ܪ:ܣଶ(ܵ) → ,ܵ)ଶܮ  and every partial (ߪ݀
sampling set ܨ. 
Proof: Let ݐ > 0 and 2 < ݌ < ∞ be given. We pick an ݎᇱ such that 2 <
ᇱݎ < (ܵ)ଶܪ:ܣ To prove (27), we only need to consider compact .݌ →
,ܵ)ଶܮ  for otherwise the inequality holds for the trivial reason that its ,(ߪ݀
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right-hand side is infinity. But for a compact	ܣ, we have the 
representation 

ܣ =෍ ௝ܽݔ௝⨂ݕ௝

ஶ

௝ୀଵ

 

where ൛ݔ௝: ݆ ∈ :௝ݕൟ and ൛ࡺ ݆ ∈ ,ܵ)ଶܮ ൟ are orthonormal sets inࡺ  and (ߪ݀
respectively, and ௝ܽ	ଶ(ܵ)ܪ ≥ 0	for every ݆ ∈ ݏ For every .ࡺ > 0, define 
the operators 

௦ܣ = ෍ ௝ܽݔ௝⨂ݕ௝
௔ೕவ௦

௦ܤ	݀݊ܽ		 = ෍ ௝ܽݔ௝⨂ݕ௝
௔ೕஸ௦

 

It follows from Proposition (4.1.5) that 

න ൬
1
ݏ
௦‖௥ᇲܣ‖

ା ൰
௥ᇲ ௉⁄

ݏ݀
ஶ

଴

≤  (28)																																										ఘି‖ܣ‖ଶ.ଷܥ

On the other hand, it is obvious that	‖ܤ௦‖ ≤ Since ฮ߰௭,௧ฮ .ݏ ≤ 2௧, we 
have 

ฮܤ௦߰௭,௧ฮ ≤ 2௧ݏ																																																											(29) 
for all ݖ ∈ ݏ and ܤ > 0. 
Let a partial sampling set ܨ be given. With somewhat abuse of notation, 
let us write 

;ܨ)ܰ ℷ) = ݖ൛݀ݎܽܿ ∈ :ܨ ฮܣట೥,೟ฮ > ℷൟ	
for ℷ > 0. By Lemma (4.1.3), we have 

Φ௉
ି ቀ൛ฮ߰ܣ௭,௧ฮൟ௭∈ிቁ ≤ ܲන{ܰ(ܨ; ℷ)}ଵ ௉⁄

ஶ

଴

݀ℷ 

(1 + 2௧)ܲන{ܰ(ܨ; (1 + 2௧)ݏ)}ଵ ௉⁄
ஶ

଴

 (30)																													ݏ݀

where the last step is the substitution ℷ = (1 + 2௧)ݏ Define 
(ݏ)ܰ = ݖ൛݀ݎܽܿ ∈ :ܨ ฮܣ௦߰௭,௧ฮ > 	ൟݏ

for ݏ > 0. Since ܣ = ௦ܣ + ௭,௧ฮ߰ܣ௦, we have ฮܤ ≤ ฮܣ௦߰௭,௧ฮ for all ݏ > 0 
and ݖ ∈ ݏ Therefore (29) implies that for every .ܨ > 0, 

;ܨ)ܰ (1 + 2௧)ݏ) ≤ 	(ݏ)ܰ
Applying Lemma (4.1.8) and Proposition (4.1.11), we have 
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(ݏ)ܰ ≤ ቆ
ᇱݎ

ᇱݎ − 1
ቇ
௥ᇲ

൬
1
2
Φ௥ᇲ
ା ൛ฮܣ௦߰௭,௧ฮൟ௭∈ி൰

௥ᇲ

≤ ቆ
ᇱݎ

ᇱݎ − 1
ቇ
௥ᇲ

൬
1
ݏ
௦‖௥ᇲܣ‖ଷ.ଷܥ

ା ൰
௥ᇲ

. 

Thus if we set ܥ = ,ݐ)ଷ.ଷܥᇱݎ} ᇱݎ)/(ᇱݎ − 1)}௥ᇲ ௉⁄ 	then 

;ܨ)ܰ} (1 + 2௧)ݏ)}ଵ ௉⁄ ≤ ଵ{(ݏ)ܰ} ௉⁄ ≤ ൬
1
ݏ
௦‖௥ᇲܣ‖

ା ൰
௥ᇲ ௉⁄

 

for every ݏ > 0. Substituting this in (30) and recalling (28), we obtain 

Φ௉
ି ቀ൛ฮ߰ܣ௭,௧ฮൟ௭∈ிቁ ≤ (1 + 2௧)ܲܥ න ൬

1
ݏ
௦‖௥ᇲܣ‖

ା ൰
௥ᇲ ௉⁄

ݏ݀
ஶ

଴
≤ (1 + 2௧)ܲܥܥଶ.ଷ‖ܣ‖௉ି 

This completes the proof of the proposition.  
Definition (4.1.13) [4]: A partial sampling map is a map ߮ from a set ܺ 
into ܤ which has the property that ܿܽ݀ݎ൛ݔ ∈ ܺ: (ݔ)߮ ∈ ௞ܶ,௝ൟ ≤ 1 for 
every (݇, ݆) ∈  ܫ
Lemma (4.1.14) [4]:There exists a natural number ܯଷ.଺ determined by 
the complex dimension ݊ such that the following is true: Let ܮ be a subset 
of ܫ and suppose that ݖ: ܮ → ,݇)ݖ map satisfying the condition ࡮ ݆) ∈
௞ܶ,௝for every (݇, ݆) ∈ ܮ Then there is a partition ܮ = ଵܧ ∪ … .∪  .ெయ.లܧ

such that for every 1 ≤ ݒ ≤ :ݖ ଷ.଺, the mapܯ ௩ܧ →  is a partial sampling ࡮
map. 
Proof: By (22), we have ௞ܶ,௝ ∩ ܶ௞ᇲ,௝ = 0 ; for all ݇ ≠ ݇ᇱ in ܼା and 1 ≤
݆ ≤ ݉(݇), 1 ≤ ݆ ≤ ݉(݇ᇱ),. By (19), (20) and (22), there is an ܯ ∈
ܰ	determined by the complex dimension n such that the inequality 

:൛݅݀ݎܽܿ 1 ≤ ݆ ≤ ݉(݇), ௞ܶ,௝ ∩ ௞ܶ,௜ ≠ 0ൟ ≤ 	(31)																												ܯ
holds for every (݇, ݆) ∈ ଷ.଺ܯ Let us show that .ܫ =  ଶ suffices for ourܯ
purpose. 
Let ܮ ⊂ :ݖ and suppose that ,ܫ ܮ → ,݇)ݖ is a map such that ࡮ ݆) ∈ ௞ܶ,௝ for 
every(݇, ݆) ∈ ,݇) Then by (31), for every .ܮ ݆) ∈  we have ܫ

෍ ൛ℓ݀ݎܽܿ ∈ {1,… ,݉(݇)}: ,݇)ݖ ℓ) ∈ ௞ܶ,௜ൟ ≤ ଶܯ = ଷ.଺ܯ
்ೖ,ೕ∩்ೖ,೔ஷ଴

						(32) 

We pick a subset ܧଵ of ܮ that is maximal with respect to the 
condition that the restricted map	ݖ: ଵܧ →  .be a partial sampling map ࡮
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Suppose that	݉ ≥ 1 and that we have defined pairwise disjoint subsets 
,ଵܧ … ,   .ܮ ௠ ofܧ
We then define ܧ௠ାଵ to be a subset of ܧ)\ܮଵ ∪ …∪  that is maximal	௠)ܧ
with respect to the condition that the restricted map ݖ: ௠ାଵܧ 	→  be a ࡮
partial sampling map. Then the proof will be complete once we show that 
ெయ.లశభܧ 	= 	0 Assume the contrary, i.e., assume that there were some 
(݇∗, ݆∗) ∈  .ெయ.లశభ. We will show that this leads to a contradictionܧ

First of all, we have 
,∗݇)ݖ ݆∗) ∈ ௞ܶ∗,௝∗ 																																		(33)  

By the maximality of the sets	ܧଵ, … . , , for each 1	ெయ.లܧ ≤ ݒ ≤  ଷ.଺, theܯ
map ݖ fails to satisfy Definition (4.1.13) on the set ܧ௩ ∪ {(݇∗, ݆∗)}. Since 
௩, this means that for each 1ܧ is partial sampling on ݖ ≤ ݒ ≤  ଷ.଺ there isܯ
a (݇௩, ℓ௩) ∈  such that	௩ܧ

,௩݇)ݖ} ℓ௩), ,∗݇)ݖ ݆∗)} ⊂ ܶ௞ೡᇲ ,௜ೡ. 
for some (݇௩ᇱ , ݅௩) ∈ By (33), this implies ݇௩ᇱ .ܫ = ݇∗ = ݇௩ and 
௞ܶ∗,௜ೡ ∩ ௞ܶ∗,௝∗ ≠ 0 ; for every	1 ≤ ݒ ≤  . Thus z maps the set	ଷ.଺ܯ
൛(݇∗, ݆∗), (݇∗, ℓଵ),… , ൫݇∗, ℓெయ.ల൯ൟ into ⋃ ௞ܶ∗,௜்ೖ∗,ೕ∗∩்ೖ∗,೔ஷ଴	 . 

Since the set ൛(݇∗, ݆∗), (݇∗, ℓଵ),… , ൫݇∗, ℓெయ.ల൯ൟ contains ܯଷ.଺ + 1 = ଶܯ +
1	elements, this contradicts (32). This completes the proof of the lemma. 
In addition to the index set ܫ, let us also define ܫ௠ = {(݇, ݆) ∈ ݇	:ܫ ≤ ݉}  
for each ݉ ∈ 	ܼା.	The following is the main goal of this section: 
Proposition (4.1.15) [4]: Let 2 < ݌ < ∞ and 0 < t < 1 Suppose that 
௞,௝ݓ ∈ ௞ܶ,௝ for every (݇, ݆) ∈  Then the inequality .ܫ

Φ௉
ି ൬ቄቛ߰ܣ௪ೖ,ೕ,௧ቛቅ(௞,௝)∈ூ೘

൰ ≤ ,ݐ)ଷ.ସܥ  (34)												௉ି‖ܣ‖ଷ.଺ܯ(ܲ

holds for every bounded operator ܪ:ܣଶ(ܵ) → ,ܵ)ଶܮ  and every	(ߪ݀
 ݉ ≥ 1, where ܥଷ.ସ(ݐ,  ଷ.଺ are the constants provided byܯ and(݌
Proposition (4.1.12) and Lemma (4.1.14) respectively. 
Proof: First of all, a symmetric gauge function Φ has the following 
obvious property: If ܺ is any countable set and if ܺ = ଵܺ ∪ …∪ ܺே , then 
for every map ߮: ܺ → [0,∞) we have 

Φ({߮(ݔ)}௫∈௑) ≤ Φ൫{߮(ݔ)}௫∈௑భ൯ +⋯+Φ൫{߮(ݔ)}௫∈௑ಿ൯						(35) 
Let ݉ ≥ 1 be given and consider the map (݇, ݆) ↦  .ܤ ௠ intoܫ ௞,௝ fromݓ

Since ݓ௞,௝ ∈ ௞ܶ,௝	for every (݇, ݆), by Lemma (4.1.14) there is a 
partition ܫ௠ = ଵܧ ∪ …∪  .ெయ.లܧ
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such that for every 1 ≤ ݅ ≤ ,݇) ଷ.଺, the mapܯ ݆) ↦  ௞,௝is partial samplingݓ
on ܧ௜. By Definition (4.1.13), this means that the map (݇, ݆) ↦  ௞,௝isݓ
injective on ܧ௜ and ൛ݓ௞,௝: (݇, ݆) ∈  is a partial sampling set as defined	௜ൟܧ
in Definition (4.1.9). Hence Proposition (4.1.12) gives us 

Φ௉
ି ൬ቄቛ߰ܣ௪ೖ,ೕ,௧ቛቅ(௞,௝)∈ா೔

൰ ≤ ,ݐ)ଷ.ସܥ  ௉ି‖ܣ‖(ܲ

for every bounded operator ܪ:ܣଶ(ܵ) → ,ܵ)ଶܮ and every 1	(ߪ݀ ≤ ݅ ≤
 ଷ.଺. By (35), we also haveܯ

Φ௉
ି ൬ቄቛ߰ܣ௪ೖ,ೕ,௧ቛቅ(௞,௝)∈ூ೘

൰ ≤ ෍Φ௉
ି ൬ቄቛ߰ܣ௪ೖ,ೕ,௧ቛቅ(௞,௝)∈ா೔

൰
ெయ.ల

௜ୀଵ

 

Obviously, the proposition follows from the above two inequalities. 
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Section (4.2): Radial Contractions and Local Inequality with 
Lower Bound and Small Factor 
 

For each ℓ ∈ ܰ we define the radial contraction 

(ݖ)ℓߩ = ൝ቀ1 − 4ℓ(1 − ଶ)ቁ|ݖ|
ଵ ଶ⁄

ݖ) ⁄|ݖ| )		݂݅	4ℓ(1 − (ଶ|ݖ| < 1

0							݂݅	4ℓ(1 − (ଶ|ݖ| ≥ 1
							(36) 

ݖ ∈  in terms of the following	ℓߩ One can better understand these .ܤ
relations: we have 

൜
(ݖ)ℓߩ ⁄|(ݖ)ℓߩ| = ݖ ⁄|ݖ| 		ܽ݊݀
1 − ଶ|(ݖ)ℓߩ| = 4ℓ(1 − (ଶ|ݖ|

																															(37) 

if 4ℓ(1 − (ଶ|ݖ| < 1. Recall that the Schur multiplier ݉௭	is given by (23). 
 A key ingredient in the proof of the lower bound in Theorem (4.1.2) is 
the following local inequality for Hankel operators: 
Theorem (4.2.1) [4]: Given any 0 < ߜ ≤ 1 2⁄ 	, there exists a constant 
0 < (ߜ)ܥ < 1 which depends only on ߜ and the complex dimension ݊ 
such that the inequality 

ଵݎܸܽ ଶ⁄ (݂ − ݂ܲ; (ݖ ≤ ෍(ߜ)ܥ
1

2(ଵିఋ)ℓ

ஶ

ℓୀଵ

ቛܯ௠ഐℓ(೥)ܪ௙݇ఘℓ(௭)ቛ 

holds for all ݂ ∈ ,ܵ)ଶܮ ݖ and	,(ߪ݀ ∈  .ܤ
Next we again turn to the symmetric gauge function Φ௉

ି . 
Lemma (4.2.2)[4]: Let 1 < ݌ < ∞. Let ܺ, ܻ be countable sets and let 
ܰ ∈  .ࡺ
Suppose that ܶ: ܺ → ܻ is a map that is at most ܰ-to-1. That is, 
ݔ}݀ݎܽܿ	 ∈ ܺ: (ݔ)ܶ = {ݕ ≤ ܰ for every ݕ ∈ ܻ . Then for every set of real 
numbers ൛ܽ௬ൟ௬∈௒ we have 

Φ௉
ି ቀ൛்ܽ(௫)ൟ௫∈௑ቁ ≤ max{ܲ, 2} ܰଵ ௉⁄ Φ௉

ି ቀ൛ܽ௬ൟ௬∈௒ቁ 

We will now bring the radial contractions	ߩℓ defined by (36) into our 
estimates. Recall that the index set ܫ was defined in Section 3 and that for 
each	݉ ∈ ܼା, we write ܫ௠ = {(݇; 	݆) ∈ :ܫ ݇ ≤ ݉}.	
Lemma (4.2.3) [4]: There exists a constant ܥସ.ଷ which depends only on 
the complex dimension ݊	such that the following holds true: Let ℎ:࡮ →
[0,∞) be a map such that sup

