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Chapter 1 

Amenability and Generalized Notions  
 

In this chapter the Results are given on Banach sequence, Lipschitz 
algebras and Burling algebras, and on crucial role of approximate 
identities. We show a result due to N. Grønbæk on characterizing of 
amenability for Beurling algebras.  

Section (1.1): Equivalence with Uniform Notion and Sequence Space  

The concept of amenability for a Banach algebra ܣ was introduced by 
Johmson in 1972, and has proved to be of enormous importance in 
Banach algebra theory. Several modifications of this notion were 
introduced. We continue the investigation of these, in particular that of 
approximate amenability. 

Let ܣ be a Banach algebra, and let ܺ be a Banach ܣ-bimodule. ܣ 
derivation is a linear map ܦ: ܣ → ܺ such that 

(ܾܽ)ܦ = ܽ ∙ (ܽ)ܦ + (ܽ)ܦ ∙ ܾ			(ܽ, ܾ ∈  .(ܣ

By a derivation we mean a continuous derivation. For x ∈ X, set ad୶ ∶
a ⟼ a ∙ x − x ∙ a, A → X. Then ad୶ is the inner derivation induced by x. 
The derivation D ∶ A → X is approximately inner if there is a net (xୟ) in X 
such that 

(ܽ)ܦ = lim
ఈ
(ܽ ∙ ఈݔ − ఈݔ ∙ ܽ) 			(ܽ ∈  ,(ܣ

so that ܦ = limఈ ad୶౗  in the strong-operator of ℬ(ܣ, ܺ). 

 The dual of a Banach space ܺ is denoted by ܺ∗; in the case where ܺ is 
a Banach ܣ-bimodule, ܺ∗ is also a Banach ܣ-bimodule. For the standard 
dual module definitions. 

Definition (1.1.1) [1]:  

Let ܣ be a Banach algebra. 

(i) ܣ is approximately amenable if, for each Banach ܣ-bimodule ܺ, 
every derivation ܦ ∶ ܣ → ܺ∗ is approximately inner; 
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(ii) ܣ is approximately contractible if, for each Banach ܣ-bimodule 
ܺ, every derivation ܦ ∶ ܣ → ܺ is approximately inner. 

The qualifier sequential prefixed to the above definitions specifies that 
there is a sequence of inner derivations approximating each given 
derivation. Similarly, the qualifier weak* prefixed to the definitions of 
approximate amenability specifies that the convergence in the weak* 
topology of ܺ∗. 

Each amenable Banach algebra is approximately amenable. Some 
approximately amenable Banach algebras which are not amenable are 
constructed. Further examples have been shown Ghahramani and Stokke: 
the Fourier algebra (ܩ)ܣ is approximately amenable for each amenable, 
discrete group ܩ, but it is known that these algebras are not always 
amenable. 

Throughout, the second dual of a Banach algebra ܣ will always be 
equipped with the first (or left) Arens product. Thus (ݔ, (ݕ ⟼  is a ݕݔ
continuous function of ݕ ∈ ݔ for each ∗∗ܣ ∈  and continuous function ,ܣ
of ݔ ∈ ݕ for each ∗∗ܣ ∈  ,with identity ܣ will denote ⋕ܣ ,Finally .∗∗ܣ
denoted by ݁, adjoined.     

Now we can define Goldstine’s Theorem [5]: let ܺ be a Banach space, 
then the image of the closed unit ball ܤ ⊂ ܺ under the canonical 
imbedding into the closed unit ball ܤ “of the bidual space ܺ” is weakly	∗-
dense. 

Theorem (1.1.2) [1]: 

For a Banach algebra ܣ the following are equivalent. 

(i) ܣ is approximately contractible; 
(ii) ܣ is approximately amenable;  
(iii) ܣ is weak*-approximately amenable. 

Proof: 

It suffices to show that (iii) ⇒ (i). 

Suppose that (iii) holds. Then ࣛ⋕ is weak*-approximately amenable. 
Following the classical argument of B.E.Johnson, there is a net (ܯ௩) ⊂
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൫ࣛ⋕	⨂෡ 	ࣛ⋕൯
∗∗

 such that for each ܽ ∈ ,ܣ ܽ ∙ ௩ܯ ௩ܯ− ∙ ܽ → 0 and 

(௩ܯ)∗∗ߨ → ݁ in the weak*-topology of ൫ࣛ⋕	⨂෡ 	ࣛ⋕൯
∗∗

 and ܣ∗∗, 
respectively. 

 Now take ߝ > 0, and finite sets ܨ ⊂ ࣛ⋕, ߔ ⊂ (ࣛ⋕)∗, and ܰ ⊂
൫ࣛ⋕	⨂෡ 	ࣛ⋕൯

∗
. Then there is ݒ such that 

|〈ܽ ∙ ݂ − ݂ ∙ |〈௩ܯ,ܽ = |〈݂, ܽ ∙ ௩ܯ ௩ܯ− ∙ ܽ〉| <  ߝ

and 

|〈߶, (௩ܯ)∗∗ߨ − ݁〉| <  ߝ

for all ܽ ∈ ,ܨ ߶ ∈ ݂ and ߔ ∈ ܰ. 

By Goldstine’s theorem, and the weak*-continuity of ߨ∗∗, there is 
݉ ∈ ࣛ⋕	⨂෡ 	ࣛ⋕ such that 

|〈݂, ܽ ∙ ݉ −݉ ∙ ܽ〉| = |〈ܽ ∙ ݂ − ݂ ∙ ܽ,݉〉| < ,߶〉|		and		ߝ (݉)ߨ − ݁〉| <  ߝ

for all ܽ ∈ ,ܨ ߶ ∈ ݂ and ߔ ∈ ܰ. 

Thus there is net (݉ఒ) ⊂ ࣛ⋕	⨂෡ 	ࣛ⋕ such that for every ܽ ∈ ,ܣ ܽ ∙
݉ఒ −݉ఒ ∙ ܽ → 0 and ߨ(݉ఒ) → ݁, weakly in ࣛ⋕	⨂෡ 	ࣛ⋕ and ࣛ⋕	, 
respectively. 

Finally, for each finite set ܨ ⊂ ࣛ⋕, say ܨ{ܽଵ, … , ܽ௡}, 

൫ܽଵ ∙ ݉ఒ −݉ఒ ∙ ܽଵ, … , ܽ௡ ∙ ݉ఒ −݉ఒ ∙ ܽ௡ , ൯(ఒ݉)ߨ → (0, … ,0, ݁) 

weakly in ൫ࣛ⋕	⨂෡ 	ࣛ⋕൯
௡
	⨁	ࣛ⋕. Thus 

(0, … ,0, ݁) ∈ coതതത௪௘௔௞൛൫ܽଵ ∙ ݉ఒ −݉ఒ ∙ ܽଵ, … , ܽ௡ ∙ ݉ఒ −݉ఒ ∙ ܽ௡ ,  .൯ൟ(ఒ݉)ߨ

The Hahn-Banach theorem now gives that for each ߝ > 0, there is 
ఌ,ிݑ ∈ co{݉ఒ}, such that 

ฮܽ ∙ ఌ,ிݑ − ఌ,ிݑ ∙ ܽฮ < ఌ,ி൯ݑ൫ߨฮ		and		ߝ − ݁ฮ <  ߝ

for ܽ ∈  .Thus we have (1) .ܨ

Recall that a Banach algebra ܣ is uniformly approximately amenable 
if every continuous derivation from ܣ into any dual Banach ܣ-bimodule 



4 
 

may be approximated uniformly on the unit ball of ܣ by inner derivations. 
Clearly any amenable Banach algebra is uniformly approximately 
amenable. In this section we show that the converse is also true. 

Theorem (1.1.3) [1]: 

A Banach algebra ܣ is uniformly approximately amenable if and only 
if it is amenable. 

Proof: 

Let ܣ be uniformly approximately amenable. Note that ܣ is amenable 
(uniformly approximately amenable) if and only if its unitization ܣ⋕ is 
amenable (respectively uniformly approximately amenable), and so 
without loss of generality we may assume that ܣ has a unit ݁. Consider 
෡⨁	ܣ 	ࣛ୭୮ with the product specified by 

(ܽ	⨂	ܾ)(ܿ	⨂	݀) = ܽܿ	⨂	ܾ݀			(ܽ, ܾ, ܿ, ݀ ∈  .(ܣ

Let ߨ ∶ ෡⨁	ܣ	 	ࣛ୭୮ →  is amenable it ܣ be the product map. To show ܣ
suffices to show that ଴ࣥ = ker(ߨ) has a bounded right approximate 
identity, or equivalently, that ଴ࣥ

∗∗ has a right identity. 

For ܽ, ܾ ∈ ݐ and ܣ ∈ ෡⨁	ܣ 	ࣛ୭୮, we have 

ݐ(ܾ	⨂	ܽ)																														 = ܽ ∙ ݐ ∙ ܾ.																								(1) 

By the weak* continuity of the actions involved, (1) also for ݐ ∈
൫ܣ	⨂෡ ୭୮൯ܣ	

∗∗
. Take ݐ ∈ ଴ࣥ

∗∗. Then for ݏ = ∑ ௝ܽ௝ 	⨂	 ௝ܾ ∈ ଴ࣥ, noting that 
∑ ௝ܽ ௝ܾ௝ = (ݏ)ߨ = 0, and using (1), we have 

ݐݏ − ݏ =෍൫ ௝ܽ 	⨂	 ௝ܾ൯ݐ − ෍ݐ ௝ܽ ௝ܾ
௝௝

−෍ ௝ܽ 	⨂	 ௝ܾ
௝

+ ݁⨂෍ ௝ܽ ௝ܾ
௝

 

=෍൫ ௝ܽ ∙ ݐ − ݐ ∙ ௝ܽ − ௝ܽ 	⨂	݁ + ݁	⨂	 ௝ܽ൯
௝

∙ ௝ܾ . 