௪∈்ೖ,ೕ
ℎ(ݓ) < ∞ for every (݇, ݆) ∈  For each .ܫ

(݇, ݆) ∈ ௞,௝ݓ let ,ܫ ∈ ௞ܶ,௝ be such that 
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ℎ൫ݓ௞,௝൯ ≥
1
2
sup
௪∈்ೖ,ೕ

ℎ(ݓ)																							(38) 

Suppose that ݖ௞,௝ ∈ ௞ܶ,௝ for every (݇, ݆) ∈  Then the inequality .ܫ

Φ௉	
– ൬ቄℎ ቀߩℓ൫ݖ௞,௝൯ቁቅ

(௞,௝)∈ூ೘
൰ ≤ max{ܲ, 2} ସ.ଷ2ଶ௡ℓܥ ௉⁄ Φ௉	

– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூ೘ቁ 

holds for all ݉, ℓ ∈ ܰ and 1 < ݌ < ∞. 
Proof: First of all, by (20) and (19), there exists a natural number ܥଵ	such 
that for all integers 0 ≤ ݇ᇱ ≤ ݇ and 1 ≤ ݅ ≤ ݉(݇ᇱ), we have 
൛݆݀ݎܽܿ ∈ {1,… ,݉(݇)}: ,௞,௝ݑ൫ܤ 2ି௞൯ ∩ ௞ᇲ,௜2ି௞ݑ൫ܤ	

ᇲ൯ ≠ 0ൟ ≤ ଵ2ଶ௡(௞ି௞ܥ
ᇲ)		(39) 

Let ℎ,ݓ௞,௝ and ݖ௞,௝, (݇, ݆) ∈  .be as in the statement of the lemma ,ܫ
Let ℓ ∈ ܰ. By (37) and (22), we have 

ℓቌራߩ ௞ܶ,௝

௠(௞)

௝ୀଵ

ቍ ⊂ ራ ௞ܶିℓ,௜

௠(௞ିℓ)

௜ୀଵ

	݂݅	݇ > ݈																																(40) 

Consider any 1 < ݌ < ∞ and ݉ ∈ ܰ. First let us consider the case where  
݉ > ݈. Then ܫ௠ = ℓܫ ∪  where	௠,ℓܫ

௠,ℓܫ = {(݇, ݆) ∈ :ܫ ℓ ≤ ݇ ≤ ݉} 
By (40), for each (݇, ݆) ∈ ,݇)ߟ ௠,ℓ, there is anܫ ݆) ∈ {1, … ,݉(݇ − ℓ)}such 
that ߩℓ൫ݖ௞,௝൯ ∈ ௞ܶିℓ,ఎ(௞,௝). We now define a map ߮: ௠,ℓܫ →  ௠ by theܫ
formula 

߮(݇, ݆) = ൫݇ − ℓ, ,݇)ߟ ݆)൯, (݇, ݆) ∈  	௠,ℓܫ
This map ensures that ߩℓ൫ݖ௞,௝൯ ∈ ఝܶ(௞,௝), (݇, ݆) ∈  ௠,ℓ By (38), we haveܫ

ℎ ቀߩℓ൫ݖ௞,௝൯ቁ ≤ 2ℎ൫ݓఝ(௞,௝)൯݂ݎ݋	ݕݎ݁ݒ݁	(݇, ݆) ∈  ௠,ℓܫ
Consequently, 

Φ௉	
– ቀ൛ℎ൫ߩℓ(ݖ௞,௝)൯ൟ(௞,௝)∈ூ೘,ℓ

ቁ 	≤ 2Φ௉	
– ൬൛ℎ൫ݓఝ(௞,௝)൯ൟ(௞,௝)∈ூ೘,ℓ

൰													(41) 

By (36), if (݇, ݆) ∈  ௠,ℓ thenܫ
௞,௝൯ݖℓ൫ߩ
หߩℓ൫ݖ௞,௝൯ห

=
௞,௝ݖ
หݖ௞,௝ห

 

Since ݖ௞,௝ ∈ ௞ܶ,௝and ߩℓ(ݖ௞,௝) ∈ ఝܶ(௞,௝) = ௞ܶିℓ,ఎ(௞,௝), by (22), the above 
identity implies 

,௞,௝ݑ)ܤ 2ି௞) ∩ ,௞ିℓ,ఎ(௞,௝)ݑ)ܤ	 2ି௞ାℓ) ≠ 0	
Combining this with (39), we see that for each ݅ ∈ {1, … ,݉(݇ − ℓ)} 
݆}݀ݎܽܿ ∈ {1, … ,݉(݇)}: ,݇)ߟ ݆) = ݅} ≤ 	.ଵ2ଶ௡ℓܥ
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In other words, the map ߮: ௠,ℓܫ →  ଵ2ଶ௡ℓ-to-1. By Lemmaܥ is at most	௠ܫ
(4.2.2), this means 

Φ௉	
– ൬൛ℎ൫ݓఝ(௞,௝)൯ൟ(௞,௝)∈ூ೘,ℓ

൰

≤ max{ܲ, 2} ଵܥ
ଵ ௉⁄ 2ଶ௡ℓ ௉⁄ Φ௉	

– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூ೘ቁ 

Since ܥଵ
ଵ ௉⁄ ≤  , if we combine the above with (41), we obtain	ଵܥ

Φ௉	
– ቆቄℎ ቀߩℓ൫ݖ௞,௝൯ቁቅ(௞,௝)∈ூ೘,ℓ

ቇ

≤ max{ܲ, 2} ଵ2ଶ௡ℓܥ2 ௉⁄ Φ௉	
– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூ೘ቁ																																					(42) 

Next we consider the set ܫℓ. 
Note that by (20) and (19), there is a natural number ܥଶ such that 

݉(݇) ≤ ݇	ݕݎ݁ݒ݁	ݎ݋݂	ଶ2ଶ௡௞ܥ ≥ 0																																			(43)	
By (36), we have 

ℓቌራߩ ௞ܶ,௝

௠(௞)

௝ୀଵ

ቍ ⊂ ራ ଴ܶ,௝

௠(଴)

௜ୀଵ

	݂݅	0 ≤ ݇ ≤ ℓ. 

Therefore there is a map	߮: ℓܫ →  ଴ such thatܫ
௞,௝൯ݖℓ൫ߩ ∈ టܶ(௞,௝)	݂ݎ݋	ݕݎ݁ݒ݁	(݇, ݆) ∈  ℓܫ

Combining this relation with (38), we have 

Φ௉	
– ൬ቄℎ ቀߩℓ൫ݖ௞,௝൯ቁቅ(௞,௝)∈ூℓ

൰ ≤ 2Φ௉	
– ቀ൛ℎ൫ݓట(௞,௝)൯ൟ(௞,௝)∈ூℓ

ቁ 

By (43), ܿܽ݀ݎ(ܫℓ) ≤ ∑ଶܥ 2ଶ௡௞ℓ
௞ୀ଴ ≤   ଶ2ଶ௡ℓ Therefore the mapܥ2

 ߰: ℓܫ →  ଶ2ଶ௡ℓ-to-1. Applying Lemma (4.2.2) again, weܥ଴ is at most 2ܫ
obtain 

Φ௉	
– ቀ൛ℎ൫ݓట(௞,௝)൯ൟ(௞,௝)∈ூℓ

ቁ ≤ max{ܲ, 2} ଶ2ଶ௡ℓܥ2 ௉⁄ Φ௉	
– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூబቁ 

Therefore 

Φ௉	
– ቀ൛ℎ൫ߩℓ(ݖ௞,௝)൯ൟ(௞,௝)∈ூℓቁ

≤ max{ܲ, 2} ଶ2ଶ௡ℓܥ2 ௉⁄ Φ௉	
– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூబቁ												(44) 

Combining this with (42), we see that in the case ݉ > ݈ we have 
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Φ௉	
– ቀ൛ℎ൫ߩℓ(ݖ௞,௝)൯ൟ(௞,௝)∈ூ೘ቁ

≤ Φ௉	
– ൬൛ℎ൫ߩℓ(ݖ௞,௝)൯ൟ(௞,௝)∈ூ೘,ℓ

൰

+ Φ௉	
– ቀ൛ℎ൫ߩℓ(ݖ௞,௝)൯ൟ(௞,௝)∈ூℓቁ

≤ max{ܲ, 2} ଵܥ2) + ଶ)2ଶ௡ℓܥ4 ௉⁄ Φ௉	
– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூ೘ቁ. 

On the other hand, if ݉ ≤ ℓ,then (44) gives us 

Φ௉	
– ቀ൛ℎ൫ߩℓ(ݖ௞,௝)൯ൟ(௞,௝)∈ூ೘ቁ ≤ Φ௉	

– ቀ൛ℎ൫ߩℓ(ݖ௞,௝)൯ൟ(௞,௝)∈ூℓቁ

≤ max{ܲ, 2} ଶ2ଶ௡ℓܥ4 ௉⁄ Φ௉	
– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூబቁ

≤ max{ܲ, 2} ଶ2ଶ௡ℓܥ4 ௉⁄ Φ௉	
– ቀ൛ℎ൫ݓ௞,௝൯ൟ(௞,௝)∈ூ೘ቁ 

This completes the proof of the lemma.  
Proposition (4.2.4) [4]: Given any 2݊ < ݌ < ∞, there exists a constant 
 and the complex dimension n such that ݌ which depends only on (݌)ସ.ସܥ
the following estimate holds: Let ݂ ∈ ,ܵ)ଶܮ ,݇) For each .(ߪ݀ ݆) ∈   let ,ܫ
௞,௝ݓ ∈ ௞ܶ,௝be such that 

ቛܯ௠ೢೖ,ೕ
௙݇௪ೖ,ೕቛܪ ≥

1
2
sup
௪∈்ೖ,ೕ

ฮܯ௠ೢܪ௙݇௪ฮ																									(45) 

Let ݖ௞,௝ ∈ ௞ܶ,௝, (݇, ݆) ∈ ݉ Then for every .ܫ ∈ ܰ we have 

Φ௉	
– ቀ൛ܸܽݎଵ ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

≤ 	ସ.ସ(ܲ)Φ௉ܥ
– ቆቄቛܯ௠ೢೖ,ೕ

௙݇௪ೖ,ೕቛቅ(௞,௝)∈ூ೘ܪ
ቇ																																										(46) 

Proof:  Since ݌ > 2݊, there is a 0 < ߜ ≤ 1 2⁄ ,	such that if we set  
߳ = 1 − ߜ − (2݊ ܲ⁄ ). 
then ߳ > 0. Let ݂ ∈ ,ܵ)ଶܮ  ௞,௝be as in the statementݖ ௞,௝ andݓ and let(ߪ݀
of the proposition. By Theorem (4.2.1), we have 

ଵݎܸܽ ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ݖ ≤ ෍(ߜ)ܥ
1

2(ଵିఋ)ℓ

ஶ

ℓୀଵ

ቛܯ௠ഐℓ(೥ೖ,ೕ)
 ௙݇ఘℓ(௭ೖ,ೕ)ቛܪ

for every(݇, ݆) ∈ 	Since Φ௉ .ܫ
–  is a norm on ܿ̂, it follows that 

Φ௉	
– ቀ൛ܸܽݎଵ ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

≤ ෍(ߜ)ܥ
1

2(ଵିఋ)ℓ

ஶ

ℓୀଵ

Φ௉	
– ቆቄቛܯ௠ഐℓ(೥ೖ,ೕ)

௙݇ఘℓ(௭ೖ,ೕ)ቛቅ(௞,௝)∈ூ೘ܪ
ቇ																				(47) 

for every ݉ ∈ ܰ. Next, we define 
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ℎ(ݓ) = ฮܯ௠ೢܪ௙݇௪ฮ	, ݓ ∈ 	ܤ
Then (45) tells us that this map ℎ: ܤ → [0,∞) and the points ݓ௞,௝, 
 (݇, ݆) ∈  satisfy condition (48). This allows us to apply Lemma (4.2.3) ,ܫ
to obtain 

෍
1

2(ଵିఋ)ℓ

ஶ

ℓୀଵ

Φ௉	
– ቆቄቛܯ௠ഐℓ(೥ೖ,ೕ)

௙݇ఘℓ(௭ೖ,ೕ)ቛቅ(௞,௝)∈ூ೘ܪ
ቇ

≤ ସ.ଷ෍ܥܲ
2ଶ௡ℓ ௉⁄

2(ଵିఋ)ℓ

ஶ

ℓୀଵ

Φ௉	
– ቀ൛ℎ(ݓ௞,௝)ൟ(௞,௝)∈ூ೘ቁ

= ସ.ଷ෍ܥܲ
1
2ఢℓ

ஶ

ℓୀଵ

Φ௉	
– ቆቄቛܯ௠ೢೖ,ೕ

௙݇௪ೖ,ೕቛቅ(௞,௝)∈ூ೘ܪ
ቇ 

Combining this with (47), we see that the proposition holds for the 
constant ܥସ.ସ = ∑ସ.ଷܥ(ߜ)ܥܲ 2ఢℓஶ

ℓୀଵ . 
Propositions (4.1.15) and (4.2.4) represent the two main steps in 

the proof of the lower bound in Theorem (4.1.2). The remaining step in 
the proof of the lower bound is to bridge the gap between the right-hand 
side of (46) and the left-hand side of (34), which only involves existing 
ideas. Nonetheless, we repeat all the necessary details here for 
completeness. 
Lemma (4.2.5) [4]: There is a constant 0 < ହ.ଵܥ < ∞ such that 

ฮܯ௠೥ܪ௙݇௭ฮ ≤ ฮܪ௙߰௭,௧ฮ + ଵݎହ.ଵܸܽܥ ଶ⁄ (݂ − ݂ܲ;  (ݖ
for all ݂ ∈ ,ܵ)ଶܮ ,(ߪ݀ ݖ ∈ and 0 ܤ < ݐ ≤ 1. 
Proposition (4.2.6) [4]: Given any 2݊ < ݌ < ∞, there is a constant 
݂ such that the following holds true: Let (݌)ହ.ଶܥ ∈ ,ܵ)ଶܮ  For each .(ߪ݀
(݇, ݆), let	ݖ௞,௝ ∈ ௞ܶ,௝ satisfy the condition 

ଵݎܸܽ	 ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ݖ ≥
1
2
sup
௭∈்ೖ,ೕ

ଵݎܸܽ ଶ⁄ (݂ − ݂ܲ;  (48)											(ݖ

Then 

Φ௉	
– ቀ൛ܸܽݎଵ ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூቁݖ ≤ ௙ฮ௉ܪହ.ଶ(ܲ)ฮܥ

ି
 

Proof: Let ݂ ∈ ,ܵ)ଶܮ ,݇) be given. For each(ߪ݀ ݆) ∈ ௞,௝ݓ we pick a ܫ ∈

௞ܶ,௝. such that 

ቛܯ௠ೢೖ,ೕ
௙݇௪ೖ,ೕቛܪ ≥

1
2
sup
௪∈்ೖ,ೕ

ฮܯ௠ೢܪ௙݇௪ฮ 

Then by Proposition (4.2.4) we have 
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Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

≤ 	ସ.ସ(ܲ)Φ௉ܥ
– ቆቄቛܯ௠ೢೖ,ೕ

௙݇௪ೖ,ೕቛቅ(௞,௝)∈ூ೘ܪ
ቇ. 

for every ݉ ∈ ܰ. Applying Lemma (4.2.5) to each ቛܯ௠ೢೖ,ೕ
 ௙݇௪ೖ,ೕቛ, forܪ

0 < ݐ ≤ 1 we have 

Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

≤ 	ସ.ସ(ܲ)Φ௉ܥ
– ൬ቄቛܪ௙߰௪ೖ,ೕ,೟ቛቅ(௞,௝)∈ூ೘

൰

+ 	Φ௉ݐହ.ଵܥ(ܲ)ସ.ସܥ
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ −  .௞,௝൯ൟ(௞,௝)∈ூ೘ቁݓ;݂ܲ

Since ݓ௞,௝ ∈ ௞ܶ,௝. it follows from (48) that ܸܽݎ൫݂ − ௞,௝൯ݓ;݂ܲ ≤
൫݂ݎ2ܸܽ − ݂ܲ;  Hence	௞,௝൯.ݖ

Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

≤ 	ସ.ସ(ܲ)Φ௉ܥ
– ൬ቄቛܪ௙߰௪ೖ,ೕ,೟ቛቅ(௞,௝)∈ூ೘

൰

+ 	Φ௉ݐହ.ଵܥ(ܲ)ସ.ସܥ2
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ;  ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

Now, for the given 2݊ < ݌ < ∞, we pick 0 < ݐ ≤ 1 such that 
ݐହ.ଵܥ(ܲ)ସ.ସܥ2 ≤ 1 2⁄ . This fixes the value of ݐ in terms of ݌, and from the 
above inequality we obtain 

Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

≤ 	ସ.ସ(ܲ)Φ௉ܥ
– ൬ቄቛܪ௙߰௪ೖ,ೕ,೟ቛቅ(௞,௝)∈ூ೘

൰

+ (1 2⁄ )Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ;  .௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

Since ܫ௠ is a finite set, the quantity Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ;  ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

is finite. Therefore after the obvious cancellation the above inequality 
becomes 

Φ௉	
– ቀ൛ܸܽݎଵ ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ

≤ 	ସ.ସ(ܲ)Φ௉ܥ2
– ൬ቄቛܪ௙߰௪ೖ,ೕ,೟ቛቅ(௞,௝)∈ூ೘

൰ 

Assuming ฮܪ௙ฮ௉
ି
< ∞, an application of Proposition (4.1.15) to the right-

hand side gives us 

Φ௉	
– ቀ൛ܸܽݎଵ ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூ೘ቁݖ ≤ ,ݐ)ଷ.ସܥ(ܲ)ସ.ସܥ2 ௙ฮ௉ܪଷ.଺ฮܯ(ܲ

ି
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Since this holds for every ݉ ∈ ܰ, by (1) we have 

Φ௉	
– ቀ൛ܸܽݎଵ ଶ⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூቁݖ ≤ ,ݐ)ଷ.ସܥ(ܲ)ସ.ସܥ2 ௙ฮ௉ܪଷ.଺ฮܯ(ܲ

ି
 

Thus the proposition holds for the constant ܥହ.ଶ(݌) =
,ݐ)ଷ.ସܥ(ܲ)ସ.ସܥ2  ଷ.଺ܯ(ܲ
Lemma (4.2.7) [4]: Given any 0 < ܽ < ∞, there exists a natural number 
 which depends only on a and the complex dimension n such that the ܭ
following holds true: Suppose that Γ is an a-separated subset of ܤ. Then 
there exist pairwise disjoint subsets Γଵ, … , Γ௞	of Γ such that	⋃ Γ௜௞

௜ୀଵ = Γ 
and such that ܿܽ݀ݎ(Γ௜ ∩ ௞ܶ,௝) ≤ 1 for all ݅ ∈ {1,… , ,݇) and	{ܭ ݆) ∈  .ܫ

With the above preparation, we now have proof of the lower bound 
in Theorem (4.1.2) Let 2݊ < ݌ < 1 and ܽ > 0	be given. We need to find 
a 0 < ଵܥ < ∞ that depends only on p, a and n such that the inequality 

Φ௉	
ି ቀ൛ܸܽݎଵ ௉⁄ (݂ − ݂ܲ; ൟ௭∈୻ቁ(ݖ ≤ ௙ฮ௉ܪଵฮܥ

ି
																				(49) 

holds for every ݂ ∈ ,ܵ)ଶܮ  .ܤ and every a-separated Γ set in(ߪ݀
Let an a-separated set Γ in ܤ be given. Then Lemma (4.2.7) provides the 
partition 

Γ = Γଵ ∪ … .∪ Γ୩																																																		(50) 
where ܭ depends only on a and ݊, such that 

൫Γ୧݀ݎܽܿ ∩ ௞ܶ,௝൯ < ݅	݈݈ܽ	ݎ݋݂	1 ∈ {1, … ,݇)	݀݊ܽ	{ܭ, ݆) ∈ 	(51)							ܫ
Let ݂ ∈ ,ܵ)ଶܮ ,݇) For each .(ߪ݀ ݆) ∈ ௞,௝ݖ	݇ܿ݅݌	ܫ ∈ ௞ܶ,௝ such that (48) 
holds. Combining (48) with (51), we see that 

Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ (݂ − ݂ܲ; ൟ௭∈୻౟ቁ(ݖ ≤ 2Φ௉	

– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ;  ௞,௝൯ൟ(௞,௝)∈ூቁݖ

for every ݅ ∈ {1,… ,  Proposition (4.2.6) tells us that .{ܭ

Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ ൫݂ − ݂ܲ; ௞,௝൯ൟ(௞,௝)∈ூቁݖ ≤ ௙ฮ௉ܪହ.ଶ(ܲ)ฮܥ

ି
 

Therefore 

Φ௉	
– ቀ൛ܸܽݎଵ ௉⁄ (݂ − ݂ܲ; ൟ௭∈୻౟ቁ(ݖ ≤ ௙ฮ௉ܪହ.ଶ(ܲ)ฮܥ2

ି
 

݅ ∈ {1, … ,  By (50) and (35) we have ..{ܭ

Φ௉	
ି ቀ൛ܸܽݎଵ ௉⁄ (݂ − ݂ܲ; ൟ௭∈୻ቁ(ݖ ≤෍Φ௉	

– ቀ൛ܸܽݎଵ ௉⁄ (݂ − ݂ܲ; ൟ௭∈୻౟ቁ(ݖ
௞

௜ୀଵ

 

By the above two inequalities, (49) holds for the constant ܥଵ =
 .(ܲ)ହ.ଶܥܭ2

We now turn to the upper bound in Theorem (4.1.2). One of the 
main ingredients in the proof of the upper bound is a reverse HÖlder's 
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inequality. But whereas for the symmetric gauge function Φ௉	
ା  , here the 

inequality must cover Φ௉	
– , which makes its proof a much more difficult 

task. We will see that the key to the proof of the reverse Holder's 
inequality is a certain cancellation, and what enables this cancellation to 
take place is a certain “small factor". Here we must take an approach that 
is to obtain the requisite “small factor". 

For any ܽ = ൛ ௝ܽൟ௝∈ࡺ and ܰ ∈ define the sequence ܽ[ே] ,ࡺ =

൛ ௝ܽ
ேൟ

௝∈ࡺ
	by the formula 

 ௝ܽ
ே = ܽ௜  if (݅ − 1)ܰ + 1 ≤ ݆ ≤ ݅ܰ	, ݅ ∈  (52)																																ࡺ

In other words, ܽ[ே] is obtained from a by repeating each term ܰ times. 
Alternately, we can think of ܽ[ே]ܽݏ	ܽ⨁…⨁ܽ, the “direct sum" of 
ܰ	copies of a. 
Definition (4.2.8) [4]: A symmetric gauge function Φ is said to satisfy 
condition (DQK) if there exist constants 0 < ߠ < 1	and 0 < ߙ < ∞	such 
that 

Φ൫ܽ[ே]൯ ≥  (ܽ)ఏΦܰߙ
for every ܽ ∈ ܿ̂ and every ܰ ∈  .ࡺ
The relevance of Definition (4.2.8) to what we do in this chapter is the 
following: 
Lemma (4.2.9) [4]: For each 1 < ݌ < ∞, the symmetric gauge function 
Φ௉	
ି satisfies condition (DQK). More precisely, we have Φ௉	

ି (ܽ[ே]) ≥
ܰଵ ௉⁄ Φ௉	

ି (ܽ) for all ܽ ∈ ܿ̂	and ܰ ∈  .ࡺ
Proof: Let 1 < ݌ < ∞. It suffices to consider ܽ = ൛ ௝ܽൟ௝∈ࡺ where the 

terms are nonnegative and in descending order, i.e., 
ܽଵ ≥ ܽଶ ≥ ⋯ ≥ ௝ܽ ≥ ⋯	

Then by (52) and the definition of Φ௉
ି, for every ܰ ∈  we have ࡺ

Φ௉	
ି൫ܽ[ே]൯ =෍ܽ௜

ஶ

௜ୀଵ

෍
1

൫(݅ − 1)ܰ + ݆൯
(௉ିଵ) ௉⁄

ே

௝ୀଵ

≥෍
ܽ௜ܰ

(݅ܰ)(௉ିଵ) ௉⁄

ஶ

௜ୀଵ

= ܰଵ ௉⁄ Φ௉	
ି (ܽ) 

as promised.  
The proof of the reverse Holder's inequality for Φ௉

ିwill be based on 
condition (DQK). 
But for the proof itself it will be more convenient to work with (DQK), 
rather than with the specific Φ௉

ି . 
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Recall that for each	݇ ≥ 0, we introduced ൛ݑ௞,ଵ, … .  ௞,௠(݇)ൟ, which is aݑ
subset of S that is maximal with respect to (20). For each (݇, ݆) ∈  we ,ܫ
now define 

௞,௝ܣ = ,௞,௝ݑ൫ܤ 2ି௞ାଵ൯, ௞,௝ܤ = ,௞,௝ݑ൫ܤ 2ି௞ାଶ൯																				(53) 
and  

௞,௝ܥ = ,௞,௝ݑ൫ܤ 2ି௞ାଷ൯. 
Definition (4.2.10) [4]: For each	݅ ∈ ܼାand each (݇, ݆) ∈  we set ,ܫ
,݇)࢏ܧ ݆) = ൛(݇ + ݅, ݆ᇱ) ∈ :ܫ ௞ା௜,௝ܣ ∩ ௞,௝ܤ ≠ 0ൟ. 
Definition (4.2.11) [4]: Suppose that ݃ ∈ ,ܵ)ଶܮ  .(ߪ݀

(a)  For each 1 ≤ ݐ < ∞ and each(݇, ݆) ∈  define ,ܫ

;݃)௧ܬ ݇, ݆) = (
1

௞,௝൯ܤ൫ߪ
නห݃ − ௞,௝หܤ݃
஻ೖ,ೕ

ଵ(ߪ݀ ௧⁄  

(b)  For each ݇ ∈ ܼା, define the function Rkg on ܵ	by the formula 

൫ܴ௞,௚൯(ߞ) =
1

,ߞ)ܤ)ߪ 2ି௞ିଶ))
න ߪ݀݃

஻(఍,ଶషೖషమ)

, ߞ ∈ ܵ 

(c) For 1 ≤ ݐ < ∞	, ݅ ∈ ܼାand (݇, ݆) ∈  define ,ܫ

;݃)௧,௜ܩ ݇, ݆) = ( ଵ
ఙ൫஻ೖ,ೕ൯

∫ |݃ − ܴ௞ା௜݃|஻ೖ,ೕ
ଵ(ߪ݀ ௧⁄   

and 

;݃)௧,௜ܪ ݇, ݆) = (
1

௞,௝൯ܤ൫ߪ
නหܴ௞ା௜݃ − ௞,௝หܤ݃
஻ೖ,ೕ

ଵ(ߪ݀ ௧⁄  

(d) For each (݇, ݆) ∈  define ,ܫ

;݃)ܬ ݇, ݆) =
1

௞,௝൯ܥ൫ߪ
නห݃ − ௞,௝หܥ݃
஼ೖ,ೕ

 .ߪ݀

Lemma (4.2.12) [4]: There is a constant ܥ଺.ହ such that 

௧,௜௧ܩ (݃; ݇, ݆) ≤ 2௧ିଵܥ଺.ହ ෍
௞ା௜,௝ᇲ൯ܤ൫ߪ
௞,௝൯(௞ା௜,௝ᇲ)∈ா೔(௞,௝)ܤ൫ߪ

;݃)௧௧ܬ ݇ + ,ݒ ݆ᇱ)	 

for all ݃ ∈ ,ܵ)ଶܮ 1 ,(ߪ݀ ≤ ݐ < ∞, ݅ ∈ ܼାand (݇, ݆) ∈  .ܫ
Proof: By (19) and (53), there is a constant ܥଵ such that 

௞ା௜,௝ᇲ൯ܤ൫ߪ
,ߞ)ܤ)ߪ 2ି௞ି௜ିଶ))

≤ ܿଵ. 
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for all k; ݅ ∈ ܼା, ݆ᇱ ∈ {1, … ,݉(݇	 + 	݅)} and ߞ ∈ ܵ. Let ݃ ∈ ,ܵ)ଶܮ  ,(ߪ݀
1 ≤ ݐ < ∞, 1, ݅ ∈ ܼା	and	(݇, ݆) ∈  Then by Definition (4.2.10) and (21) .ܫ
we have 

න|݃ − ܴ௞ା௜݃|௧

஻ೖ,ೕ

ߪ݀ ≤ ෍ න |݃ − ܴ௞ା௜݃|௧

஺ೖశೡ,ೕᇲ

ߪ݀
(௞ା௜,௝ᇲ)∈ா೔(௞,௝)

	

≤ 2௧ିଵ ෍ න ห݃ − ௞ା௜,௝ᇲหܤ݃
௧

஻ೖశ೔,ೕᇲ

ߪ݀
(௞ା௜,௝ᇲ)∈ா೔(௞,௝)

	

+ 2௧ିଵ ෍ න ห݃ܤ௞ା௜,௝ᇲ
஺ೖశ೔,ೕᇲ(௞ା௜,௝ᇲ)∈ா೔(௞,௝)

− ܴ௞ା௜݃ห
௧
 (54)																																																																							ߪ݀

For each ߞ ∈ ,ߞ)ܤ ௞ା௩,௝ᇲ we haveܣ 2ି௞ି௜ିଶ) ⊂  ௞ା௩,௝ᇲ. Thereforeܤ

ห݃ܤ௞ା௩,௝ᇲ − ܴ௞ା௜݃(ߞ)ห
௧
≤

1
,ߞ)ܤߪ 2ି௞ି௜ିଶ)

න ห݃ܤ௞ା௩,௝ᇲ − ݃ห
௧
ߪ݀

஻(఍,ଶషೖష೔షమ)

≤ ;݃)௧௧ܬଵܥ ݇ + ,ݒ ݆ᇱ) 
for every ߞ ∈ ௞ା௩,௝ᇲܣ . Hence 

න ห݃ܤ௞ା௩,௝ᇲ − ܴ௞ା௜݃ห
௧
ߪ݀

஺ೖశೡ,ೕᇲ

≤ ;݃)௧௧ܬ௞ା௩,௝ᇲ൯ܣ൫ߪଵܥ ݇ + ,ݒ ݆ᇱ). 