It follows that 

ݐݏ‖ − ‖ݏ ≤෍ฮ ௝ܽฮฮ ௝ܾฮ
௝

sup
௔∈஺ౠ

‖ܽ ∙ ݐ − ݐ ∙ ܽ − ܽ	⨂	݁ + ݁	⨂	ܽ‖,	 
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where ܣ୪ denotes the unit ball of ܣ. 

So we have 

ݐݏ‖															 − ‖ݏ ≤ ‖ݏ‖ sup
௔∈஺ౠ

‖ܽ ∙ ݐ − ݐ ∙ ܽ − ܽ	⨂	݁ + ݁	⨂	ܽ‖,							(2) 

for each ݏ ∈ ଴ࣥ. Now take ݏ ∈ ଴ࣥ
∗∗. Then there is a net (ݏ௜) ⊂ ଴ࣥ such 

that ‖ݏ௜‖ ≤ ௜ݏ and ‖ݏ‖
௪௞∗
ሱ⎯ሮ ݐ௜ݏ Thus .ݏ − ݏ

௪௞∗
ሱ⎯ሮ ݐݏ − ݐݏ‖ and ݏ − ‖ݏ ≤

sup௜‖ݏ௜ݐ − ݏ ௜‖. It follows that inequality (2) holds for allݏ ∈ ଴ࣥ
∗∗. 

Consider the continuous derivation ܦ ∶ ܣ → ଴ࣥ
∗∗ defined by 

(ܽ)ܦ = ܽ	⨂	݁ − ݁	⨂	ܽ. 

From the hypothesis, there is a sequence (ݐ௡) ⊂ ଴ࣥ
∗∗, and ߝ௡ → 0 such 

that 

‖ܽ ∙ ௡ݐ − ௡ݐ ∙ ܽ − ܽ	⨂	݁ + ݁	⨂	ܽ‖ ≤ ܽ)			‖ܽ‖௡ߝ ∈  .(ܣ

Thus, form inequality (2), the multiplication operator ߩ௧೙:	 ଴ࣥ
∗∗ → ଴ࣥ

∗∗ 
defined by ߩ௧೙(ݏ) = ௧೙ߩ௡ satisfies ฮݐݏ − ݅݀ࣥబ

∗∗ฮ < 1 for ݊ sufficiently 
large. Take such ݊, so that ߩ௧೙ is invertible. By surjectivity, there is 
ݔ ∈ ଴ࣥ

∗∗ such that ݐݔ௡ = ݕ ௡. Then for eachݐ ∈ ଴ࣥ
∗∗ we have (ݔݕ −

௡ݐ(ݕ = 0. From the injectivity of ߩ௧೙ this implies ݔݕ = ݕ)ݕ ∈ ଴ࣥ
∗∗). So 

଴ࣥ
∗∗ has a right identity, as required. 

In contrast to Theorem (1.1.2) the above theorem and indicate that 
uniform approximate amenability and uniform approximate 
contractability are not the same. 

Corollary (1.1.4) [1]:  

If a finite-dimensional Banach algebra is approximately amenable, 
then it is already amenable. 

Proof: 

If a Banach algebra ܣ is finite- dimensional and is approximately 
amenable, then it is uniformly approximately amenable. So the 
conclusion follows from Theorem (1.1.4). 
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As usual ܿ଴଴ will be the subalgebra of ℂℕ consisting of sequences 
having finite support. 

Definition (1.1.5) [1]: 

A Banach sequence algebra on ℕ is a Banach algebra ܣ which is a 
subalgebra of ℂℕ such that ܿ଴଴ ⊂  .ܣ

It is known that a Banach sequence algebra ܣ is approximately amenable 
whenever it has a bounded approximate identity. Indeed, a simple variant 
on the argument there shows the following. 

Proposition (1.1.6) [1]: 

Let ܣ be a commutative semisimple Banach algebra with discrete 
maximal ideal space, and suppose that ܣ has a bounded approximate 
identity consisting of elements of compact support. Then ܣ is 
approximately amenable. 

All known approximately amenable algebras have bounded 
approximate identities, though in general all that can be said is that 
approximately amenable algebras have one-side, possibly unbounded, 
approximate identities. Thus it is of interest to know conditions under 
which an approximately amenable algebra must have a bounded 
approximate identity. We show the following. 

Proposition (1.1.7) [1]: 

Either of the following conditions is sufficient for ܣ to be sequentially 
approximately contractible. 

(i) ܣ is a Banach algebra with identity ݁ and there exists (ܩ௡) ⊂
(௡ܩ)ߨ with ܣ	⨂	ܣ = ݁ and such that for every ܽ ∈  ,ܣ

‖ܽ ∙ ௡ܩ − ௡ܩ ∙ ܽ‖ → 0. 

(ii) ܣ is a Banach sequence algebra with a bounded sequential 
approximate identity in ܿ଴଴. 

for ݊ ∈ ℕ, set ܧ௡ = ࣲ[1, ݊] ∈ ܿ଴଴, ݁௡ = ࣲ[݊]. 
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Theorem (1.1.8) [1]: 

Let ܣ be a Banach sequence algebra such that ൫ܧ௡ೖ൯ is an approximate 
identity for some increasing sequence (݊௞)௞ ≥ 0. Then ܣ is sequentially 
approximately contractible if and only if ܣ has a bounded sequential 
approximate identity in ܿ଴଴. 

Proof: 

Suppose that ܣ is sequentially approximately contractible. We take 
൫ܧ௡ೖ൯ unbounded otherwise there is nothing to prove. By going to a 
subsequence if necessary, we may suppose that ௞ܲ = ௡ೖశభܧ − ௡ೖܧ  is an 
unbounded sequence of idempotents. Set ଴ܲ = ௡భܧ . Define ௞ܶ ∶ ݔ ⟼
ݔ for ݔ௡ೖܧ ∈ ) Then .ܣ ௞ܶ) converges pointwise to the identity, so by 
uniform boundedness there is ܤ > 0 such that ‖ ௞ܶ‖ ≤  for all ݇. Thus ܤ
setting ܳ௞ = ௞ܶାଵ − ௞ܶ, we have ‖ܳ௞‖ ≤  for each ݇, yet the ܤ2
implementing elements ௞ܲ are unbounded in norm. set ܼ௞ = ௞ܲ ‖ ௞ܲ‖⁄ . 

Now our hypothesis gives sequences (ܯ௡) ⊂ ෡⨂	ܣ (௡ܨ) and ,ܣ	 ⊂  ܣ
such that (ܨ௡) is an approximate identity for ܣ for any ݔ ∈  ,ܣ

ݔ ∙ ௡ܯ ௡ܯ− ∙ ݔ − ௡ܨ⨂	ݔ + ݔ	⨂௡ܨ → 0. 

Indeed, since ൫ܧ௡ೖ൯ is an approximate identity for ܣ, it follows that ܿ଴଴ is 
dense in ܣ, so we may assume that ܯ௡ ∈ ܿ଴଴	⨂	ܿ଴଴ and ܨ௡ ∈ ܿ଴଴. 

By uniform boundedness, it follows that there is a constant ܮ ≥ 0 such 
that 

ݔ‖														 ∙ ௡ܯ ௡ܯ− ∙ ݔ − ௡ܨ⨂	ݔ + ‖ݔ	⨂௡ܨ ≤ ݊)		‖ݔ‖ܮ ∈ ℕ)								(3) 

Set ݔ =  ௞ in (3). Thenݖ

												‖ܼ௞ ∙ ௞ܯ ௞ܯ− ∙ ܼ௞ − ܼ௞	⨂	ܨ௡ + ‖ܼ௞	௡⨂ܨ ≤ ݊)		ܮ ∈ ℕ).								(4) 

Write ܨ௡ = ∑ ௝݂
(௡)

௝݁௝ , ௡ܯ = ∑ ቀ∑ ܽ௜௝
(௡)

௝݁௝ ቁ௜ 	⨂	ቀ∑ ௜ܾℓ
(௡)݁ℓℓ ቁ where 

෍ቯቌ෍ܽ௜௝
(௡)

௝݁
௝

ቍቯะ෍ ௜ܾℓ
(௡)݁ℓ

ℓ

ะ
௝

≤ ‖௡ܯ‖ + 1. 
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Note that each of the sums here is finite. Now 

‖ ௞ܲ‖(ܼ௞ ∙ ௡ܯ ௡ܯ− ∙ ܼ௞ − ܼ௞  (௡ܨ	⨂	

= ௞ܲ ∙ ௡ܯ ௡ܯ− ∙ ௞ܲ − ௞ܲ	⨂	ܨ௡ 

=෍ቌ ෍ ܽ௜௞
(௡)

௝݁

௡ೖାଵ

௝ୀ௡ೖାଵ

ቍ	⨂	ቌ෍ ௜ܾ௝
(௡)

௝݁
௝

ቍ
௝

−෍ቌ෍ܽ௜௝
(௡)

௝݁
௝

ቍ	⨂	ቌ ෍ ௜ܾℓ
(௡)݁ℓ

௡ೖାଵ

ℓୀ௡ೖାଵ

ቍ
௜

− ෍ ௝݁

௡ೖାଵ

௝ୀ௡ೖାଵ

⨂	ቌ෍ ෍ ℓ݂
௡݁ℓ

௡೔ାଵ

ℓୀ௡೔ାଵ௝

ቍ. 