Substituting this in (54), we see that if we set ܥ଺.ହ = 1 +  ଵ, then theܥ
lemma holds.  
Lemma (4.2.13) [4]: Suppose that ܺ and ܻ are countable sets and that ܰ 
is a natural number. Suppose that ܶ: ܺ → ܻ is a map that is at most N-to- 
That is, for every ݕ ∈ ݔ}݀ݎܽܿ , ܻ ∈ ܺ: (ݔ)ܶ = {ݕ ≤ ܰ. Then for every 
set of real numbers ൛ܾ௬ൟ௬∈௒,and every symmetric gauge function Φ, we 

have 

Φቀ൛்ܾ(௫)ൟ௫∈௑ቁ ≤ ܰΦ ቀ൛ܾ௬ൟ௬∈௒ቁ 

The next lemma is the most crucial step in the proof of our reverse 
Holder's inequality: extraction of the requisite “small factor”. 
Lemma (4.2.14) [4]: Let	Φ be a symmetric gauge function satisfying 
condition (DQK). Let 1 ≤ ݐ < ∞	and ߳ > 0 also be given. Then there 
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exists a natural number ݒ ∈ ܰ which depends only on	Φ, ݐ, ߳ and the 
complex dimension n such that 

ߔ ቀ൛ܬ௧ ൫݃; ݇ + ,ݒ ,݇)ߟ ݆)൯ൟ(௞,௝)∈ூ೘ቁ ≤ ߳Φቀ൛ܬ௧ (݃; ݇, ݆)ൟ(௞,௝)∈ூ೘శೡ
ቁ 

for all ݃ ∈ ,ܵ)ଶܮ ݉ and .(ߪ݀ ∈ ܰ. 
Proof: We begin by fixing a number of necessary constants. First of all, 
by (20) and (19), there is a natural number ܯଵ ∈ ܰ such that 

൛݆ᇱ݀ݎܽܿ ∈ {1, … . , ݉(݇)}: ௞,௝ᇲܥ ∩ ௞,௝ܥ ≠ 0ൟ ≤ 	(55)																			ଵܯ
for every (݇, ݆) ∈ ݉ Let .ܫ ∈ ܰ. By a standard maximality argument, 
there is a partition 

௠ܫ = ଵܫ ∪ … .∪ ெభܫ 																																																																						(56) 
of the truncated index set ܫ௠ such that for each pair of ݍ ∈ {1, … . ,   {ଵܯ
and ݇ ∈ ܼା, if 

(݇, ݆); (݇, ݆ᇱ) ∈ ݆	݀݊ܽ	௤ܫ ≠ ݆ᇱ																																															(57) 
then ܥ௞,௝ ∩ ௞,௝ᇲܥ = 0. 
Again by (20) and (19), there are constants 0 < ܿଵ ≤ ଵܥ < ∞	such that 

ܿଵ2ିଶ௡௜ ≤
,ߞ)ܤ൫ߪ 2ି௜ݎ)൯
,ߦ)ܤ)ߪ ((ݎ

≤ ܿଵ2ିଶ௡௜															(58) 

holds for all ߞ, ߦ ∈ ܵ, 0 < ݎ ≤ 	8 and ݅ ∈ ܼା. In particular, we have 
(௞,௝ܤ)ߪ ≤ (௞,௝ܥ)ߪ	௞,௝൯andܣ൫ߪଶܥ ≤ ,݇) ௞,௝൯ for everyܤ൫ߪଶܥ ݆) ∈  where ,ܫ
ଶܥ  = (2ଶ௡/ܿଵ). Note that for every ݅ ∈ ܼା, if (݇ + ݅, ݆ᇱ) ∈ ,݇)௜ܧ ݆), then 
௞ା௜௝ᇲܣ ⊂  ௞,௝. Combining these facts with (55), we see that if we setܥ
ଷܥ  =  , then	ଶଶܥଵܯ

෍
௞ା௩,௝ᇲ൯ܤ൫ߪ
௞,௝൯(௞ା௩,௝ᇲ)∈ா೔(௞,௝)ܤ൫ߪ

≤  (59)																										ଷܥ

for all ݅ ∈ ܼା,and (݇, ݆) ∈  .ܫ
Suppose that Φ is a symmetric gauge function satisfying condition 
(DQK). Then Definition (4.2.8) implies that there exist constants 0 <
ߠ < 1 and 0 < ସܥ < ∞ such that 

Φ(ܽ) ≤ 	ܽ	݈݈ܽ	ݎ݋݂	ସܰିఏΦ൫ܽ[ே]൯ܥ ∈ ܿ̂	ܽ݊݀	ܰ ∈  (60)																								ࡺ
Let 1 ≤ ݐ < ∞ be given. We write ܥହ = 	2௧ିଵܥ଺.ହ, where ܥ଺.ହ is the 
constant provided by Lemma (4.2.12) Let ߳ > 0 also be given. We pick 
an ଴ܰ ∈  such that ࡺ

ଵ(ଷܥ4) ௧⁄ ସܰିఏܥ ≤
߳

ହܥଵܯ2
ଵ ௧⁄ 																																											(61) 

Finally, with No so chosen, we pick a ݒ ∈ 	ܰ such that 
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(4 ଴ܰܥଵܥହ2ିଶ௡௩)ଵ ௧⁄ ଵܯ ≤ ߳ 2⁄ 																																													(62) 
What remains is to show that the lemma holds for this ݒ. 

Let ݃ ∈ ,ܵ)ଶܮ  be given. It suffice to consider the case where	(ߪ݀
;݃)௧ܬ ݇, ݆) < ∞ for every (݇, ݆) ∈ ,݇)௠ା௩ For eachܫ ݆) ∈  ௠ Lemmaܫ
(4.2.12)  gives us 

௧,௩௧ܩ (݃; ݇, ݆) ≤ ହܥ ෍
௞ା௩,௝ᇲ൯ܤ൫ߪ
௞,௝൯(௞ା௩,௝ᇲ)∈ாೡ(௞,௝)ܤ൫ߪ

;݃)௧௧ܬ ݇ + ,ݒ ݆ᇱ)

= ହܥ ෍
௞ା௩,௝ᇲ൯ܤ൫ߪ
௞,௝൯(௞ା௩,௝ᇲ)∈ா෨ೡ(௞,௝)ܤ൫ߪ

;݃)௧௧ܬ ݇ + ,ݒ ݆ᇱ)																		(63) 

Where ܧ෨௩(݇, ݆) = {(݇ + ,ݒ ݆ᇱ) ∈ ,݇)௩ܧ ݆): ;݃)௧௧ܬ ݇ + ,ݒ ݆ᇱ) > 0}. Now, for 
every	(݇, ݆) ∈  ௠, we have the decompositionܫ

,݇)෨௩ܧ ݆) = ራ ℓܺ(݇, ݆)
ஶ

ℓୀିஶ

	. 

where ℓܺ(݇, ݆), is the collection of (݇ + ,ݒ ݆ᇱ) ∈ ,݇)௩ܧ ݆), satisfying the 
condition 

2ℓିଵ < ;݃)௧௧ܬ ݇ + ,ݒ ݆ᇱ) ≤ 2ℓ																																											(64) 
ℓ ∈ 	ܼ. For each (݇, ݆) ∈  ௠, define the setsܫ

ܼ(ଵ)(݇, ݆) = ൛ℓ ∈ 	ܼ ∶ 1 ≤ ൫݀ݎܽܿ ℓܺ(݇, ݆)൯ ≤ ଴ܰൟ 
and  

ܼ(ଶ)(݇, ݆) = ൛ℓ ∈ ܼ: ൫݀ݎܽܿ ℓܺ(݇, ݆)൯ ≤ ଴ܰൟ 
It follows from (63) that 

௧,௩௧ܩ (݃; ݇, ݆) ≤ ,݇)ହ൛ܶ(ଵ)ܥ ݆) + ܶ(ଶ)(݇, ݆)ൟ																				(65) 
Where, for ݅ = 1,2, 

ܶ(௜)(݇, ݆) = ෍ ෍
௞ା௩,௝ᇲ൯ܤ൫ߪ
௞,௝൯(௞ା௩,௝ᇲ)∈௑ℓ(௞,௝)ℓ∈௭(೔)(௞,௝)ܤ൫ߪ

;݃)௧௧ܬ ݇ + ,ݒ ݆ᇱ) 

Let us first consider ܶ(ଵ)(݇, ݆). Suppose that (݇, ݆) ∈  ௠is such thatܫ
,݇)(௜)ݖ ݆) ≠ 0.  

Since ܧ௩(݇, ݆) is afinite set, the set ݖ(ଵ)(݇, ݆)is also finite and, 
consequently, has a largest element ߤ(݇, ݆). Thus there is an ߟ(݇, ݆) ∈
{1, … ,݉(݇ + ݇) such that {(ݒ + ,ݒ ,݇)ߤ ݆)) ∈ ఓܺ(௞,௝)(݇, ݆). By (64), we 
have 

2ఓ(௞,௝) ≤ ;݃)௧௧ܬ2 ݇ + ,ݒ ,݇)ߟ ݆)) 
By (58), ܤ)ߪ௞ା௩,௝ᇲ/	ߪ(ܤ௞,௝) ≤ )݀ݎܽܿ ଵ2ିଶ௡௩. Sinceܥ ℓܺ(݇, ݆)) ≤ ଴ܰ for 
every ℓ ∈ ,݇)(ଵ)ݖ ݆)and since ߤ(݇, ݆) is the largest element in ݖ(ଵ)(݇, ݆), 
we have 
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ܶ(ଵ)(݇, ݆) ≤ ෍ ଴ܰܥଵ2ିଶ௡௩2ℓ
ఓ(௞,௝)

ℓୀିஶ

= ଵ2ିଶ௡௩2ఓ(௞,௝)ܥ2 	

≤ 4 ଴ܰܥଵ2ିଶ௡௩ܬ௧௧(݃; ݇ + ,ݒ ,݇)ߟ ݆)) 
If (݇, ݆) ∈ ,݇)(ଵ)ݖ ௠ is such thatܫ ݆) = 0	then ܶ(ଵ)(݇, ݆) = 0. Thus we 
conclude that for every (݇, ݆) ∈ ,݇)ߟ ௠, there is anܫ ݆) ∈ {1,… ,݉(݇ +  {(ݒ
such that (݇ + ,ݒ ,݇)ߤ ݆)) ∈ ,݇)௩ܧ ݆) and such that 

ܶ(ଵ)(݇, ݆) ≤ 4 ଴ܰܥଵ2ିଶ௡௩ܬ௧௧൫݃; ݇ + ,ݒ ,݇)ߟ ݆)൯																								(66) 
Now define the map	߮:	ܫ௠ → ,݇)߮ ௠ା௩. by the formulaܫ ݆) =

(݇ + ,ݒ ,݇)ߟ ݆)). 
	(݇, ݆) ∈ ݇ ௠. Ifܫ ∈ ܼା	and ݆ଵ, ݆ଶ ∈ {1,… ,݉(݇)}	are such that 
,݇)ߟ ݆ଵ) = ,݇)ߟ ݆ଵ), then, by the definition of ߟ we have ܧ௩(݇, ݆ଵ)	∩
,݇)௩ܧ ݆ଶ) ≠ 0 By (53), if ܣ௞ା௜,௝ᇲ ∩ ௞,௝ܤ ≠ 0,then ܣ௞ା௜,௝ᇲ ⊂  . ௞,௝ܥ
Hence the condition ܧ௩(݇, ݆ଵ)	∩ ,݇)௩ܧ ݆ଶ) ≠ 0 , implies ܥ௞,௝భ ∩
௞,௝మܥ ≠ 0. By (55), the map ߮:	ܫ௠ →  ଵ-to-1. Thusܯ ௠ା௩is at mostܫ
Lemma (4.2.13) gives us 

Φቀ൛ܬ௧ (݃; ݇ + ,ݒ ,݇)ߟ ݆))ൟ(௞,௝)∈ூ೘ቁ = Φቀ൛ܬ௧൫݃; ߮(݇, ݆)൯ൟ(௞,௝)∈ூ೘ቁ

≤ M1Φ ቀ൛ݐܬ(݃; ݇, ݆)ൟ(݇,݆)∈ݒ+݉ܫቁ 
By (66), we have 

൫ܶ(ଵ)(݇, ݆)൯
ଵ ௧⁄

≤ (4 ଴ܰܥଵ2ିଶ௡௩)ଵ ௧⁄ ;݃)௧ܬ ݇ + ,ݒ ,݇)ߟ ݆)) 
for every (݇, ݆) ∈  ௠The combination of these two inequalities gives usܫ

Φ൬ቄ൫ܶ(ଵ)(݇, ݆)൯
ଵ ௧⁄
ቅ
(௞,௝)∈ூ೘

൰

≤ (4 ଴ܰܥଵ2ିଶ௡௩)ଵ ௧⁄ MଵΦ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯																															(67) 
It follows from (65) that 

;݃)௧,௩ܩ ݇, ݆) ≤ ହܥ
ଵ ௧⁄ ቄ൫ܶ(ଵ)(݇, ݆)൯

ଵ ௧⁄
+ ൫ܶ(ଶ)(݇, ݆)൯

ଵ ௧⁄
ቅ 

Hence 
Φቀ൛ܩ௧,௩(݃; ݇, ݆)ൟ(௞,௝)∈ூ೘ቁ

≤ ହܥ
ଵ ௧⁄ Φ൬ቄ൫ܶ(ଵ)(݇, ݆)൯

ଵ ௧⁄ ቅ
(௞,௝)∈ூ೘

൰

+ ହܥ
ଵ ௧⁄ Φ൬ቄ൫ܶ(ଶ)(݇, ݆)൯

ଵ ௧⁄ ቅ
(௞,௝)∈ூ೘

൰

≤ (߳ 2⁄ )Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯ + ହܥ
ଵ ௧⁄ Φ൬ቄ൫ܶ(ଶ)(݇, ݆)൯

ଵ ௧⁄ ቅ
(௞,௝)∈ூ೘

൰. 

where the second ≤follows from (67) and (62). Thus the proof of the 
lemma is reduced to the proof of the inequality 
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ହܥ
ଵ ௧⁄ Φ൬ቄ൫ܶ(ଶ)(݇, ݆)൯

ଵ ௧⁄
ቅ
(௞,௝)∈ூ೘

൰ ≤ (߳ 2⁄ )Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯ 

By (56) and (35), this inequality will follow if we can show that 

Φቆቄ൫ܶ(ଶ)(݇, ݆)൯
ଵ ௧⁄
ቅ
(௞,௝)∈ூ೜

ቇ

≤
߳

ହܥଵܯ2
ଵ ௧⁄ Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯																											(68) 

for every ݍ ∈ {1,… 	.{ଵܯ,
To prove (68), consider any ݍ ∈ {1, … ሚ௤ܫ and define	ଵ}ܯ, = ൛(݇, ݆) ∈
:௤ܫ ,݇)(ଶ)ݖ ݆) ≠ 0ൟ. Again, each ݖ(ଶ)(݇, ݆).is a finite set because  
,݇)௩ܧ)݀ݎܽܿ ݆)) < ∞. Thus for each (݇, ݆) ∈ ,݇)(ଶ)ݖ ,ሚ௤ܫ ݆). has a largest 
element ℷ(݇, ݆)That is, 

)݀ݎܽܿ ℷܺ(௞,௝)(݇, ݆) > ଴ܰ																																								(69)	
and ℓ ∉ 	 ,݇)(ଶ)ݖ ݆)	݂݅	ℓ > ℷ(݇, ݆). For each (݇, ݆) ∈ ,݇)ሚ௤, pick an ℎܫ ݆) ∈
{1, … ,݉(݇ + ݇) such that {(ݒ + ,ݒ ℎ(݇, ݆)) ≤ ℷܺ(௞,௝)(݇, ݆). 

Since	 ℷܺ(௞,௝) is the largest element in ݖ(ଶ)(݇, ݆), by (64) we have 
;݃)௧௧ܬ ݇ + ,ݒ ݆ᇱ) ≤ ;݃)௧௧ܬ2 ݇ + ,ݒ (݇, ݇)	ݕݎ݁ݒ݁	ݎ݋݂	((݆ + ,ݒ ݆ᇱ)

∈ ራ ܺℓ(݇, ݆)
ℓ∈	௭(మ)(௞,௝)	

 

Combining this with the definition of ܶ(ଶ)(݇, ݆) and with (59), we obtain 
ܶ(ଶ)(݇, ݆) ≤ ;݃)௧௧ܬଷܥ2 ݇ + ,ݒ (݇, ݆)). 

Thus ቀܶ(ଶ)(݇, ݆)ቁ
ଵ ௧⁄

≤ ଵ(ଷܥ2) ௧⁄ ௧ܬ ൫݃; ݇ + ,ݒ (݇, ݆)൯ for every (݇, ݆) ∈ ሚ௤ܫ 	.	 
Consequently, 

Φቆቄ൫ܶ(ଶ)(݇, ݆)൯
ଵ ௧⁄
ቅ
	(௞,௝)∈ூ೜

ቇ = Φቆቄ൫ܶ(ଶ)(݇, ݆)൯
ଵ ௧⁄
ቅ
	(௞,௝)∈ூሚ೜

ቇ

≤ ଵ(ଷܥ2) ௧⁄ Φ൬൛ܬ௧ (݃; ݇ + ,ݒ ℎ(݇, ݆))ൟ(௞,௝)∈ூሚ೜൰														(70) 

Recall that the condition ܣ௞ା௜,௝ᇲ ∩ ௞,௝ܤ ≠ 0; implies ܣ௞ା௜,௝ᇲ ⊂  .௞,௝ܥ
Combining this fact with (57), we have ܧ௩(݇ଵ, ݆ଵ) ,௩(݇ଶܧ	∩ ݆ଶ) = 0 ; for 
all (݇ଵ, ݆ଵ) ≠ (݇ଶ, ݆ଶ)	in	ܫሚ௤Therefore 
ܺℷ(௞భ,௝భ)(݇ଵ, ݆ଵ) ∩ ܺℷ(௞మ,௝మ)(݇ଶ, ݆ଶ) = ,ଵ݇)	݈݈ܽ	ݎ݋݂	0 ݆ଵ)

≠ (݇ଶ, ݆ଶ)																																																																		(71) 
in ܫሚ௤. 
Note that (64) also gives us 
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௧ܬ (݃; ݇ + ,ݒ (݇, ݆)) ≤ 2ଵ ௧⁄ ௧ܬ (݃; ݇ + ,ݒ ݆ᇱ)																										(72) 
for every (݇ + ,ݒ ݆ᇱ) ∈ ℷܺ(௞,௝)(݇, ݆). 

If (݇, ݆) ∈ ,݇)ሚ௤, then, of course, ℷܺ(௞,௝)ܫ ݆) ⊂ -௠ା௩. Thus, if we reܫ
enumerate the numbers ൛ܬ௧ (݃; ݇ + ,ݒ ℎ(݇, ݆))ൟ(௞,௝)∈ூሚ೜	in the form ܾ =

{ܾଵ, … , ௜ܾ}, then it follows from the combination of (72), (71) and (69) 
that Φ൫ܾ[ேబ]൯ ≤ 2ଵ ௧⁄ Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯. 

Applying (60), we now have 

Φ൬൛ܬ௧ (݃; ݇ + ,ݒ ℎ(݇, ݆))ൟ(௞,௝)∈ூሚ೜൰ = Φ(ܾ) ≤ ସܥ ଴ܰ
ିఏΦ൫ܾ[ேబ]൯

≤ 2ଵ ௧⁄ ସܥ ଴ܰ
ିఏΦ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯ 

Combining this with (70) and (61), we have 

Φቆቄ൫ܶ(ଶ)(݇, ݆)൯
ଵ ௧⁄
ቅ
	(௞,௝)∈ூ೜

ቇ ≤ ଵ(ଷܥ4) ௧⁄ ସܥ ଴ܰ
ିఏΦ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯

≤
߳

ହܥଵܯ2
ଵ ௧⁄ Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯.																														(73) 

This proves (68) and completes the proof of the lemma.  
Lemma (4.2.15) [4]: There exists a constant ܥ଺.଼ which depends only on 
the complex dimension ݊ such that the inequality 

;݃)௧,௜ܪ ݇, ݆) ≤ ;݃)ܬ଺.଼2ଶ௡௜ܥ ݇, ݆). 
holds for all ݃ ∈ ,ܵ)ଶܮ ,݇)	, (ߪ݀ ݆) ∈ ݅ .ܫ ∈ ܼା and 1 ≤ ݐ < ∞. 
Proof: Let ݃ ∈ ,ܵ)ଶܮ ,݇) and (ߪ݀ ݆) ∈ ߞ If .ܫ ∈ ݅ ௞,௝andܤ ∈ ܼା then 
,ߞ)ܤ  2ି௞ି௜ିଶ) ⊂  ௞,௝ , and consequentlyܥ

|(ܴ௞ା௜݃)(ߞ) − |௞ା௜ܥ݃ ≤
1

,ߞ)ܤ 2ି௞ି௜ିଶ)
න |݃ − |௞ା௜ܥ݃

஻(఍,ଶషೖష೔షమ)

ߪ݀

≤
(௞ା௜ܥ)ߪ

,ߞ)ܤ 2ି௞ି௜ିଶ)
.

1
(௞ା௜ܥ)ߪ

න |݃ − |௞ା௜ܥ݃
ఙ(஼ೖశ೔)

ߪ݀

≤ (2ଵ଴௡ ⁄ଵܥ )2ଶ௡௜ܬ(݃; ݇, ݆). 
where the third ≤ follows from (58). On the other hand, 

௞ା௜ܥ݃| − |௞ା௜ܤ݃
1

(௞ା௜ܤ)ߪ
න ௞ା௜ܥ݃| − ݃|

஻ೖశ೔

ߪ݀ ≤
(௞ା௜ܥ)ߪ
(௞ା௜ܤ)ߪ

.
1

(௞ା௜ܥ)ߪ
න ௞ା௜ܥ݃| − ݃|

஼ೖశ೔

ߪ݀

≤ (2ଶ௡ ⁄ଵܥ )2ଶ௡௜ܬ(݃; ݇, ݆). 
where the last	≤ again follows from (58). Write ܥ଺.଼ = (2ଵ଴௡ ⁄ଵܥ ) +
(2ଶ௡ ⁄ଵܥ ). Then the above two inequalities together give us 
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|(ܴ௞ା௜݃)(ߞ) − |௞ା௜ܥ݃ ≤ ;݃)ܬ଺.଼2ଶ௡௜ܥ ݇, ݆). 
for every ߞ ∈  .௞,௝ . Recalling Definition (4.2.11) (c), the lemma followsܤ
Definition (4.2.16) [4]:  

(a) For each (݇, ݆) ∈ ,݇)ܧ we set ,ܫ ݆) = ൛(݇ᇱ, ݆ᇱ) ∈ :ܫ ݇ᇱ ≤
݇, ௞ᇲ,௝ᇲݑ)݀ 	, (௞,௝ݑ < 2ି௞ାହൟ	 and ܩ(݇, ݆) = ൛(݇ᇱ, ݆ᇱ) ∈ :ܫ ݇ᇱ ≤
		݇, ௞ᇲ,௝ᇲܣ ∩ ௞ା௜ܤ ≠ 0ൟ.	
(b)  For	݃ ∈ ,ܵ)ଶܮ ,݇) and	(ߪ݀ ݆) ∈ ;݃)ܯ we set .ܫ ݇, ݆) 	=
;݃)ܬ}݌ݑݏ	 ݇ᇱ, ݆ᇱ): (݇ᇱ, ݆ᇱ) ∈ ,݇)ܧ ݆)}.	

Proposition (4.2.17) [4]: Let 1 ≤ ݐ < ∞. Then there exists a constant 
଺.ଵ଴ܥ  = ,ݐ)଺.ଵ଴ܥ ݊)	such that the inequality 

;݃)௧ܬ ݇, ݆) ≤ ;݃)ܯ଺.ଵ଴ܥ	 	݇; 	݆).	
holds for all ݃ ∈ ,ܵ)ଶܮ ,݇) and (ߪ݀ ݆) ∈  ,ܫ

Obviously, Proposition (4.2.17) follows from a more structured 
version of the well-known John-Nirenberg theorem, a version that 
incorporates our particular decomposition scheme (20), (21) and (53). As 
such, the proof of Proposition (4.2.17)  is relegated to the Appendix [4]. 
Proposition (4.2.18) [4]: Let 1 ≤ ݐ < ∞. There exists a constant  ܥ଺.ଵଵ =
,ݐ)଺.ଵଵܥ ݊)	such that if Φ is any symmetric gauge function, ݃ ∈
,ܵ)ଶܮ and ℓ(ߪ݀ ∈ ܼା, then 

Φ൬{ܬ௧(݃; ℓ, ݅)}௜ୀଵ
௠(ℓ) ൰ ≤ ;݃)ܬ}଺.ଵଵΦ൫ܥ ݇, ݆)}(௞,௝)∈ூ൯. 

Proof: By (20) and (19), there is a natural number ܮ such that the 
inequality 

൛݆ᇱ݀ݎܽܿ ∈ {1,… ,݉(݇)}: ௞,௝ᇲݑ)݀ , (௞,௝ݑ < 2ି௞ା଺ൟ ≤ 	(74)																							ܮ
holds for every (݇, ݆) ≤ Let 1 .ܫ ≤ ݐ < 1 be given Let ݃ ∈ ,ܵ)ଶܮ  and	(ߪ݀
symmetric gauge function Φ also be given To prove (73), it suffices to 
consider the case where Φ൫{ܬ(݃; ݇, ݆)}(௞,௝)∈ூ൯ < ∞. Note that this implies 

sup
(௞,௝)ஸூ

;݃)ܬ ݇, ݆) < ∞. 

Let ℓ ∈ ܼା. Then for each	݅ ∈ {1, … ,݉(݇)} there is an ℎ(݅) ∈
,ℓ)ܧ ݅)	such that 

;݃)ܬ ℎ(݅)) ≥
1
2
;݃)ܯ ℓ, ݅). 

Applying Proposition (4.2.17), we have 
;݃)௧ܬ ℓ, ݅) ≤ ;݃)ܯ଺.ଵ଴ܥ ℓ, ݅) ≤ ;݃)ܬ଺.ଵ଴ܥ2 ℎ(݅)). 

݅ ∈ {1, … ,݉(݇)}. Consequently, 
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Φ൬{ܬ(݃; ℓ, ݅)}௜ୀଵ
௠(ℓ) ൰ ≤ ;݃)ܬ}଺.ଵ଴Φ൬ܥ2 ℎ(݅))}௜ୀଵ

௠(ℓ) ൰															(75) 

If ݅, ݅ᇱ ∈ {1, … ,݉(݇)} are such that ℎ(݅) = ℎ(݅ᇱ), then ܧ(ℓ, ݅) ∩
,ℓ)ܧ ݅ᇱ) ≠ 0 which means that there is some (݇଴, ݆଴) such that 
,	ℓ,௜ݑ)݀ (௞బ,௝బݑ < 2ିℓାହ and ݀(ݑℓ,௜ᇲ 	, (௞బ,௝బݑ < 2ିℓାହ. 

Hence if ℎ(݅) = ℎ(݅ᇱ), then ݀(ݑℓ,௜	, (ℓ,௜ᇲݑ < 2ିℓା଺. Thus, by (74), 
the map ℎ: {1, … ,݉(ℓ)} →  is at most L-to-1. Therefore it follows from .ܫ
Lemma (4.2.13) that 

Φ൬{ܬ(݃; ℎ(݅))}௜ୀଵ
௠(ℓ) ൰ ≤ ;݃)ܬ}Φ൫ܮ ݇, ݆)}(௞,௝)∈ூ൯. 

Combining this with (75), we see that the proposition holds for the 
constant ܥ଺.ଵଵ = 	.଺.ଵ଴ܥܮ2
After the extensive preparation above, here is our reverse HÖlder's 
inequality: 
Proposition (4.2.19) [4]: Let Φ be a symmetric gauge function satisfying 
condition (DQK), and let 1 ≤ ݐ < ∞. Then there exists a constant ܥ଺.ଵଶ 
which depends only on	Φ ,ݐ	and the complex dimension ݊ such that 

Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯ ≤ ;݃)ܬ}଺.ଵଶΦ൫ܥ ݇, ݆)}(௞,௝)∈ூ൯																			(76) 
for every ݃ ∈ ,ܵ)ଶܮ  (ߪ݀
Proof: Given Φand t as in the statement of the proposition, Lemma 
(4.2.14) provides a ݒ ∈ 	ܰ	such that 

Φቀ൛ܩ௧,௩(݃; ݇, ݆)ൟ(௞,௝)∈ூ೘ቁ ≤
1
2
Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯																					(77) 

for all ݃ ∈ ,ܵ)ଶܮ ݉ and (ߪ݀ ∈ ܰ. By Lemma (4.2.15), we also have 
Φቀ൛ܪ௧,௩(݃; ݇, ݆)ൟ(௞,௝)∈ூ೘ቁ ≤ ;݃)ܬ}଺.଼2ଶ௡௩Φ൫ܥ ݇, ݆)}(௞,௝)∈ூ೘൯															(78) 

for all ݃ ∈ ,ܵ)ଶܮ ݉ and(ߪ݀ ∈ To prove (76), we only need to consider 
݃ ∈ ,ܵ)ଶܮ ;݃)ܬ}satisfying the condition Φ൫	(ߪ݀ ݇, ݆)}(௞,௝)∈ூ൯ < ∞. By 
Proposition (4.2.17), this implies ܬ௧(݃; ݇, ݆) < ∞ for every (݇, ݆) ∈  .ܫ

Since ܫ௠ା௩ = ௠ܫ ∪  by (35) we have ,{௠ܫ\௠ା௩ܫ}
Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯

≤ Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘൯ + Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ\ூ೘൯

≤ Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘൯ + ෍ Φቀ{ܬ௧(݃; ℓ, ݅)}௜ୀଵ
௠(ℓ)ቁ

௠ା௩

ℓୀ௠ାଵ

. 

Applying Proposition (4.2.18), we obtain 
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Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘శೡ൯
≤ Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘൯ + ;݃)ܬ}଺.ଵଵΦ൫ܥݒ ݇, ݆)}(௞,௝)∈ூ൯ 

Substituting this in (77), we have 

Φቀ൛ܩ௧,௩(݃; ݇, ݆)ൟ(௞,௝)∈ூ೘ቁ

≤
1
2
Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘൯ + ;݃)ܬ}଺.ଵଵΦ൫ܥݒ ݇, ݆)}(௞,௝)∈ூ൯. 