Multiply though on the right by the idempotent ௞ܲ, this is a map with 
bound 2ܤ. Noting that ܼ௞ ௞ܲ = ܼ௞, we have 

‖ ௞ܲ‖(ܼ௞ ∙ ௡ܯ ∙ ௞ܲ ௡ܯ− ∙ ܼ௞ ∙ ௞ܲ − ܼ௞ ௡ܨ	⨂	 ∙ ௞ܲ)

= ෍ቌ ෍ ܽ௜௞
(௡)

௝݁

௡ೖାଵ

௝ୀ௡ೖାଵ

ቍ	⨂	ቌ ෍ ௜ܾℓ
(௡)݁ℓ

௡ೖାଵ

ℓୀ௡ೖାଵ

ቍ
௝

−෍ቌ෍ܽ௜௝
(௡)

௝݁
௝

ቍ	⨂	ቌ ෍ ௜ܾℓ
(௡)݁ℓ

௡ೖାଵ

ℓୀ௡ೖାଵ

ቍ
௜

− ෍ ௝݁

௡ೖାଵ

௝ୀ௡ೖାଵ

⨂ ෍ ℓ݂
௡݁ℓ

௡ೖାଵ

ℓୀ௡೔ାଵ

.																																			(5) 

Consider the terms on the right-hand side of (5). For each 
݇, ‖ ௞ܲ‖ିଵ∑ ௝݁

௡ೖାଵ
௝ୀ௡ೖାଵ  has unit norm; and ∑ ℓ݂

௡݁ℓ
௡ೖ
ℓୀ௡ೖାଵ → 0 as ݇ → ∞. 

Further, 

ቯ෍ቌ ෍ ܽ௜௞
(௡)

௝݁

௡ೖାଵ

௝ୀ௡ೖାଵ

ቍ
௜

−෍ቌ෍ܽ௜௝
(௡)

௝݁
௝

ቍ
௜

ቯ

≤ (1 + ቯ෍ቌ෍ܽ௜௝(ܤ
(௡)

௝݁
௝

ቍ
௜

ቯ	 
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so the other terms have norm at most 

ቯ෍ቌ ෍ ܽ௜௞
(௡)

௝݁

௡ೖାଵ

௝ୀ௡ೖାଵ

ቍ
௜

−෍ቌ෍ܽ௜௝
(௡)

௝݁
௝

ቍ
௜

ቯ ∙ ቯቌ ෍ ௜ܾℓ
(௡)݁ℓ

௡ೖାଵ

ℓୀ௡ೖାଵ

ቍቯ

≤ 1)ܤ2 + ෍ቯ෍ܽ௜௝(ܤ2
(௡)

௝݁
௝

ቯะ෍ ௜ܾℓ
(௡)݁ℓ

ℓ

ะ
௜

≤ 1)ܤ2 + ‖௡ܯ‖)(ܤ2 + 1).															 

Since ‖ ௞ܲ‖ → ∞, it follows that for each ݊, 

ܼ௞ ∙ ௡ܯ ∙ ௞ܲ ௡ܯ− ∙ ௞ܲ − ܼ௞ ௡ܨ⨂	 ∙ ௞ܲ → 0		(݇ → ∞). 

But since from (4), 

‖ܼ௞ ∙ ௡ܯ ∙ ௞ܲ ௡ܯ− ∙ ܼ௞ ∙ ௞ܲ − ܼ௞	⨂	ܨ௡ ∙ ௞ܲ + ܼ௞	⨂	௡ܨ ∙ ௞ܲ‖ ≤  ܮܤ2

for all ݇, ݊, we have ‖ܨ௡‖ = lim௞‖ܨ௞	⨂	ܼ௞‖ = lim௞‖ܨ௞	⨂	ܼ௞ ∙ ௞ܲ‖ is 
bounded. 

Thus (ܨ௞) is a sequential bounded approximate identity for ܣ 
contained in ܿ଴଴. The converse is Proposition (1.1.7) (ii). 

In particular, consider the Feinstein algebras ܣఈ. Let ߙ =  be a (௡ߙ)
sequence of strictly positive reals. Define 

ࣛఈ = ൝ݔ = (௡ݔ) ∈ ܿ଴:	‖ݔ‖ ≔ ஶ‖ݔ‖ +෍ߙ௡

ஶ

௡ୀଵ

௡ାଵݔ| − |௡ݔ < ∞ൡ. 

These algebras have a bounded approximate identity if and only if 
lim	inf ௡ߙ < ∞, and are amenable if and only if ∑ߙ௜ < ∞. Moreover, 
they always have an approximate identity of the form ൫ܧ௡ೖ൯. 

Corollary (1.1.9) [1]: 

The Feinstein algebra ܣఈ is sequentially approximately contractible if 
and only if lim	inf ௞ߙ < ∞, if and only if it has a bounded approximate 
identity. 
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Proof: 

If ܣఈ is sequentially approximate contractible, Theorem (1.1.8) shows 
that ܣఈ has a bounded approximate identity, and so lim	inf ௡ߙ < ∞ as 
noted above. Conversely, lim	inf ௡ߙ < ∞ implies ܣఈ has a bounded 
approximate identity, whence ܣఈ is sequentially approximately 
contractible by Theorem (1.1.8). 

Theorem (1.1.8) shows that ℓ୪(߱) under pointwise operations is never 
sequentially approximately contractible. In fact it is never approximately 
amenable. 

Suppose now that ߙ௞ ≡ 1 and take a sequence (݉௞) such that 
݉௞ > ݉௞ିଵ + 1, let 

ܫ = ቄݔ ∈ ௝ݔ	:ఈܣ = 0	unless	݆ ∈ {݉௞}ቅ. 

Then ܫ is a closed ideal in ܣఈ, and ܫ isomorphic to ℓ୪. Under the 
supposition on (݉௞) shows that ܫ complemented in ܣఈ is sequentially 
approximately contractible, with a bounded approximate identity, yet ܫ is 
a complemented ideal which is not even approximately amenable. This is 
in contrast to the situation with amenability. 

We remark that taking ܫ ⊂  ఈ to be the ideal “ sits ” on the evenܣ
integers, so ୪ܼ = 2ℕ + 1, that on the odd integers so that ୪ܼ ܬ = 2ℕ, then 
both ܫ and ܬ are isomorphic to ℓ୪, are complemented (but not 
complementary) ideals in ܣఈ , ܫ ∩ ܬ = {0}, and ܫ +  is dense. This just ܬ
reflects the fact that one cannot just set terms to zero and expect to remain 
inside ܣఈ. 

Example (1.1.10) [1]: 

(Suggested by Garth Dales) Let ܵ be the semigroup ℕ with product 
݉݊ = min{݉, ݊}, and take ܣ∧ = ℓ୪(ܵ) with convolution product. The 
point masses {ߜ௡: ݊ ∈ ℕ} are idempotents with dense span, whence ܣ∧ is 
weekly amenable. However, it is not amenable. We show that ܣ∧ is 
sequentially approximately contractible. 

For ܽ = ∑ܽ௜ߜ௜ ∈  .∧ܣ
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௡ܽߜ =෍ܽ௜ߜ௜

௡

௜ୀଵ

+ ൭෍ܽ௜
௜வ௡

൱ߜ௡ → ܽ 

as ݊ → ∞, so that (ߜ௡) is a sequential bounded approximate identity. The 
Gelfand transform for ܣ∧ is the map Φ:	ܣ∧ → ܿ଴ given by 

Φ(ݔ) = ൭෍ݔ௜
௜ஹଵ

,෍ݔ௜ , …
௜ஹଶ

൱, 

which is clearly injective with range containing ܿ଴଴. Thus ܣ∧ can be 
considered as a Banach sequence algebra Proposition (1.1.8) (ii) shows 
that ܣ∧ is sequential approximately contractible, with ܩ௡ =  ௡ andܧ	⨂	௡ܧ
 ∧ܣ Lifting back to .(∧ܣ)௡ the required sequences when viewed in Φܧ
gives ܨ௡ = (௡ܨ)ߨ ௡ which satisfiesߜ	⨂	௡ߜ = ௡ߜ . However to fit with 
requires a sequence ܨ௡ᇱ satisfying ߨ(ܨ௡ᇱ) = ଴ߜ ௡. In fact, settingߜ2 = 0, 

௡ᇱܨ = ௡ܨ +෍൫ߜ௝ − ௝ߜ൫	⨂	௝ିଵ൯ߜ − ௝ିଵ൯ߜ
௡

௝ୀଵ

 

gives an unbounded sequence with the required properties. To see this 
first note that 

(௡ᇱܨ)ߨ = ௡ߜ +෍൫ߜ௝ − ௝ߜ௝ିଵ൯൫ߜ − ௝ିଵ൯ߜ
௡

௝ୀଵ

= ௡ߜ +෍൫ߜ௝ − ௝ିଵ൯ߜ
௡

௝ୀଵ

=  .௡ߜ2

Since 

௝ߜ௞൫ߜ − ௝ିଵ൯ߜ = ൜
௝ߜ − ,௝ିଵߜ
0,							

� 		
݆ ≤ ݇,			
݇ ≤ ݆ − 1, 

for ݇ ≤ ݊ we have 

௞ߜ ∙ ௡ᇱܨ − ௡ᇱܨ ∙ ௞ߜ + ௞ߜ⨂	௡ߜ −  ௡ߜ⨂	௞ߜ

= ௝ߜ௞෍൫ߜ − ௝ߜ൫	⨂	௝ିଵ൯ߜ − ௝ିଵ൯ߜ
௡

௝ୀଵ

−෍൫ߜ௝ − ௝ߜ൫	⨂	௝ିଵ൯ߜ − ௝ିଵ൯ߜ
௡

௝ୀଵ

௞ߜ

= 0, 

and for ݇ > ݊, 
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௞ߜ ∙ ௡ᇱܨ − ௡ᇱܨ ∙ ௞ߜ + ௞ߜ ௞ߜ⨂	 − ௞ߜ ௡ߜ⨂	
= ௞ߜ ∙ ௡ܨ − ௡ܨ ∙ ௞ߜ + ௞ߜ⨂	௡ߜ −  ௡ߜ⨂௞ߜ