By Definition (4.2.11), ܬ௧(݃; ݇, ݆) ≤ ;݃)௧,௩ܩ	 ݇, ݆) 	+ ;݃)௧,௩ܪ ݇, ݆). Thus, 
combining the above inequality with (78), we find that 
Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘൯

≤ Φቀ൛ܩ௧,௩(݃; ݇, ݆)ൟ(௞,௝)∈ூ೘ቁ + Φ ቀ൛ܪ௧,௩(݃; ݇, ݆)ൟ(௞,௝)∈ூ೘ቁ

≤
1
2
Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘൯

+ ଺.ଵଵܥݒ) + ;݃)ܬ}଺.଼2ଶ௡௩)Φ൫ܥ ݇, ݆)}(௞,௝)∈ூ೘൯ 
Thus the obvious cancellation in the above leads to 
Φ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ೘൯ ≤ ଺.ଵଵܥݒ)2 + ;݃)ܬ}଺.଼2ଶ௡௩)Φ൫ܥ ݇, ݆)}(௞,௝)∈ூ೘൯ 

Since ݉ ∈ ܰ is arbitrary, recalling (1), we conclude that the proposition 
holds for the constant ܥ଺.ଵଶ = ଺.ଵଵܥݒ)2 + 	.(଺.଼2ଶ௡௩ܥ
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Section (4.3): Upper Bound 
 

We now turn to the estimate of ฮܲ,ܯ௚ฮ௉
ି

 . As it happens, this 
estimate involves a new and quite elaborate interpolation scheme. In 
other words, this is not the standard kind of interpolation [3]. Our 
estimate of ฮܲ,ܯ௚ฮ௉

ି
will be realized through an interpolation between 

the norms ‖·‖௥ᇲ
ା 	and ‖·‖௥

ା 	where ݎᇱ < ݌	 <  What complicates the .ݎ	
matter is that estimates of ‖·‖௥ᇲ

ା 	and ‖·‖௥
ା 	are themselves obtained 

through interpolation between Schatten classes. Thus the estimate of 
ฮൣܲ,ܯ௚൧ฮ௉

ି
is really a two-stage interpolation. 

For each operator A we introduce the distribution function 
஺ܰ(ݏ) = ൛݆݀ݎܽܿ ∈ (ܣ)௝ݏ	:ܰ >  ,ൟݏ

ݏ > 0, where ݏଵ(ܣ), ,(ܣ)ଶݏ … , ,(ܣ)௝ݏ …	are the s-numbers of	ܣ. Also 
recall that we have the inequality 

஺ܰା஻(ݏ) ≤ 	 ஺ܰ(2/ݏ) + ஻ܰ(2/ݏ)	
We define the measure 

,ݔ)ߤ݀ (ݕ =
(ݕ)ߪ݀(ݔ)ߪ݀
|1 − ,ݔ〉 ଶ௡|〈ݕ

 

on ܵ × ܵ. For each 1 < ݌ < ∞, let ܮ௦௬௠௉ (ܵ × ܵ,  be the collection of	(ߤ݀
functions ܨ on ܵ × ܵ which are ܮ௉ with respect to ݀ߤ and which satisfy 
the condition 

,ݔ)ܨ| |(ݕ = ,ݕ)ܨ| ,|(ݔ ,ݔ) (ݕ ∈ ܵ × ܵ. 
For each ܨ ∈ ௦௬௠௉ܮ (ܵ × ܵ,  define ிܶ to be the integral operator on ,	(ߤ݀
,ܵ)ଶܮ  with the kernel function(ߪ݀

,ݔ)ிܭ (ݕ =
,ݔ)ܨ (ݕ

(1 − ,ݔ〉 ௡(〈ݕ
. 

For these operators we have the following weak-type inequality: 
Proposition (4.3.1) [4]: Given any 2 < ݌ < ∞, there is a constant ܥ଻.ଵ =
,݌)଻.ଵܥ ݊) such that 

்ܰி(ݐ) ≤
଻.ଵܥ
௉ݐ

නන
,ݔ)ܨ| ௉|(ݕ

|1 − ,ݔ〉 ଶ௡|〈ݕ
 .(ݕ)ߪ݀(ݔ)ߪ݀

For all ܨ ∈ ௦௬௠௉ܮ (ܵ × ܵ, ݐ and (ߤ݀ > 0. 
Definition (4.3.3) [4]:  

(a)  A subset ܻ of ܵ × ܵ is said to be symmetric if for every (ݔ, (ݕ ∈
ܵ × ܵ, we have (ݔ, (ݕ ∈ ܻ if and only if (ݔ, (ݕ ∈ ܻ. 
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(b)  ܵ × ܵ, we let ܥ(݃, ܻ	) 
denote the integral operator on ܮଶ(ܵ,  with the kernel function(ߪ݀

,ݔ)ܻ߯ (ݕ =
(ݕ)݃ − (ݔ)݃
(1 − ,ݔ〉 ௡(〈ݕ

. 

Definition (4.3.4) [4]: (a) For each ݇ ∈ 	ܼା,	let ܧ௞ = ,ݔ)} (ݕ ∈ 	ܵ × ܵ ∶
2ି௞ ≤ ,ݔ)݀	 (ݕ < 2ି௞ାଵ}. (b) For each (݇, ݆) ∈ ௞,௝ܦ we set ,ܫ = ௞,௝ܤ	 	×
 .௞,௝is defined in (53)ܤ , where	௞,௝ܤ
(c) For each (݇, ݆) ∈ we set ܴ௞,௝ ,ܫ =  .௞ܧ	\௞,௝ܦ	

We are now ready to carry out the out two-stage interpolation for 
ฮܲ,ܯ௚ฮ௉

ି
. The first interpolation is a more refined version: 

Proposition (4.3.4) [4]: Let 2 < ݌ < ݐ < ∞. Then there is a constant 
଻.ସܥ 	= ,݌)଻.ସܥ ,ݐ ݊).  
Such that the following estimate holds: Suppose that ܩ is a subset 
of	ܫ	and that ܻ is a measurable, symmetric subset of ܵ × ܵ satisfying the 
condition 

ܻ ⊂ ራ ܴ௞,௝
(௞,௝)∈ீ

	 .	

Then 
;݃)ܥ‖ ܻ)‖௉ା ≤ Φ௉	଻.ସܥ

ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ீ൯	݂ݎ݋	ݕݎ݁ݒ݁	݃ ∈ ,ܵ)ଶܮ  	(ߪ݀
Proof: Let 2 < ݌ < ݐ < ∞. By (19), it is elementary that there is a 
constant ܥ such that 

2ସ௡௞න න|݃(ݔ) − (ݕ)ߪ݀(ݔ)ߪ௧݀|(ݕ)݃
஽ೖ,ೕ

≤ ;݃)௧௧ܬܥ ݇, ݆). 

for all ݃ ∈ ,ܵ)ଶܮ ,݇) and (ߪ݀ ݆) ∈  Let G and Y be as in the statement of .ܫ
the proposition. 

To prove the proposition, it suffices to consider ݃ ∈ ,ܵ)ଶܮ  .(ߪ݀
satisfying the condition	ܥ଻.ସ	Φ௉

ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ீ൯ < ∞ 
Let us estimate ஼ܰ(௚;௒)(ݏ), ݏ > 0. For this, we will decompose the 

integral operator ܥ(݃; ܻ)in the form ܥ(݃; ܻ) = ௦ܣ +  ௦ and takeܤ
advantage of the inequality 

஼ܰ(௚;௒)(ݏ) ≤ ஺ܰೞ(ݏ 2⁄ ) + ஻ܰೞ(ݏ 2⁄ ) 
We will then estimate ஺ܰೞ(ݏ 2⁄ )by Proposition (4.3.2) and estimate 

஻ܰೞ(ݏ 2⁄ ) by using the Hilbert-Schmidt norm ‖ܤ௦‖ଶ. But first we need to 
define ܣ௦ and ܤ௦. Let us write 
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ܴ = 2ଵ ௉⁄ ܲ
ܲ − 1

	Φ௉
ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ீ൯																														(79) 

Set ࣨ = ܰ in the case ܿܽ(ܩ)݀ݎ = ∞	and set ࣨ = {1, … ,݉} in the case 
(ܩ)݀ݎܽܿ = ݉ < 	∞. By Lemma (4.1.6), there is a bijection ߨ:ࣨ →  ܩ
such that 

;݃)௧ܬ ((݅)ߨ ≤
ܴ
݅ଵ ௉⁄ ݅	ݕݎ݁ݒ݁	ݎ݋݂ ∈ ࣨ																										(80) 

Let (ݏ)ܩ = :(݅)ߨ} 1 ≤ ݅ <  ௉}. We define(ݏ/ܴ)

(ݏ)ܹ = ራ ൫ܻ⋂ܴ௞,௝൯
(௞,௝)∈ீ(௦)

(ݏ)ܨ	݀݊ܽ = 	.(ݏ)ܹ\ܻ

Now we let ܣ௦ and ܤ௦ be the integral operators on ܮଶ(ܵ,  with the (ߪ݀
kernel functions 

,ݔ)(ݏ)ܨ߯ (ݕ
(ݕ)݃ − (ݔ)݃
(1 − ,ݔ〉 ௡(〈ݕ

,ݔ)(ݏ)ܹ߯	݀݊ܽ		 (ݕ
(ݕ)݃ − (ݔ)݃
(1 − ,ݔ〉 ௡(〈ݕ

. 

respectively. We first estimate ஺ܰೞ(2/ݏ). 
Since ܻ ⊂ ⋃ ܴ௞,௝	(௞,௝)∈ீ  by assumption, we have (ݏ)ܨ 	⊂

⋃ ܴ௞,௝	(௞,௝)∈ீ\ீ(௦)  Hence 

න න
(ݕ)݃| − ௧|(ݔ)݃

|1 − ,ݔ〉 ଶ௡|〈ݕ
ி(௦)

(ݕ)ߪ݀(ݔ)ߪ݀

≤ ෍ න න
(ݕ)݃| − ௧|(ݔ)݃

|1 − ,ݔ〉 ଶ௡|〈ݕ
ோೖ,ೕ(௞,௝)∈ீ\ீ(௦)

(ݕ)ߪ݀(ݔ)ߪ݀

≤ ෍ 2ସ௡௞න න|݃(ݕ) − (ݕ)ߪ݀(ݔ)ߪ௧݀|(ݔ)݃
஽ೖ,ೕ(௞,௝)∈ீ\ீ(௦)

≤ ܥ ෍ ;݃)௧௧ܬ ݇, ݆)
(௞,௝)∈ீ\ீ(௦)

= ܥ ෍ ;௧௧൫݃ܬ ൯(݅)ߨ
௜ஹ(ோ ௦⁄ )ು

≤ ܥ ෍ ൫ܴ ݅ଵ ௉⁄⁄ ൯௧

௜ஹ(ோ ௦⁄ )ು
		൫ܾ(80)ݕ൯ ≤ ܴ௧. ଵܥ ൬max ൜1,

ܴ
2
ൠ൰

௉൫ଵି(௧ ௉⁄ )൯

= ଵܴ௧ܥ ൬max ൜1,
ܴ
2
ൠ൰

௉ି௧

. 
where the last ≤ is the reason why we must require ݐ >  Since the set .݌
 is symmetric, we can apply Proposition (4.3.2) to obtain (ݏ)ܨ
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஺ܰೞ ቀ
ݏ
2
ቁ ≤ ݏ)଻.ଵܥ 2⁄ )௧න න

(ݕ)݃| − ௧|(ݔ)݃

|1 − ,ݔ〉 ଶ௡|〈ݕ
ி(௦)

(ݕ)ߪ݀(ݔ)ߪ݀

≤ ݏ)଻.ଵܥ 2⁄ )௧. ଵܴ௧ܥ ൬max ൜1,
ܴ
2
ൠ൰

௉ି௧

≤ 2௧ܥଵܥ଻.ଵܴ௉ିݏ௉							(81) 

where the last ≤ also uses the assumption ݐ >  ,(2/ݏ)To estimate ஻ܰೞ.݌
note that 

௦‖ଶଶܤ‖ = න න
(ݕ)݃| − ௧|(ݔ)݃

|1 − ,ݔ〉 ଶ௡|〈ݕ
ௐ(௦)

(ݕ)ߪ݀(ݔ)ߪ݀

≤ ෍ න න
(ݕ)݃| − ௧|(ݔ)݃

|1 − ,ݔ〉 ଶ௡|〈ݕ
ோೖ,ೕ(௞,௝)∈ீ(௦)

(ݕ)ߪ݀(ݔ)ߪ݀

≤ ෍ 2ସ௡௞න න|݃(ݕ) − (ݕ)ߪ݀(ݔ)ߪ௧݀|(ݔ)݃
஽ೖ,ೕ(௞,௝)∈ீ(௦)

≤ ଶܥ ෍ ;݃)௧ଶܬ ݇, ݆)
(௞,௝)∈ீ(௦)

. 

where the last follows from (19) and HÖlder's inequality. Recalling (80), 
we have 

௦‖ଶଶܤ‖ ≤ ଶܥ ෍ ;݃)௧ଶܬ ((݅)ߨ
గ(௜)∈ீ(௦)

≤ ଶܥ ෍ ൫ܴ ݅ଵ ௉⁄⁄ ൯
௧

ଵஸ௜ழ(ோ ௦⁄ )ು

≤ .ଷܴଶܥ (ܴ ⁄ݏ )௉൫ଵି(௧ ௉⁄ )൯ =  ௉ାଶିݏଷܴଶܥ
Therefore 

	ܰ஻ೞ(ݏ 2⁄ ) ≤ (2 ⁄ݏ )ଶ‖ܤ௦‖ଶଶ ≤  .௉ିݏଷܴ௉ܥ4
Combining this with (81) and recalling (79), we have 
	ܰ஼(௚;௒)	(ݏ) ≤ {2௧ܥଵܥ଻.ଵ + ௉ିݏଷ}ܴ௉ܥ4

= ସ൛Φ௉ܥ
ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ீ൯ൟ

௉
 .௉ିݏ

If ݒ ∈ ܰ and ܽ௩ > 0 are such that ்ܰ(ܽ௩) < (ܶ)௩ݏ then ,ݒ ≤ ܽ௩. Hence it 
follows from the above inequality that the s-numbers of ܥ(݃; ܻ)	satisfy 
the condition 

;݃)ܥ௩൫ݏ ܻ)൯ ≤ ଵ(ସܥ2) ௉⁄ Φ௉
ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ீ൯ିݒଵ ௉⁄  

for every ݒ ∈ ܰ. Therefore 
;݃)ܥ‖ ܻ)‖௉ା ≤ ଵ(ସܥ2) ௉⁄ Φ௉

ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ீ൯ 
This completes the proof of the proposition.  
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The second stage of our interpolation requires the estimates 
obtained. 
Proposition (4.3.5) [4]: Let 2 < ݌ < ∞. Then there is a constant ܥ଻.ହ =
,݌)଻.ହܥ ݊) such that ฮܲ,ܯ௚ฮ௉

ି
≤ ଻.ହΦ௉ܥ

ି൫{ܬ(݃; ݇, ݆)}(௞,௝)∈ூ൯	for every ݃ ∈
,ܵ)ଶܮ  .(ߪ݀
Proof. Given 2 < ݌ < ∞, we pick a t such that ݌ < ݐ < ∞. Lemma 
(4.2.8) tells us that the symmetric gauge function Φ௉

ି satisfies condition 
(DQK). Thus, by Proposition (4.2.19), 

Φ௉
ି൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯ ≤ ଺.ଵଶΦ௉ܥ

ି൫{ܬ (݃; ݇, ݆)}(௞,௝)∈ூ൯ 
for every ݃ ∈ ,ܵ)ଶܮ  Hence it suffices to show that there is a constant .(ߪ݀
 such that	ܥ

ฮܲ,ܯ௚ฮ௉
ି
≤ Φ௉ܥ

ି൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯																														(82) 
for every ݃ ∈ ,ܵ)ଶܮ  .(ߪ݀

To prove (82), we pick ݎ and ݎᇱ such that 2 < ᇱݎ < ݌ < ݎ <
݃ Given	.ݐ ∈ ,ܵ)ଶܮ ,(ݏ)let us estimate ܰൣ௉;ெ೒൧,(ߪ݀ ݏ > 	0. The idea is to 

decompose ൣܲ;ܯ௚൧ in the form ܥ(݃; ௦ܺ) + ;݃)ܥ ௦ܻ) and take advantage 
of the inequality 

ܰൣ௉;ெ೒൧(ݏ) ≤ 	ܰ஼(௚;௑ೞ)	(ݏ 2⁄ ) + 	ܰ஼(௚;௒ೞ)	(ݏ 2⁄ )																	(83) 

The sets ௦ܺ  and ௦ܻ are chosen as follows. Let ∆	denote the diagonal 
;ݔ)} :(ݔ	 ݔ ∈ ܵ} in ܵ × ܵ. Then, of course, (ߪ × (∆)(ߪ = 0. For each ݏ >
0 we set (ݏ)ܧ = {(݇; 	݆) ∈ :ܫ ;݃)௧ܬ ݇, ݆) ≤ 	.{ݏ

We then define ௦ܺ = ⋃ ܴ௞,௝	(௞,௝)∈ா(௦) ܽ݊݀	 ௦ܻ = (ܵ × ܵ)\( ௦ܺ⋃∆).	
Since 2 < ݎ <  it follows from Proposition (4.3.4) that ,ݐ

;݃)ܥ‖ ௦ܺ)‖௥ା ≤ ,ݎ)଻.ସܥ Φ௥(ݐ
ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ா(௦)൯ 

By Lemma (4.2.8), we have 

஼ܰ(௚;௑ೞ)(ݏ 2⁄ ) ≤ ቀ
ݎ

ݎ − 1
ቁ
௥
൬
2
ݏ
;݃)ܥ‖ ௦ܺ)‖௥ା൰

௥

 

Setting	ܥଵ = ,ݎ)଻.ସܥ2} ݎ)/ݎ(ݐ − 1)}௥, from the above two inequalities we 
obtain 

஼ܰ(௚;௑ೞ)(ݏ 2⁄ ) ≤ ଵܥ ቆ
1
ݏ
Φ௥
ା൫ܬ௧{݃; ݇, ݆}(௞,௝)∈ா(௦)൯ቇ

௥

																	(84) 

By (21) and (53), we have ⋃ ௞,௝ܦ
௠(௞)
௝ୀଵ ⊂ ݇ ௞ for everyܧ ∈ ܼା. Also, it is 

obvious that ⋃ ௞ܧ = ݏ) × ஶ∆\(ݏ
௞ୀ଴ . Consequently, ⋃ ܴ௞,௝ = ݏ) ×(௞,௝)∈ூ

 .∆\(ݏ
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Therefore ௦ܻ ⊂ ⋃ ܴ௞,௝(௞,௝)∈ூ\ா(௦) 	. 
Since 2 < ᇱݎ <  it follows from Proposition (4.3.5) that	,ݐ

;݃)ܥ‖ ௦ܻ)‖௥ᇲ
ା ≤ ,ᇱݎ)଻.ସܥ Φ௥ᇲ(ݐ

ା ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ா(௦)൯ 
Then another application of Lemma (4.2.8) gives us 

஼ܰ(௚;௒ೞ)(ݏ 2⁄ ) ≤ ଶܥ ቆ
1
ݏ
Φ௥ᇲ
ା ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ா(௦)൯ቇ

௥ᇲ

													(85) 

where ܥଶ = ,ᇱݎ)଻.ସܥ2} ᇱݎ)/ᇱݎ(ݐ − 1)}௥ᇲ. Note that (ܽ + ܾ)ଵ ௉⁄ ≤ ܽଵ ௉⁄ +
ܾଵ ௉⁄  for all ܽ, ܾ ∈ [0,∞).Thus if we write ܥଷ = ,ଵܥ}ݔܽ݉) ଶ})ଵܥ ௉⁄ , then it 
follows from (83), (84) and (85) that 

ቄܰൣ௉,ெ೒൧(ݏ)ቅ
ଵ ௉⁄

≤ ଷܥ ቆ
1
ݏ
Φ௥
ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ா(௦)൯ቇ

௥ ௉⁄

+ ଷܥ ቆ
1
ݏ
Φ௥ᇲ
ା ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ா(௦)൯ቇ

௥ᇲ ௉⁄

																											(86) 

Since 2 < ݌ <  it follows from Proposition (4.1.4) that ,ݎ

න ቆ
1
ݏ
Φ௥
ା൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ா(௦)൯ቇ

௥ ௉⁄

ݏ݀ ≤
ஶ

଴

ଶ.ଶΦ௉ܥ
ି൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯ 

Similarly, since 2 < ᇱݎ < ܲ,	Proposition (4.1.5) tells us that 

න ቆ
1
ݏ
Φ௥ᇲ
ା ൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ\ா(௦)൯ቇ

௥ᇲ ௉⁄

ݏ݀
ஶ

଴

≤ ଶ.ଷΦ௉ܥ
ି൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯ 

Combining the above two inequalities with (86), we obtain 

න ቄܰൣ௉,ெ೒൧(ݏ)ቅ
ଵ ௉⁄

ݏ݀ ≤
ஶ

଴

ଶ.ଶܥ)ଷܥ + ଶ.ଷ)Φ௉ܥ
ି൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯ 

Now an application of Lemma (4.1.3) gives us 

ฮܲ,ܯ௚ฮ௉
ି
≤ ܲන ቄܰൣ௉,ெ೒൧(ݏ)ቅ

ଵ ௉⁄
ݏ݀

ஶ

଴
ଶ.ଶܥ)ଷܥܲ≥ + ଶ.ଷ)Φ௉ܥ

ି൫{ܬ௧(݃; ݇, ݆)}(௞,௝)∈ூ൯ 
That is, (82) holds for the constant ܥ = ଶ.ଶܥ)ଷܥܲ +  ଶ.ଷ) This completesܥ
the proof.  
Proposition (4.3.5)  is the essential part of the proof of the upper bound in 
Theorem (4.1.2). 
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What remains in the proof of the upper bound is to bring 
ଵݎܸܽ ଶ⁄ (݃;  and Bergman lattice into the picture. But this last step has (ݖ	
been taken care of previously: 
Proposition (4.3.6) [4]: Given any positive number 0 < ܾ < ∞ there is a 
constant ܥ଻.଺	which depends only on b and n such that if Γ	is a countable 
subset of ܤ with the property that ⋃ ௭∈୻ܦ ,ݖ) ܾ) =  then ,ܤ

Φ൫{ܬ (݃; ݇, ݆)}(௞,௝)∈ூ൯ ≤ ଵݎ଻.଺Φቀ൛ܸܽܥ ଶ⁄ (݃;  ൟ௭∈୻ቁ(ݖ	

for every ݃ ∈ ,ܵ)ଶܮ  .and every symmetric gauge function Φ (ߪ݀
Proof of the upper bound in Theorem (4.1.2) Given an ݂ ∈

,ܵ)ଶܮ ݃ write ,(ߪ݀ = ݂ − 	݂ܲ. 
Then ܪ௙ = ௚. Let 2ܪ < ݌ < ∞ and ܾ > 0. Let Γ be a countable subset of 
⋃ such that	ܤ ௭∈୻ܦ ,ݖ) ܾ) =  ,Applying Propositions (4.3.5) and (4.3.6) .ܤ
we have 
ฮܪ௙ฮ௉

ି
= ฮܪ௚ฮ௉

ି
≤ ฮܲ,ܯ௚ฮ௉

ି
≤ ଻.଺Φ௉ܥ

ି൫{ܬ (݃; ݇, ݆)}(௞,௝)∈ூ൯

≤ ଻.଺Φ୔ܥ଻.ହܥ
ି ቀ൛ܸܽݎଵ ଶ⁄ (݃; ൟ௭∈୻ቁ(ݖ	

= ଻.଺Φ୔ܥ଻.ହܥ
ି ቀ൛ܸܽݎଵ ଶ⁄ (݂ − 	݂ܲ;  .ൟ௭∈୻ቁ(ݖ	

This completes the proof of Theorem (4.1.2).  
Lemma (4.3.7) [4]: There exists a constant ଼ܥ.ଵ such that ൫ܯ෩௞ାଷ݂൯(ݔ) ≤
݂	for all (ݔ)(௞݂ܯ)ଵ.଼ܥ ∈ ,ܵ)ଵܮ ݔ ,(ߪ݀ ∈ ܵ, and ݇ ∈ ܼା. 
Proof: By (58), there is a constant ଼ܥ.ଵsuch that 

௞,௜൯ܣ൫ߪ
௞ାଷ,௜൯ܤ൫ߪ

≤  ଵ.଼ܥ

for all ݇ ∈ ܼା, ݆ ∈ {1, … ,݉(݇)} and ݆ ∈ {1, … ,݉(݇ + 3)}. Let ݂ ∈
,ܵ)ଵܮ ,(ߪ݀ ݔ ∈ ܵ, and ݇ ∈ ܼା. be given. By (21), there is a ݆∗ ∈
{1, … ,݉(݇)} such that ݔ ∈ ∗௞,௝ݑ)ܤ , 2ି௞). 

By (53), we have ܣ௞,௝∗ ⊃ ݅ ௞ାଷ,௜. Again by (53), ifܤ ∈
{1, … ,݉(݇ + 3)}.	is such that ݔ ∈ ,ݔ)ܤ ௞ାଷ,௜, thenܤ 2ି௞) ⊃  ௞ାଷ,௜. Thusܤ
∗௞,௝ܣ ⊃ ݅ ௞ାଷ,௜ for everyܤ ∈ {1,… ,݉(݇ + 3)} such that ݔ ∈
ݔ ௞ାଷ,௜Therefore ifܤ ∈  ௞ାଷ,௜ thenܤ

1
௞ାଷ,௜൯ܤ൫ߪ

න ߪ݀|݂|
஻ೖశయ,೔

≤
௞,௝∗൯ܣ൫ߪ
௞ାଷ,௜൯ܤ൫ߪ

1
௞,௝∗൯ܣ൫ߪ

න ߪ݀|݂|
஺ೖ,ೕ∗

≤  (ݔ)(௞݂ܯ)ଵ.଼ܥ

Combining this with the definition of ൫ܯ෩௞ାଷ݂൯(ݔ), the lemma follows.  
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Lemma (4.3.8) [4]: There exist constants ଼ܥ.ଶand ଼ܥ.ଷ such that the 
following estimates hold: 
Suppose ݂ ∈ ,ܵ)ଵܮ ,݇) ,(ߪ݀ ݆) ∈ ݎ and ܫ > 0 satisfy the condition 

1
௞,௜൯ܥ൫ߪ

න|݂|݀ߪ
஼ೖ,೔

≤  (87)																				ݎ

Then there exists a subset ܩ	of ܩ(݇, ݆) such that 

|(ݔ)݂|					(ܽ) ≤ ଶೝ.଼ܥ ߪ	ݎ݋݂	 − ܽ. ݁. ݔ ∈ \௞,௜ܤ ቐ ራ ௞,௜ܤ
(௞,௜)∈ீ

ቑ 

			(ܾ) 				 ෍ ௞,௜൯ܤ൫ߪ ≤
ଵܯ

ݎ
න|݂|݀ߪ
஼ೖ,೔(௞,௜)∈ீ

 

where ܯଵ is the natural number in (55); 
  (ܿ) for every(݇, ݅) ∈  we have .ܩ

1
௞,௜൯ܤ൫ߪ

න|݂|݀ߪ
஻ೖ,೔

≤ ଶೝ.଼ܥ . 

Proof: By (19), there is a constant 0 < 	ଶ.଼ܥ < ∞ such that 

ߪ ቀߞ)ܤ, 2ି௞ାହ)ቁ

,ߞ)ܤ൫ߪ 2ି௞)൯
≤ ଶ.଼ܥ . 

for all ߞ, ߦ ∈ ܵ and ݇ ∈ ܼାSuppose that (87) holds. Then define 

ܤ = ൜ݔ ∈ :௞,௜ܤ lim	sup
௞→ஶ

(ݔ)(௞݂ܯ) >  .ଶೝൠ.଼ܥ

It follows from (19) that if x is a Lebesgue point for |݂|then 
lim	
௞→ஶ

(ݔ)(௞݂ܯ) =  .|(ݔ)݂|

Hence |݂(ݔ)| ≤ ଶೝ.଼ܥ  for ߪ − ܽ. ݁. ݔ ∈  Consequently it ܤ\௞,௝ܤ
suffices to find a subset ܩ of ܩ(݇, ݆) such that 

ራ ௞,௜ܤ ⊃ ܤ
(௞,௜)∈ீ

,																																												(88) 

and such that estimates (b) and (c) hold. To find such a ܩ, we first recall 
that if ݇ ≥ 	݇	and if ܣ௞,௜ ∩ ௞,௝ܤ ≠ 0 thenܣ௞,௜ ⊂  .௞,௝ܥ

Let ݔ ∈ ௞,௝. For any 1ܤ ≤ ݒ ≤ 	3, if ݅ ∈ {1, … ,݉(݇ +  is such	{(ݒ
that ݔ ∈  ௞ା௩,௜, thenܣ
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1
௞ା௩,௜൯ܣ൫ߪ

න ߪ݀|݂|
஺ೖశೡ,೔

≤
௞,௝൯ܥ൫ߪ
௞ା௩,௜൯ܣ൫ߪ

.
1

௞,௝൯ܥ൫ߪ
න|݂|݀ߪ
஼ೖ,ೕ

≤ ଶೝ.଼ܥ . 

This shows that (ܯ௞ା௩݂)(ݔ) ≤ ݔ ଶೝ for all.଼ܥ ∈ ݒ ௞,௝andܤ =
1, 2, 3. Thus for each ݔ ∈ (ݔ)݇ there is a natural number ,ܤ > ݇	 + 	3 
such that 

൫ܯ௞(௫)݂൯(ݔ) ≤ (ݔ)௞(௫)ିଷ݂൯ܯ൫	ଶೝܽ݊݀.଼ܥ ≤ ଶೝ.଼ܥ . 
Set ଼ܥ.ଷ =  ଶ. By Lemma (4.3.7), the second inequality above.଼ܥଵ.଼ܥ

implies 
൫	ܯ௞(௫)

~ ݂൯(ݔ) ≤ ଷೝ.଼ܥ	 																																						(89)	
For each ݔ ∈ (ݔ)݅ there is an ,ܤ ∈ {1, … ,݉(݇ +  such that	{(ݒ
ݔ  ∈  ௞(௫),௜(௫) andܣ	

1
௞(௫),௜(௫)൯ܣ൫ߪ

න ߪ݀|݂|
஺ೖ(ೣ),೔(ೣ)

= ൫ܯ௞(௫)݂൯(ݔ) ≤ ଶೝ.଼ܥ 												(90) 

Let ࣡ = ൛൫݇(ݔ), :൯(ݔ)݅ ݔ ∈  .ൟܤ
Then, of course, ࣡ ⊂ ,݇)ܩ ݆)	and ⋃ ௞,௜ܣ ⊃ ࣡∋(௞,௜)ܤ . Our desired set 

(ݔ)݇ will be a subset of ࣡, defined as follows. Recall that	ܩ ≥ ݇ + 4	for 
every	ݔ ∈  We define .ܤ

௞ାସܥ = ൛൫݇(ݔ), :൯(ݔ)݅ ݔ ∈ (ݔ)݇	݀݊ܽ	ܤ = ݇ + 4ൟ	. 
Inductively, suppose that ℓ ≥ 4 and that we have defined ܩ௞ା௤ for 

every 4 ≤ ݍ ≤ ℓ. Then we define 

௞ାℓାଵܥ = ൞൫݇(ݔ), :൯(ݔ)݅ ݔ ∈ ,	ܤ (ݔ)݇

= ݇ + ℓ + ௞(௫),௜(௫)ܣ	݀݊ܽ	1 ∩ ቐራ ራ ௞,௜ܣ
(௞,௜)∈ீೖశ೜

= 0
ℓ

௤ୀସ

ቑൢ 

This defines ܥ௞ାℓ for every ℓ ≥ 4. Let ܩ = ⋃ ௞ାℓஶܥ
ℓୀସ . 