So for ܽ ∈  ,∧ܣ

ܽ ∙ ௡ᇱܨ − ௡ᇱܨ ∙ ܽ + ܽ	⨂௡ߜ −  ௡ߜ	⨂	ܽ

= ൭෍ܽ௜ߜ௜
௜வ௡

൱ ∙ ௡ܨ − ௡ܨ ∙ ൭෍ܽ௜ߜ௜
௜வ௡

൱ + ௜ߜ⨂൭෍ܽ௜	௡ߜ
௜வ௡

൱

− ൭෍ܽ௜ߜ௜
௜வ௡

൱⨂	ߜ௡ 												

= ௜ߜ⨂൭෍ܽ௜	௡ߜ
௜வ௡

൱ − ൭෍ܽ௜ߜ௜
௜வ௡

൱	⨂ߜ௡

→ 0	(݊ → ∞).																																																																												(6) 

For the product ݉݊ = max{݉, ݊} , ∨ܣ = ℓ୪(ܵ) has ߜଵ as an identity. 

Define the (unbounded) sequence 

௡ܩ = ௡ߜ	⨂	௡ߜ +෍(2ߜ௜ ௜ߜ	⨂	 − ௜ߜ ௜ିଵߜ⨂	 − (௜ߜ	⨂	௜ିଵߜ
௡

௜ୀଶ

		(݊ ∈ ℕ) 

Then ߨ(ܩ௡) = ୪ clear. Further, for ℓߜ ≥ ݊, 
ℓߜ	 ∙ ௡ܩ − ௡ܩ ∙ ℓߜ

= ୪ߜ	⨂ℓߜ − ℓߜ	⨂	୪ߜ + 2෍(ߜℓ⨂	ߜ୧ − (ℓߜ	⨂௜ߜ
௡

௜ୀଶ

−෍(ߜℓ⨂	ߜ୧ିଵ + (௜ߜ	⨂	ℓߜ
௡

௜ୀଶ

+෍(ߜ௜ ℓߜ	⨂	 + (ℓߜ	⨂	୧ିଵߜ
௡

௜ୀଶ
= ℓߜ	⨂	௡ߜ − ௡ߜ	⨂	ℓߜ . 

And for ℓ < ݊. 

ℓߜ ∙ ௡ܩ − ௡ܩ ∙ ℓߜ

= ୪ߜ⨂	ℓߜ − ℓߜ⨂	୪ߜ + 2෍(ߜℓ	⨂ߜ୧ − (ℓߜ⨂௜ߜ
ℓ

௜ୀଶ

+ 2 ෍ ୧ߜ⨂	௜ߜ) − (௜ߜ⨂	୧ߜ
௡

௜ୀℓାଵ

−෍ߜℓ	⨂	ߜ௜ିଵ

ℓ

௜ୀଶ

− ෍ ௜ିଵߜ	⨂	௜ߜ

௡

௜ୀℓାଵ

− ෍ ௜ߜ	⨂	௜ିଵߜ

௡

௜ୀℓାଶ

−෍ߜℓ	⨂	ߜ௜

ℓାଵ

௜ୀଶ

+෍ߜ௜	⨂	ߜℓ

ℓାଵ

௜ୀଶ

+ ෍ ௜ିଵߜ	⨂	௜ߜ

௡

௜ୀℓାଶ

+ ෍ ௜ߜ	⨂	௜ିଵߜ

௡

௜ୀℓାଵ

+෍ߜ௜ିଵ	⨂	ߜℓ

ℓ

௜ୀଶ

. 
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Looking at the terms with ߜ௞  as first factor, for various values of ݇, we 
have 

୪ߜቌ	⨂	ℓߜ + 2ቌ෍ߜ௜ − ௟ߜ

ℓ

௜ୀଶ

ቍ −෍ߜ௜ିଵ −෍ߜ௜ + ℓାଵߜ + ℓߜ

ℓାଵ

௜ୀଶ

ℓ

௜ୀଶ

ቍ = 0,	 

for ݎ < ݈, 

ℓߜ(−2	⨂	௥ߜ + ௟ߜ + (௟ߜ = 0, 

and for ݎ > ݈, 

௥ߜ ௥ିଵߜ−)	⨂	 − ୰ାଵߜ + ୰ିଵߜ + (௥ାଵߜ = 0. 

Thus ߜℓ ∙ ௡ܩ − ௡ܩ ⋅ ℓܩ = 0 for ݎ < ݈. 

It follows that for ܽ = ∑ܽ௜ߜ௜ ∈  ,∨ܣ

				ܽ ∙ ௡ܩ − ௡ܩ ∙ ܽ = ෍ܽ௞(ߜ௡	⨂	ߜ௞ − ௞ߜ (௡ߜ	⨂	
௞ஹ௡

→ 0		(݊ → ∞).						(7) 

So ܣ∨ is sequentially approximately amenable by Proposition (1.1.8) (i). 
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Section (1.2): Boundedly and Existence Approximate 
Amenability of Direct Sums   

Definition (1.2.1) [1]: 

A Banach algebra ܣ is boundedly approximately amenable if for every 
Banach ܣ-bimodule ܺ, and every continuous derivation ܦ ∶ ܣ → ܺ∗, 
there is a net , there is a net (ߦ௜) ⊂ ܺ∗ such that the net ൫ܽ݀క೔൯ is norm 
bounded in ℬ(ܣ, ܺ∗) and such that 

(ܽ)ܦ = lim
୧
ܽ݀క೔(ܽ) 			(ܽ ∈  .(ܣ

Replacing ܺ∗ with ܺ in the above definition, we then have the notion 
of boundedly approximately contractible. 

Note that it is the net of derivations ൫ܽ݀క೔൯ that is required to be 
bounded, not the implementing net (ߦ௜). On the other hand, if ܣ is 
amenable shows that ܣ is boundedly approximately contractible with the 
implementing net bounded. 

A standard argument shows the following. 

Proposition (1.2.2) [1]: 

A Banach algebra ܣ is boundedly approximately amenable if and only 
if there is a constant ܮ௕ > 0 such that for any ܣ-bimodule ܺ, and any 
continuous derivation ܦ ∶ ܣ → ܺ∗, there is a net (ߦ௜) ⊂ ܺ∗ such that 

(i) sup௜ฮadక೔ฮ ≤  and ;‖ܦ‖௕ܮ
(ii) ܦ(ܽ) = lim௜ adక೔(ܽ) 	(ܽ ∈  .(ܣ

Proof: 

The “if” part being trivial, assume that ܣ is boundedly approximately 
amenable. If there is no such ܮ௕, then for every integer ݊ ∈ ℕ there is a 
module ܯ௡ with constant at least ݊ for some norm one derivation ܦ௡ 
from ܣ into ܯ௡

∗ . Take the module ℓ୪(ܯ௡) with dual ℓஶ(ܯ௡
∗). Then the 

derivation ܦ =  .into the latter has constant at least ݊, a contradiction (௡ܦ)

In terms of the basic characterization of approximate amenability, we 
have the following. 
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Theorem (1.2.3) [1]: 

Suppose that the Banach algebra ܣ is boundedly approximately 
amenable. Then there is a net (ܯ௩) ⊂ ൫ܣ⋕	⨂෡ ൯⋕ܣ	

∗∗
 and a constant ܮ > 0 

such that for each ܽ ∈ ,⋕ܣ ܽ ∙ ௩ܯ ௩ܯ− ∙ ܽ → 0, (௩ܯ)∗∗ߨ → ݁, and 
‖ܽ ∙ ௩ܯ ௩ܯ− ∙ ܽ‖ ≤  has this latter property and ܣ Conversely, if .‖ܽ‖ܮ
൫ߨ∗∗(ܯ௩)൯ is bounded, then ܣ is boundedly approximately amenable. 

The uniform boundedness principle shows that every sequentially 
approximately amenable Banach algebra is boundedly approximately 
amenable. 

Proposition (1.2.4) [1]: 

Suppose that ܣ is a boundedly approximately amenable Banach 
algebra. If ܣ is separable as a Banach space, then it is sequentially 
approximately amenable. 

Proof: 

Let {ܾ௡: ݊ ∈ ℕ} be a countable dense subset of ܣ. Let ܺ be a Banach 
:ܦ bimodule and-ܣ ܣ → ܺ∗ be a continuous derivation. Since ܣ is 
boundedly approximately amenable, there is a constant ܿ > 0 such that 
for each ݊ ∈ ℕ there is ߦ௡ ∈ ܺ∗ such that 

(௞ܾ)ܦ‖ − (ܾ௞ ∙ ௡ߦ − ௡ߦ ∙ ܾ௞)‖ <
1
݊
		(݇ = 1,2, … , ݊),				and 

‖ܽ ∙ ௡ߦ − ௡ߦ ∙ ܽ‖ ≤ ܿ‖ܽ‖		(ܽ ∈  .(ܣ

This shows that the sequence (ߦ௜) ⊂ ܺ∗ satisfies 

(௞ܾ)ܦ = lim
௡→ஶ

(ܾ௞ ∙ ௡ߦ − ௡ߦ ∙ ܾ௞)		(݇ ∈ ℕ), 

and the sequence ൫adక೙൯ is a bounded net in ܣ)ܤ, ܺ∗). These together 
with the density of (ܾ௞) in ܣ imply that 

(ܽ)ܦ = lim
௡→ஶ

(ܽ ∙ ௡ߦ − ௡ߦ ∙ ܽ) 		(ܽ ∈  .(ܣ

Therefore, ܦ is sequentially approximately inner. 
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Proposition (1.2.5) [1]: 

Suppose that ܣ is a boundedly approximately contractible Banach 
algebra. If ܣ is separable as a Banach space, then it is sequentially 
approximately contractible. 