Let us verify that ܩ has the desired properties. First of all, by the 
above inductive process, if	ݔ ∈ ,(ݔ)is such that ൫݇ ܤ ൯(ݔ)݅ ∉  then ,ܩ
there is a (݇, ݅) ∈ ݇ with	ܩ < ௞(௫),௜(௫)ܣ such that	(ݔ)݇ ∩ ௞,௜ܣ ≠ 0	.	Since 
݇ < ௞(௫),௜(௫)ܣ this implies ,(ݔ)݇ ⊂  .௞,௜. Hence (88) holdsܤ

To verify (b), for each ℓ ≥ 4,we define 
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Δℓ = ራ ௞ାℓ,௜ܣ
(௞ାℓ,௜)∈ீೖశℓ

 

It follows from (55) that  

෍ ௞ାℓ,௜ܣ߯
(௞ାℓ,௜)∈ீೖశℓ

≤  ଵ߯Δℓܯ

for every ℓ ≥ 4. By (90), we have 

௞ାℓ,௜൯ܣ൫ߪଶ.଼ܥ <
1
ݎ

න ߪ݀|݂|
஺ೖశℓ,೔

 

for every (݇ + ℓ, ݅) ∈  ௞ାℓ,௜ . Combining the above two inequalities, weܩ
have 

෍ ௞ାℓ,௜൯ܣ൫ߪଶ.଼ܥ <
1
ݎ

(௞ାℓ,௜)∈ீೖశℓ

෍ න ߪ݀|݂| ≤
ଵܯ

ݎ
න|݂|݀ߪ
୼ℓ஺ೖశℓ,೔(௞ାℓ,௜)∈ீೖశℓ

 

Since ଼ܥ.ଶߪ൫ܣ௞ାℓ,௜൯ ≥ ݇) ௞ାℓ,௜൯ for everyܤ൫ߪ + ℓ, ݅) ∈  ௞ାℓ,௜weܩ
obtain 

෍ ௞ାℓ,௜൯ܤ൫ߪ ≤
ଵܯ

ݎ
න|݂|݀ߪ
୼ℓ(௞ାℓ,௜)∈ீೖశℓ

 

ℓ ≥ 4 If (݇ + ℓ, ݅) ∈ ௞ାℓ,௜ܣ ௞ାℓ,௜, thenܩ ∩ ܤ ≠ 0. Hence Δℓ ⊂  ௞ାℓ,௜forܩ
every ℓ ≥ 4 The definition of the ܩ௞ାℓ,௜,ܵensures thatΔℓ ∩ Δℓᇲ = 0 for all 
	4 ≤ ℓ < ℓᇱ. Therefore 

෍ ௞,௜൯ܤ൫ߪ <
(௞,௜)∈ீ

෍ ෍ ௞ାℓ,௜൯ܤ൫ߪ
(௞ାℓ,௜)∈ீೖశℓ

ஶ

ℓୀସ

≤
ଵܯ

ݎ
෍ න|݂|݀ߪ

୼ℓ

ஶ

ℓୀସ

≤
ଵܯ

ݎ
න|݂|݀ߪ
஼ೖ,ೕ

 

proving (b). Finally, (c) follows simply from (89). Indeed for each ݔ ∈  ,ܤ
we have 

1
௞(௫),௜(௫)൯ܤ൫ߪ

න ߪ݀|݂|
஻ೖ(ೣ),೔(ೣ)

≤ ൫ܯ෩௞(௫)݂൯(ݔ) ≤  ଷೝ.଼ܥ

This completes the proof. 
Proposition (4.3.9) [4]: There exists a constant ଼ܥ.ସ such that if ݃ ∈
,ܵ)ଶܮ ,݇) and (ߪ݀ ݆) ∈ satisfy the condition 0	ܫ < ;݃)ܯ ݇, ݆) < ∞	and if 
ݏ > 0, then 

ݔ൫൛ߪ ∈ :௞,௝ܤ ห݃(ݔ) − ௞,௝หܤ݃ > ൟ൯ݏ
௞,௝൯ܤ൫ߪ

≤ ݌ݔ2݁ ൬
ݏ−

;݃)ܯସ.଼ܥ ݇, ݆)
൰												(91) 
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Proof: By (19), there is a constant ܥଵ such that ߪ൫ܥ௞,௜൯ ≤  .௞,௜൯ܤଵ൫ܥ
for every (݇, ݅) ∈ ௞,௜ܤIt is easy to see that ห߮ .ܫ	 − ௞,௜หܥ߮ ≤ ;߮)ܬଵܥ ݇, ݅), 
for all ߮ ∈ ,ܵ)ଶܮ ,݇) and(ߪ݀ ݅) ∈  By the homogeneity of (91), it .ܫ	
suffices to consider the case where ݃ ∈ ,ܵ)ଶܮ ,݇) and (ߪ݀ ݅) ∈  satisfy. ܫ	
the condition ܯ(߮; ݇, ݅) = 1. Note that 

1
௞,௜൯ܥ൫ߪ

නห݃ − ௞,௜หܤ݃
஼ೖ,೔

ߪ݀ ≤
1

௞,௜൯ܥ൫ߪ
නห݃ − ௞,௜หܥ݃
஼ೖ,೔

ߪ݀ + ห݃ܥ௞,௜ − ௞,௜หܤ݃

≤ 1 +  ଵܥ
Now we apply Lemma (4.3.8) to the pair of ݂ = ห݃ − ,݇)	and	௞,௜หܤ݃ ݆), 
and to the number 

	ݎ = 	ଵ(1ܯଵܥ2	 	(92)																																ଵ)ܥ	+
where ܯଵ is the natural number that appears in (55). By Lemma (4.3.8), 
there is a subset ܩ(ଵ)݂݋	ܩ(݇, ݆) such that 

ห݃(ݔ) − ௞,௜หܤ݃ ≤ ଶೝ.଼ܥ ߪ	ݎ݋݂	 − ܽ. ݁. ݔ ∈ \௞,௝ܤ ቊራ 	
(௞,௜)∈ீ(భ)

 ,௞,௜ቋܤ

෍ ௞,௜൯ܤ൫ߪ
(௞,௜)∈ீ(భ)

≤
ଵܯ

ݎ
නห݃ − ௞,௜หܤ݃
஼ೖ,೔

ߪ݀ ≤
ଵܯ

ݎ
(1	 ௞,௜൯ܥ൫ߪ(ଵܥ	+

≤
1
2
 ௞,௜൯ܤ൫ߪ

And 

1
௞,௜൯ܤ൫ߪ

නห݃ − ௞,௜หܤ݃
஻ೖ,೔

ߪ݀ ≤ ଶೝ.଼ܥ ,݇)	ݕݎ݁ݒ݁	ݎ݋݂	 ݅) ∈  	(ଵ)ܩ

This last inequality implies that 
ห݃ܤ௞,௜ − ௞,௝หܤ݃ ≤ ଶೝ.଼ܥ ,݇)	ݕݎ݁ݒ݁	ݎ݋݂	 ݅) ∈  (ଵ)ܩ

Also, since ܩ(ଵ) ⊂ ,݇)ܩ ݆), for every (݇, ݅) ∈ ݇ we have	(ଵ)ܩ ≥
݇	 + 	1 and ݀൫ݑ௞,௜, ௞,௝൯ݑ < 2. 2ି௞ାଶ = 2ିଵ. 2ି௞ାସ	. 

Inductively, suppose that ℓ < 1 and that we have a subset ܩ(ℓ) of  
{(݇, ݅) ∈ :ܫ	 ݇ ≥ ݇ + ℓ}. such that  
ห݃(ݔ) − ௞,௜หܤ݃ ≤ ଶೝ.଼ܥ + (ℓ + ଷೝ.଼ܥ(1 ߪ	ݎ݋݂	 − ܽ. ݁. ݔ

∈  (93)																																																										௞,௜ቅܤ௞,௝\ቄ⋃(௞,௜)∈ீ(ℓ)ܤ

෍ ௞,௜൯ܤ൫ߪ
(௞,௜)∈ீ(భ)

≤
1
2ℓ
 (94)																																																							௞,௜൯ܤ൫ߪ
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and 
ห݃ܤ௞,௜ − ௞,௝หܤ݃ ≤ ଶೝ.଼ܥ 	ܽ݊݀݀൫ݑ௞,௜, ௞,௝൯ݑ

< ൫2ିଵ +⋯+ 2ିℓ൯. 2ି௞ାସ																																																(95)	 
for every (݇, ݅) ∈ (ℓ)ܩ This last condition means .(ℓ)ܩ ⊂ ,݇)ܧ ݆)	(see 
Defnition (4.2.16), which together with the condition ܯ(݃; 	݇, ݆) = 1 
implies 

1
௞,௜൯ܥ൫ߪ

නห݃ − ௞,௜หܤ݃
஼ೖ,೔

ߪ݀ ≤
1

௞,௜൯ܥ൫ߪ
නห݃ − ௞,௜หܥ݃
஼ೖ,೔

ߪ݀ + ห݃ܥ௞,௜ − ௞,௜หܤ݃ ≤ 1 +  ଵܥ

for every (݇, ݅) ∈  ,Thus the above argument can be repeated. That is .(ℓ)ܩ
we apply Lemma (4.3.8) to each triple of (݇, ݅) ∈ ,(ℓ)ܩ ௞݂,௜ = ห݃ −  ௞,௜หܤ݃

and the same ݎ given by (92).This gives us a subset ܩ௞,௜
(ℓାଵ) of ܩ(݇, ݅) for 

each (݇, ݅) ∈   .(ℓ)ܩ
We set 

(ℓାଵ)ܩ = ራ ௞,௜ܩ
(ℓ)

(௞,௜)∈ீ(ℓ)
. 

By Lemma (4.3.8) (a) and (95): 
ห݃(ݔ) − ௞,௜หܤ݃ ≤ ଶೝ.଼ܥ + ℓ଼ܥ.ଷೝ 

For 

ߪ − ܽ. ݁. ݔ ∈ ቄ⋃(௞,௜)∈ீ(ℓ)ܤ௞,௜\⋃(௞,௜)∈ீ(ℓశభ)ܤ௞,௜ቅ. 
Combining this with (93), we have 
ห݃(ݔ) − ௞,௜หܤ݃ ≤ ଶೝ.଼ܥ + ℓ଼ܥ.ଷೝ ߪ	ݎ݋݂	 − ܽ. ݁. ݔ

∈ ቄ⋃(௞,௜)∈ீ(ℓ)ܤ௞,௜\⋃(௞,௜)∈ீ(ℓశభ)ܤ௞,௜ቅ. 
Also, 

෍ ௞,௜൯ܤ൫ߪ
(௞,௜)∈ீ(ℓశభ)

≤ ෍
1
2
௞,௜൯ܤ൫ߪ

(௞,௜)∈ீ(ℓ)
≤

1
2ℓାଵ

 ,	௞,௜൯ܤ൫ߪ

And 
ห݃ܤ௞,௜ − ௞,௝หܤ݃ ≤ (ℓ + ଷೝ.଼ܥ(1 ,݇)	ݕݎ݁ݒ݁	ݎ݋݂	 ݅) ∈  .(ℓାଵ)ܩ

Furthermore, if (݇, ݅) ∈ ,then there is a (݇ᇱ(ℓାଵ)ܩ ݅ᇱ) ∈  such.(ℓ)ܩ
that (݇, ݅) ∈ ,ᇱ݇)ܩ ݅ᇱ).	Since ݇ᇱ ≥ ݇ + ℓ	this implies ݀൫ݑ௞,௜, ௞ᇲ,௝ᇲ൯ݑ <

2ିଵ. 2ି௞ᇲାସ ≤ 2ିℓିଵ. 2ି௞ାସ. By the triangle inequality, 
݀൫ݑ௞,௜ , ௞,௝൯ݑ < (2ିଵ +⋯+ 2ିℓ + 2ିℓିଵ). 2ି௞ାସ	݂ݎ݋	ݕݎ݁ݒ݁	(݇, ݅) ∈  .(ℓାଵ)ܩ
This completes the inductive selection of the sets ܩ(ଵ), ,(ଶ)ܩ … , ,(ℓ)ܩ …. 
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To complete the proof of the proposition, let us write ܥ =
,ଶ.଼ܥ}ݔܽ݉ ݏ is fixed in (92). Suppose that ݎ ,where, as we recall	,ݎ{ଷ.଼ܥ ≥
Then there is an ℓ .ܥ ∈ 	ܰ such that 

ℓܥ ≤ ݏ < (ℓ +  .ܥ(1
By (93) and (94), we have 
ݔ൫൛ߪ ∈ :௞,௝ܤ ห݃(ݔ) − ௞,௝หܤ݃ > ൟ൯ݏ

௞,௝൯ܤ൫ߪ
≤
1
2ℓ

= 2݁ି(ℓାଵ) ୪୭୥ଶ

≤ ݌ݔ2݁ ൬−
log 2
ܥ

 ൰ݏ

On the other hand, if  0 < ݏ <  then ,ܥ

݌ݔ2݁ ൬−
log 2
ܥ

൰ݏ ≥ ݌ݔ2݁ ൬−
log 2
ܥ

൰ܥ = 1

≥
ݔ൫൛ߪ ∈ :௞,௝ܤ ห݃(ݔ) − ௞,௝หܤ݃ > ൟ൯ݏ

௞,௝൯ܤ൫ߪ
. 

Hence the proposition holds for the constant ଼ܥ.ସ = /ܥ log 2 ,	
Proof of Proposition (4.2.17). For any 1 ≤ 	ݐ < ∞,݃	 ∈ ,ܵ)ଶܮ  and .(ߪ݀
(݇, ݆) ∈  we have ,,ܫ

;݃)௧௧ܬ ݇, ݆) =
1

௞,௝൯ܤ൫ߪ
නห݃ − ௞,௝หܤ݃

௧

஻ೖ,ೕ

ߪ݀

= නݐ ௧ିଵݏ
ݔ൫൛ߪ ∈ :௞,௝ܤ ห݃(ݔ) − ௞,௝หܤ݃ > ൟ൯ݏ

௞,௝൯ܤ൫ߪ
ݏ݀

ஶ

଴

. 

Applying Proposition (4.3.9) to the fraction in the last integral and 
making the obvious substitution, we obtain 

;݃)௧௧ܬ ݇, ݆) ≤ ;݃)ܯସ.଼ܥ൫ݐ2 ݇, ݆)൯
௧
න ݑ௧ିଵ݁ି௨݀ݑ
ஶ

଴

	. 

Thus Proposition (4.2.17) holds for the constant 

଺.ଵ଴ܥ = ଵ(ݐ2) ௧⁄ ସቌන.଼ܥ ݑ௧ିଵ݁ି௨݀ݑ
ஶ

଴

ቍ

ଵ ௧⁄

 

This completes the proof. 
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List of symbols 
symbol  page 

‖ ‖ norm 3 

 ଶ Hilbert Space 3ܮ

inf infimum 3 

Sup Supremum 3 

BMO Bounded mean Oscillation 4 

VMO Vanishing Meam Oscillation 4 

 ௉ௗ Dyadic Besov Space 5ܤ

Supp Support 6 

〈, 〉 Inner product 12 

⊗ Tensor product 14 

⊕ Direct Sum 18 

 ଶ FOCK Space 51ܣ

exp exponential 52 

tr Trace class 55 

 ௉ Hardy Space 59ܪ

Max maximum 128 
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