Example (1.2.6) [1]: 

Let ܣ = ܿ଴(ܵ) where ܵ is uncountable. Then ܣ amenable and hence is 
boundedly approximately contractible, but ܣ cannot be sequentially 
approximately contractible, for otherwise ܿ଴(ܵ) would have a sequential 
approximate identity, which is impossible. So, without separability 
Proposition (1.2.5) is not true. 

Example (1.2.7) [1]: 

Let ߱଴ be the first infinite ordinal, and ߱ଵ the first uncountable 
ordinal. For each non-zero ordinal ߣ, let ఒܵ be the set ߣ taken as a 
semigroup under the product ⋀. Consider the resulting algebras ℓ୪( ఒܵ). 

For ߣ < ߱଴ these are finite-dimensional and amenable. We have 
ℓ୪൫ܵఠబ൯ boundedly approximately amenable as earlier, with ܮ௕ ≤ 2 from 
Eq. (6). 

Indeed, for any ordinal ߣ the same calculation with ܵ௡ replaced ఒܵା௡ 
shows that ℓ୪൫ ఒܵାఠబ൯ is boundedly approximately amenable with ܮ௕ = 2. 
Note that (here the factor of 2 is merely a technical device) 

ℓ୪൫ܵఠభ൯ =∪ ൛ℓ
୪൫ ఒܵାଶఠబ൯:	ߣ < ߱ଵൟതതതതതതതതതതതതതതതതതതതതതതതതതതതതത. 

Further ൫ ఒܵାఠబ൯ఒழఠభ
 is an approximate identity for ℓ୪൫ܵఠబ൯ of bound 1 : 

for ܽ = ∑ܽ௞ߜ௞ , we have 

ఒܵାఠబܽ = ෍ ܽ௞ߜ௞
௞ழఒାఠబ

+ ቌ ෍ ܽ௞
ఒାఠబஸ௞ழఠభ

ቍߜఒାఠబ → ܽ. 

Since ఒܵାఠబ ∈ ℓ
୪൫ ఒܵାଶఠబ൯ and ఒܵାఠబℓ

୪൫ܵఠభ൯ ⊂ ℓ୪൫ ఒܵାଶఠబ൯ shows that 
ℓ୪൫ܵఠభ൯ is approximately amenable, and checking the argument shows 
that ܮ௕ = 2. 
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Yet ℓ୪൫ܵఠభ൯ is not sequentially approximately contractible. For if it 
were then in particular there would be a sequence (ݑ௡) in ℓ୪൫ܵఠభ൯ such 
that, for every ܽ ∈ ℓ୪൫ܵఠభ൯, 

																																	ܽ − ௡ܽݑ → 0.																												(8) 

But all the ݑ௡ have support in some countable set, and so in an interval 
[0, ߣ for some [ߣ < ߱ଵ. But then so does ݑ௡ܽ for any ܽ. So (8) fails for 
ܽ = ߤ ఓ for anyߜ >  .ߣ

Give a Banach algebra ܣ with unitization ܣ⋕, set ߨ ∶ ෡⨂	⋕ܣ ୭୮⋕ܣ	 →  ⋕ܣ
to the product map, and set ࣥ = ker  One of the standard .ߨ
characterizations of amenability is the existence of a bounded right 
approximate identity in ࣥ. As we now show, boundedly approximate 
amenability can be characterized in a similar fashion. First a simple 
lemma.   

 Lemma (1.2.8) [1]: 

A Banach algebra ܣ is boundedly approximately amenable if and only 
if ܣ⋕ is boundedly approximately amenable. 

Proof: 

Let ܣ be boundedly approximately amenable, ܺ a Banach ܣ⋕-
bimodule, ܦ ∶ ⋕ܣ → ܺ∗ a derivation. By adjusting by an inner derivation 
of norm at most 4‖ܦ‖ we may suppose that ܺ is neo-unital, and so 
(݁)ܦ = 0. 

By assumption, there is (ݔ௜∗) ⊂ ܺ∗ and ܯ > 0 such that for ܽ ∈  :ܣ

(ܽ)ܦ = lim
௜
(ܽ ∙ ∗௜ݔ − ∗௜ݔ ∙ ܽ), 

and for all ݅, 

‖ܽ ∙ ∗௜ݔ − ∗௜ݔ ∙ ܽ‖ ≤  .‖ܽ‖ܯ

Since ܦ(݁) = 0 and ݁ ∙ ∗ݔ = ∗ݔ ∙ ݔ)	݁ ∈ ܺ∗), it follows that 

ܽ)ܦ + (݁ߙ = lim
௜
൫(ܽ + (݁ߙ ∙ ∗௜ݔ − ∗௜ݔ ∙ (ܽ +  ,൯(݁ߙ

and 
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‖(ܽ + (݁ߙ ∙ ∗௜ݔ − ∗௜ݔ ∙ (ܽ + ‖(݁ߙ ≤ ‖ܽ‖ܯ ≤ ‖ܽ +  ,‖݁ߙ

 so that ܣ⋕ is boundedly approximately amenable. 

Conversely, let ܺ be an A-bimodule, and ܦ ∶ ܣ → ܺ∗ a derivation. 
Setting ݁ ∙ ݔ = ݔ ∙ ݁ = (݁)ܦ bimodule. Setting-⋕ܣ makes ܺ into an ݔ = 0 
extends ܦ to ܣ⋕. Supposing ܣ⋕ is boundedly approximately amenable, 
there is (ݔ௜∗) ⊂ ܺ∗ and ܯ > 0 such that for all ܽ ∈  ,ܣ

(ܽ)ܦ = lim
௜
(ܽ ∙ ∗௜ݔ − ∗௜ݔ ∙ ܽ) , with		‖ܽ ∙ ∗௜ݔ − ∗௜ݔ ∙ ܽ‖ ≤  ,‖ܽ‖ܯ

as required. 

In the following theorem ߨ still denotes the product map from 
෡⨂	⋕ܣ  .ߨ and ࣥ denotes kernel of ⋕ܣ ୭୮ into⋕ܣ	

Theorem (1.2.9) [1]: 

A Banach algebra ܣ is boundedly approximately amenable if and only 
if there is a net (ݑ௜) ⊂ ࣥ∗∗ and ܯ > 0 such that: 

(i) ݇ ∙ ௜ݑ → ݇ for each ݇ ∈ ࣥ; 
(ii) ‖݇ ∙ ‖௜ݑ ≤ ݇ for all ‖݇‖ܯ ∈ ࣥ and all ݅. 

Proof: 

Suppose that ܣ is boundedly approximately amenable, and let 
ܦ ∶ ܣ → ࣥ∗∗ be the derivation ܦ(ܽ) = ܽ	⨂	݁ − ݁	⨂	ܽ. Then there is a 
net (ݑ௜) ⊂ ࣥ∗∗ and ܯ > 0 such that for all ܽ ∈  ,ܣ

(ܽ)ܦ = lim
௜
(ܽ ∙ ௜ݑ − ௜ݑ ∙ ܽ) ,

with		‖ܽ ∙ ௜ݑ − ௜ݑ ∙ ܽ‖ ≤  .݅	all	for		‖ܽ‖ܯ

We show that (ݑ௜) has the desired properties. 

Let ݇ = ∑ܽ௡	⨂	ܾ௡ ∈ ࣥ, so that ∑ܽ௡ܾ௡ = 0. Then 

݇ ∙ ௜ݑ =෍ܽ௡ ∙ ௜ݑ ∙ ܾ௡
௡

=෍ܽ௡ ∙ ௜ݑ ∙ ܾ௡
௡

−෍ݑ௜ ∙ ܽ௡ܾ௡
௡

=෍(ܽ௡ ∙ ௜ݑ − ௜ݑ ∙ ܽ௡)
௡

∙ ܾ௡ , 

so that 
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‖݇ ∙ ‖௜ݑ ≤෍‖ܽ௡ ∙ ௜ݑ − ௜ݑ ∙ ܽ௡‖
௡

‖ܾ௡‖ ≤ ‖෍‖ܽ௡‖‖ܾ௡ܯ
௡

, 

and so (ii) is satisfied. 

Take ߝ > 0, and write ݇ = ݇ଵ + ݇ଶ where 

݇ଵ = ෍ܿ௡	⨂	݀௡

ே

௡ୀଵ

∈ ࣥ		and		‖݇ଶ‖ <  .ߝ

This is possible. Then, as above, 

									݇ଵ ∙ ௜ݑ =෍ ܿ௡ ∙ ௜ݑ ∙ ݀௡

ே

௡ୀଵ

=෍(ܿ௡ ∙ ௜ݑ − ௜ݑ ∙ ܿ௡)
ே

௡ୀଵ

∙ ݀௡,															(9) 

Since ܦ(ܽ) = ܽ	⨂	݁ − ݁	⨂	ܽ for ܽ ∈  ,ܣ

						݇ଵ = ෍ ܿ௡	⨂	݀௡

ே

௡ୀଵ

= ෍(ܿ௡	⨂	݁ − ݁	⨂	ܿ௡)
ே

௡ୀଵ

∙ ݀௡

= ෍ܦ(ܿ௡)
ே

௡ୀଵ

∙ ݀௡					(10) 

Putting (9) and (10) together, 

‖݇ଵ ∙ ௜ݑ − ݇ଵ‖ ≤ ෍‖ܿ௡ ∙ ௜ݑ − ௜ݑ ∙ ܿ௡ − ‖(௡ܿ)ܦ
ே

௡ୀଵ

‖݀௡‖ <  ,ߝ

Provided that ݅ is sufficiently large. Since 

‖݇ଶ ∙ ௜ݑ − ݇ଶ‖ ≤ ܯ) + 1)‖݇ଶ‖ < ܯ) +  ,ߝ(1

we thus have 

‖݇ ∙ ௜ݑ − ݇‖ ≤ ܯ) +  ߝ(2

provided ݅ is sufficiently large. Thus (i) is satisfied. 

Now suppose that a net (ݑ௜) ⊂ ࣥ∗∗ as above exists. By Lemma 
(1.2.8) it suffices to show that ܣ⋕ is boundedly approximately amenable. 
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Set ݒ௜ = ݁	⨂	݁ − ௜ݑ ∈ ൫ܣ⋕	⨂෡ ୭୮൯⋕ܣ	
∗∗

. Then ߨ∗∗(ݒ௜) = ݁, and for 
ܽ ∈       ,ܣ

ܽ ∙ ௜ݒ − ௜ݒ ∙ ܽ = (ܽ	⨂	݁ − ݁	⨂	ܽ) − (ܽ ∙ ௜ݑ − ௜ݑ ∙ ܽ) 	
= (ܽ	⨂	݁ − ݁	⨂	ܽ) − (ܽ	⨂	݁ − ௜ݑ(ܽ	⨂	݁ 																												
→ 0,																																																																																										(11) 

because ܽ	⨂	݁ − ݁	⨂	ܽ ∈ ࣥ. Moreover, there is ݉ > 0 such that 

																				‖ܽ ∙ ௜ݒ − ௜ݒ ∙ ܽ‖ ≤ ݉‖ܽ‖		(ܽ ∈ ,ܣ all	݅).														(12) 

Now let ܺ be a unit-linked ܣ⋕-bimodule, and let ܦ ∶ ⋕ܣ → ܺ∗ be a 
derivation. Let ߮ ∶ ෡⨂	⋕ܣ ⋕ܣ	 → ܺ∗ be the mapping specified by 

߮(ܽ⨂	ܾ) = ܽ ∙ ,ܽ)		(ܾ)ܦ ܾ ∈  .(⋕ܣ

Then ‖߮‖ ≤ ܽ and for ,‖ܦ‖ ∈ ,⋕ܣ ݑ ∈ ෡⨂	⋕ܣ  ,⋕ܣ	

ݑ)߮ ∙ ܽ) = (ݑ)߮ ∙ ܽ + ,(ܽ)ܦ(ݑ)ߨ ߮(ܽ ∙ (ݑ = ܽ ∙  .(ݑ)߮

The natural projection ܲ ∶ ܺ∗∗∗ → ܺ∗ is an ܣ⋕-bimodule morphism, 
߮∗∗ ∶ ൫ܣ⋕	⨂෡ ൯⋕ܣ	

∗∗
→ ܺ∗∗∗ is weak*-weak* continuous, and the map 

߰ = ܲ ∘ ߮∗∗ ∶ ൫ܣ⋕	⨂෡ ൯⋕ܣ	
∗∗
→ ܺ∗ satisfies ‖߰‖ ≤ ܽ For .‖ܦ‖ ∈ ,⋕ܣ ݑ ∈

൫ܣ⋕	⨂෡ ൯⋕ܣ	
∗∗

, noting that ܲ is weak* continuous we have 

ݑ)߰ ∙ ܽ) = (ݑ)߰ ∙ ܽ + (ݑ)∗∗ߨ ∙ ,(ܽ)ܦ ߰(ܽ ∙ (ݑ = ܽ ∙  .(ݑ)߰

In particular, using neo-unitality, 

(ܽ)ܦ = (௜ݒ)∗∗ߨ ∙  (ܽ)ܦ

= ௜ݒ)߰ ∙ ܽ) − (௜ݒ)߰ ∙ ܽ 

= ܽ ∙ (௜ݒ)߰ − (௜ݒ)߰ ∙ ܽ − ߰(ܽ ∙ ௜ݒ − ௜ݒ ∙ ܽ). 

Thus by (11), 

(ܽ)ܦ = lim
௜
(ܽ ∙ (௜ݒ)߰ − (௜ݒ)߰ ∙ ܽ) 

whence, by (12), 

‖ܽ ∙ (௜ݒ)߰ − (௜ݒ)߰ ∙ ܽ‖ ≤ ‖(ܽ)ܦ‖ + ‖߰‖‖ܽ ∙ ௜ݒ − ௜ݒ ∙ ܽ‖
≤ ݉)‖ܦ‖ + 1)‖ܽ‖. 
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It follows that ܦ is boundedly approximately inner. 

The same argument, with appropriate modifications, shows the 
following. 

Theorem (1.2.10) [1]:      

The Banach algebra ܣ is boundedly approximately contractible if and 
only if there is a net (ݑ௜) ⊂ ࣥ and ܯ > 0 such that 

(i) ݇ ∙ ௜ݑ → ݇ for each ݇ ∈ ࣥ; 
(ii) ‖݇ ∙ ‖௜ݑ ≤ ݇ for all ‖݇‖ܯ ∈ ࣥ and all ݅. 

We improve concerning approximate amenability of the direct sum of 
Banach algebras as follows. There appears to be a close relation between 
the existence of two-sided approximate identities in approximately 
amenable algebras and the approximate amenability of the direct sum of 
approximately amenable algebras. 

Proposition (1.2.11) [1]: 

Suppose that ܣ and ܤ are approximately amenable Banach algebras. 
Suppose that one of ܣ or ܤ has a bounded approximate identity. Then 
 .is approximately amenable ܤ	⨁	ܣ

Proof: 

Let ܺ be an (ܣ	⨁	ܤ)-bimodule, and let ܦ ∶ ܤ	⨁	ܣ	 → ܺ∗ be a 
continuous derivation. Suppose that (ܾఈ) ⊂  is a bounded approximate ܤ
identity for ܤ. Without loss of generality we assume 

ܾఈ
௪௞∗
ሱ⎯ሮ (ఈܾ)ܦ	and		∗∗ܤ	in	ܧ

௪௞∗
ሱ⎯ሮ  .∗∗∗ܺ	in	ߦ

Then ܺ∗∗∗ is an (ܣ	⨁	ܤ)∗∗ =  bimodule. We can extend the-∗∗ܤ	⨁	∗∗ܣ
module actions of ܣ	⨂	ܤ on ܺ∗∗∗ to actions of ⋕ܣ	⨁	ܤ on ܺ∗∗∗ by 
defining 

஺݁ ∙ ܨ = ܨ − ܧ ∙ ,ܨ ܨ ∙ ஺݁ = ܨ − ܨ ∙ ,ܧ ܨ ∈ ܺ∗∗∗, 

where ஺݁ is the identity for ܣ⋕. 

Now view ܦ as a derivation from ܣ	⨁	ܤ into ܺ∗∗∗. We extend it to a 
derivation from ⋕ܣ	⨁	ܤ into ܺ∗∗∗ by defining ܦ( ஺݁) =  It is readily .ߦ−
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seen that after this extension ܦ is still a derivation. For instance, for each 
ܽ ∈  ,ܣ

ܽ ∙ )ܦ ஺݁) + (ܽ)ܦ ∙ ஺݁ = −ܽ ∙ ߦ + (ܽ)ܦ − (ܽ)ܦ ∙ ܧ
= (ܽ)ܦ − weak∗ − lim

஑
D(ܾܽఈ) = (ܽ)ܦ = ܽ)ܦ ஺݁). 

Since ⋕ܣ	⨁	ܤ is approximately, it is approximately contractible by 
Theorem (1.1.2). Therefore the extended ܦ is approximately inner. So 
there exists a net (ܨ௜) ⊂ ܺ∗∗∗ for which 

,ܽ)ܦ ܾ) = lim
௜
[(ܽ, ܾ) ∙ ௜ܨ − ௜ܨ ∙ (ܽ, ܾ)] , ܽ ∈ ,ܣ ܾ ∈  .ܤ

Applying the canonical projection from ܺ∗∗∗ to both sides of the above 
equation, we obtain that the original ܦ is approximately inner. So ܣ	⨁	ܤ 
is approximately amenable. 

Proposition (1.2.12) [1]: 

Suppose that ܣ and ܤ are approximately amenable Banach algebras. 
Then, for any neo-unital (ܣ	⨁	ܤ)-bimodule ܺ, continuous derivations 
from ܣ	⨁	ܤ into ܺ∗ are weak* approximately inner. 

Proof: 

Let ܦ ∶ ܤ	⨁	ܣ	 → ܺ∗ be a continuous derivation. Then ܦ induces 
(continuous) derivations ܦଵ ∶ ܣ → ܺ∗ define by ܦଵ(ܽ) = ,ܽ)ܦ 0), and 
ଶܦ ∶ ܤ → ܺ∗ define by ܦଶ(ܾ) = ,0)ܦ ܾ). Since ܣ and ܤ are 
approximately amenable, there are nets (ߦ௜), (௜ߞ) ⊂ ܺ∗ such that 

(ܽ)ଵܦ													 = lim
௜
[(ܽ, 0) ∙ ௜ߦ − ௜ߦ ∙ (ܽ, 0)]		(ܽ ∈  (13)																,(ܣ

(ܾ)ଶܦ													 = lim
௜
[(0, ܾ) ∙ ௜ߞ − ௜ߞ ∙ (0, ܾ)]		(ܾ ∈  (14)																,(ܤ

Let (݈ఈ஺)(ݎఈ஺) respectively be left and right approximate identities of ܣ, 
and let (݈ఈ஻)(ݎఈ஻) respectively be left and right approximate identities of 
 Then we have .ܤ

(ܽ, 0) = lim
ఈ
(ܽ, ,ఈ஺ݎ)(ܾ 0) = lim

ఈ
(݈ఈ஺, 0)(ܽ, ܾ) 		(ܽ ∈  ,(ܣ

(0, ܾ) = lim
ఈ
(ܽ, ܾ)(0, (ఈ஻ݎ = lim

ఈ
(0, ݈ఈ஻)(ܽ, ܾ)		(ܾ ∈  .(ܤ
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These together with equations (13) and (14) imply that there are nets (ߔ௩) 
and (߰௩) in ܺ∗ such that 

,ܽ)ܦ ܾ) = (ܽ)ଵܦ + (ܾ)ଶܦ
= lim

௩
[(ܽ, ܾ) ∙ ௩ߔ − ߰௩ ∙ (ܽ, ܾ)]		(ܽ ∈ ,ܣ ܾ ∈  .(ܤ

Since ܦ is a derivation, (ߔ௩) and (߰௩) in the above equation satisfy 

(ܽ, ܾ) ∙ ௩ߔ) − ߰௩) ∙ (ܿ, ݀)
௩
→ 0		(ܽ, ܿ ∈ ,ܣ ܾ, ݀ ∈  .(ܤ

So we have 

,ܽ)ܦ ܾ)(ܿ, ݀) = lim
௩
[(ܽ, ܾ) ∙ ߰௩ − ߰௩(ܽ, ܾ)] ∙ (ܿ, ݀), 

for all ܽ, ܿ ∈ ,ܣ ܾ, ݀ ∈  bimodule, this-(ܤ	⨁	ܣ) If ܺ is a neo-unital .ܤ
implies that 

,ܽ)ܦ ܾ) = weak 	∗ − lim
జ
[(ܽ, ܾ) ∙ ߰జ − ߰జ ⋅ (ܽ, ܾ)]		(ܽ ∈ ,ܣ ܾ ∈  .(ܤ

Therefore ܦ is weak* approximately inner. 

Proposition (1.2.13) [1]: 

If ܣ	⨁	ܣ is approximately amenable, then ܣ has a two-sided 
approximate identity. 

Proof: 

Make ܺ =  bimodule by defining module actions as-ܣ	⨁	ܣ an ܣ
follows. 

(ܽ, ܾ) ∙ ݔ = ݔ			,ݔܽ ∙ (ܽ, ܾ) = ݔ)			ܾݔ ∈ ܺ, ܽ, ܾ ∈  .(ܣ

Then ܦ(ܽ, ܾ) = ܽ − ܾ is derivation from ܣ	⨁	ܣ into ܺ. So there exists 
(௜ݔ) ⊂ ܺ for which 

ܽ − ܾ = lim
௜
௜ݔܽ) − ,ܽ)			(௜ܾݔ ܾ ∈  .(ܣ

In particular, we have lim௜ ௜ݔܽ = ܽ and lim௜ ௜ܾݔ = ܾ		(ܽ, ܾ ∈  (௜ݔ) So .(ܣ
is a two-sided approximate identity. 
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Suppose that ܣ is an approximately amenable Banach algebra. In 
particular, ܣ has one-sided approximate identity. Consider the topology ߬ 
determined by the seminorms ܾ ⟼ ‖ܾܽ‖	(ܽ ∈  .(ܣ

Proposition (1.2.14) [1]: 

Suppose that ܣ is approximately amenable, and that ߬ is stronger than 
the weak topology on ܣ. Then ܣ has a two-sided approximate identity. 

Proof: 

Take ܺ =  .bimodule as above-(ܣ	⨁	ܣ) as an ܣ

Following the argument of proposition (1.2.12), we have that for any 
derivation ܦ ∶ ܣ	⨁	ܣ	 → ܺ there is a net (߰௩) in ܺ such that 

,ܽ)ܦ ܾ) ∙ (ܿ, ݀) = lim
௩
[(ܽ, ܾ) ∙ ߰௩ − ߰௩(ܽ, ܾ)] ∙ (ܿ, ݀). 

Applying this to the derivation ܦ(ܽ, ܾ) = ܽ − ܾ, we have that for every 
ܿ ∈  ,ܣ

(ܽ − ܾ)ܿ = lim
௩
(ܽ߰௩ − ߰௩ܾ)ܿ. 

Hence from the assumption on ߬, 

ܽ − ܾ = weak 	∗ − lim
௩
(ܽ߰௩ − ߰௩ܾ). 

Thus (߰௩) is a two-sided weak approximate identity, and standard 
arguments yield a two-sided approximate identity. 

Now we can define Mazure theorem [6]: most will – behaved normed 
spaces are subspaces of the space of continuous path. 

Proposition (1.2.15) [1]: 

Suppose that 

(i) span{ܽܽ∗: ܽ ∈ ,ܣ ܽ∗ ∈  and ;∗ܣ is dense in {∗ܣ
(ii) ܣ is boundedly approximately amenable, or 
(iii) ܣ is boundedly approximately contractible. 

Then ܣ has a two-sided approximate identity. 
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Proof: 

Suppose (i) and (ii) and let ܦ and ܺ ⊂ ܺ∗∗ be as in Proposition (1.2.4). 
Then there is a net (ߦ௩) in ܺ∗∗ such that 

,ܽ)ܦ ܾ)ܿ = lim
௩
(ܽ ∙ ఔߦ − ఔߦ ∙ ܾ) c, ܽ, ܾ, ܿ ∈  ,ܣ

where, moreover, (ܽ ∙ ఔߦ − ఔߦ ∙ ܾ) is bounded for each ܽ, ܾ ∈  It .ܣ
follows that for ܿ ∈ ∗ܿ and ܣ ∈  ,∗ܣ

,ܽ)ܦ〉 ܾ), ܿܿ∗〉 = lim
௩
〈ܽ ∙ ఔߦ − ఔߦ ∙ ܾ, ܿܿ∗〉 , ܽ ∈  ,ܣ

and hence for finite sums ܿଵܿଵ∗ +⋯+ ܿ௞ܿ௞∗. But then by boundedness of 
(ܽ ∙ ఔߦ − ఔߦ ∙ ܾ) and hypothesis on ܣ∗, 

ܽ − ܾ = weakି∗ lim୴
(ܽ ∙ ఔߦ ∙ ఔߦ ∙ ܾ), 

which suffices. 

Supposing (iii) the argument is similar but simpler. 

The spanning condition certainly holds if ܣ∗ is essential with the usual 
module operations. It also holds when ܣ is approximately amenable and 
reflexive as a Banach space. For with (݁௜) a right approximate identity for 
 we have ,ܣ

〈ܽ∗, ܽ〉 = lim
௜
〈ܽ∗, ܽ݁௜〉 = lim

௜
〈݁௜ܽ∗, ܽ〉, 

so that spanതതതതതത{ܿܿ∗}୵ୣୟ୩ =  .and hence in norm by Mazur’s theorem ,∗ܣ
However, it should be noted that no example of an infinite-dimensional 
reflexive as a Banach algebra is known. Indeed, it has been conjectured 
that a reflexive amenable Banach algebra is finite-dimensional. 

Proposition (1.2.15) can be strengthened a little. 

Proposition (1.2.16) [1]: 

Let ܯ = (span{ܽܽ∗: ܽ ∈ ,ܣ ܽ∗ ∈  is boundedly ܣ Suppose that .ି({∗ܣ
approximately amenable and that ܯ is complemented by a closed 
submodule in ܣ∗. Then ܣ has a two-sides approximate identity. 
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Proof: 

Let ܰ be a complementing closed submodule, such that ܣ∗ =  .ܰ	⨁	ܯ
By the definition of ܯ, the left action of ܣ annihilates ܰ. Let ܦ ∶
ܣ	⨁	ܣ → ,ܽ)ܦ be given by ∗∗ܣ ܾ) = ܽ − ܾ. Now ܣ∗∗ =  ܳ let ,∗ܰ	⨁	∗ܯ
be the quotient map of ܣ∗∗ onto ܯ∗. Then ࣫ܦ and (ܫ −  are ܦ(࣫
derivations into ܯ∗ and ܰ∗, respectively. 

Since the right action of ܣ on ܰ∗ is trivial, and ܣ has a left 
approximate identity, (ܫ −  the ,ܦ࣫ is approximately inner. For ܦ(࣫
argument of Proposition (1.2.15) gives (ߦ௜) ⊂  with ∗ܯ

,ܽ)ܦ࣫ ܾ) = lim
௜
[(ܽ, ܾ) ∙ ௜ߦ − ௜ߦ ∙ (ܽ, ܾ)] 		(ܽ, ܾ ∈  .(ܣ

Thus we have ܦ is weak*-approximately inner, and hence approximately 
inner. The result follows as in Proposition (1.2.14).  
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Section (1.3): Lipschitz and Beurling with Discrete Semigroup 
Algebras       

For an infinite compact metric space ܧ and 0 < ߙ < 1, and ݂ ∶ ܧ → ℂ, 
define 

ఈܲ(݂) = sup ቊ
(ݔ)݂| − |(ݕ)݂
,ݔ)݀ ఈ(ݕ

: ,ݔ ݕ ∈ ,ܧ ݔ ≠  .ቋݕ

Then set 

Lipఈ(ܧ) ={݂ ∶ ܺ → ℂ:	݌ఈ(݂) < ∞}, 

and 

lipఈ(ܧ) = ቊ݂ ∈ Lipఈ(ܧ) :
(ݔ)݂| − |(ݕ)݂
,ݔ)݀ ఈ(ݕ

→ 0	as	݀(ݔ, (ݕ → 0ቋ. 

On each of these spaces set ‖݂‖ఈ = ‖݂‖ஶ + ఈܲ(݂). Then with pointwise 
multiplication Lipఈ(ܧ) and lipఈ(ܧ) are commutative Banach algebras. 

Since Lipఈ(ܧ) fails to be weakly amenable, 0 < ߙ ≤ 1, it cannot be 
approximately amenable. Of rather more interest is lipఈ(ܧ) where this 
last statement only hold in general for 1 2⁄ < ߙ < 1. 

Here we make a very modest contribution towards answering the 
approximate amenability question for these algebras. 

With ܧ and ߙ as above, let ܣ = lipఈ  and set ,ܧ

ܺ = {݂ ∈ Lipఈ(ܧ × :(ܧ ,ݔ)݂ (ݔ = ݔ)	0 ∈  .{(ܧ

Proposition (1.3.1) [1]: 

The derivation ܦ ∶ ܣ → ܺ given by 

,ݔ)(ܽܦ) (ݕ = (ݔ)ܽ − ܽ)		(ݕ)ܽ ∈ ,ܣ ,ݔ ݕ ∈  (ܧ

is non-inner but is sequentially approximately inner. 

Proof: 

 It has been shown that ܦ is non-inner. 

For ݊ ∈ ℕ, set 
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,ݔ)௡ܩ (ݕ = minቄ1, ݊൫݀(ݔ, ൯(ݕ
ఈ
ቅ		(ݔ, ݕ ∈  .(ܧ

Note that ‖ܩ௡‖ఈ = 1 + ܽ ఈ. Let݊ߙ ∈  and consider ,ܣ

									(ܽ ∙ ௡ܩ − ௡ܩ ∙ ܽ − ,ݔ)(ܽܦ (ݕ
= ൫ܽ(ݔ) − ,ݔ)௡ܩ)൯(ݕ)ܽ (ݕ − 1).																																										(15) 

We show this converges to 0 in ܺ. Note that uniform convergence to 0 is 
clear. Assume that the result fails. Without loss of generality, there is 
ߟ > 0 such that 

‖ܽ ∙ ௡ܩ − ௡ܩ ∙ ܽ − ‖ܽܦ > ݊)		ߟ ∈ ℕ). 

Thus there exist ݔ௡ , ,௡ݕ ௡ᇱݔ , ௡ᇱݕ ∈  such that ܧ

		
ห൫ܽ(ݔ௡) − ,ݔ)௡ܩ)൯(௡ݕ)ܽ (ݕ − 1) − ൫ܽ(ݔ௡ᇱ ) − ௡ᇱݔ)௡ܩ)൯(௡ᇱݕ)ܽ , ௡ᇱݕ ) − 1)	ห

௡ݔ)݀] , ௡ᇱݔ ) + ௡ݕ)݀ , ௡ᇱݕ )]ఈ
≥  (16)																																																																																												.ߟ

Note that necessarily lim௡൫݀(ݔ௡, ௡ᇱݔ ) + ௡ݕ)݀ , ௡ᇱ)൯ݕ = 0, since the 
numerator in (16) converges uniformly to 0. Write 

(௡ݔ)ܽ − (௡ݕ)ܽ
= ൫ܽ(ݔ௡) − ௡ᇱݔ)ܽ )൯ + ൫ܽ(ݔ௡ᇱ ) − ൯(௡ᇱݕ)ܽ + ൫ܽ(ݕ௡ᇱ) −  .൯(௡ݕ)ܽ

Since  

(௡ݔ)ܽ − ௡ᇱݔ)ܽ )
,݊ݔ)݀ ′݊ݔ )ఈ

→ 0		and		
(௡ݕ)ܽ − ௡ᇱݕ)ܽ )

݀൫݊ݕ, ′݊ݕ ൯
ఈ → 0, 

we deduce from (16) that 

														lim
௡
inf

ห൫ܽ(ݔ௡) − ௡ݔ)௡ܩ൯൫(௡ݕ)ܽ , (௡ݕ − ௡ᇱݔ)௡ܩ , ௡ᇱݕ )൯ห
,௡ݔ)݀] ௡ᇱݔ ) + ௡ݕ)݀ , ௡ᇱݕ )]ఈ

≥  (17)					,ߟ

													lim
௡
inf

ห൫ܽ(ݔ௡ᇱ ) − ௡ᇱݕ)ܽ )൯൫ܩ௡(ݔ௡ , (௡ݕ − ௡ᇱݔ)௡ܩ , ௡ᇱݕ )൯ห
,௡ݔ)݀] ௡ᇱݔ ) + ௡ݕ)݀ , ௡ᇱݕ )]ఈ

≥  (18)					,ߟ

Now 

ห൫ܩ௡(ݔ௡, (௡ݕ − ௡ᇱݔ)௡ܩ , ௡ᇱݕ )൯ห
,௡ݔ)݀] ௡ᇱݔ ) + ௡ݕ)݀ , ௡ᇱ)]ఈݕ

≤ ቄ 0,
1 + ݊ఈ ,

min{݀(ݔ௡ , ,(௡ݕ ௡ᇱݔ)݀ , {(௡ᇱݕ ≥ 1 ݊⁄ ,
otherwise.																						

� 
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Thus from (17) and (18) it follows that at least one of ݀(, (௡ݕ௡ݔ <
1 ݊⁄  or ݀(ݔ௡ᇱ , ௡ᇱݕ ) < 1 ݊⁄  must hold for infinitely many ݊. Without loss of 
generality suppose it is the former. Then (18) gives 

ߟ ≤ lim
୬
inf|ܽ(ݔ௡) − 1)|(௡ݕ)ܽ + ݊ఈ) ≤ lim

୬
inf

(௡ݔ)ܽ| − |(௡ݕ)ܽ
௡ݔ)݀ , ௡)ఈݕ

1 + ݊ఈ

݊ఈ
= 0, 

since ݀(ݔ௡ , (௡ݕ < 1 ݊⁄  for infinitely many ݊. This contradiction. 

In the special case ܧ = [0,1], the same style of argument also shows 
that for a fixed ݕ ∈ (ݔ)௡ݑ ,[0,1] = min൛1,߱൫݊(ݔ −  ൯ൟ defines an(ݕ
(unbounded) approximate identity in the maximal ideal ܯ௬ =
{݂ ∈ lipఈ[0,1]: (ݕ)݂ = 0}. Thus results are of no help as to the 
approximate amenability of lipఈ[0,1]. 

A similar argument, with suitable ܩ௡ ∈ lipఈ[0,1] 	⨂෡ 	lipఈ[0,1], and 
more technically involved, shows that for ܧ = [0,1] the derivation above 
is sequentially approximately inner when considered as mapping into 
lipఈ[0,1]ଶ. 

To show approximate amenability we in effect need to show 
convergence of (15), for such ܩ௡, in lipఈ[0,1] 	⨂෡ 	lipఈ[0,1] rather than 
lipఈ[0,1]ଶ as above, and the norms involved are not equivalent: 
‖ऊ௡	⨂	ऊ௡‖గ = ܱ(݊ଶఈ), ‖ऊ௡	⨂	ऊ௡‖గ = ܱ(݊ఈ). For any compact metric 
space ܧ, the natural map ߔ ∶ 	 lipఈ(ܧ)	⨂෡ 	lipఈ(ܧ) → lipఈ(ܧଶ) is a 
contractive monomorphism, and Hedbeg’s theorem can be used to show 
it has dense range. 

Recall that a weight ߱ on a locally compact group is a continuous 
function ܩ → (0,∞) satisfying 

(ݕݔ)߱ ≤ ,ݔ)		(ݕ)߱(ݔ)߱ ݕ ∈  .(ܩ

For a weight ߱, (߱)୪ܮ = ,ܩ)୪ܮ ߱) is a Banach algebra under convolution, 
the Beurling algebra corresponding to ߱. 

The weight ߱ is symmetric if ߱(g) = ߱(gିଵ)(g ∈  For any weight .(ܩ
߱, its symmetrization is the weight defined by Ω(g) = ߱(g)߱(gିଵ)(g ∈
 .(ܩ
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Throughout Proposition (1.3.2)–Theorem (1.3.5) below we assume 
that ߱(݁) = 1. 

Proposition (1.3.2) [1]: 

Suppose the weight ߱ is bounded away from 0, and that ܮ୪(߱) is 
approximately amenable. Then ܩ is amenable. 

Proof: 

The hypothesis ensure that ܮ୪(߱) ⊂  is an (ܩ)ܥܷ and hence ,(ܩ)୪ܮ
 .is amenable ܩ so ,(ܩ)ܥܷ ୪(߱)-bimodule. There is an invariant mean onܮ

The precise relation between the behavior of ߱ and the approximate 
amenability of ܮ୪(߱) is unresolved. For example ܮ୪(ℝ, ݁௧) ≅  ୪(ℝ) isܮ
amenable, so boundedness of ߱ is not necessary. We conjecture that 
୪(߱) will fail to be approximately amenable whenever Ωܮ → ∞. Indeed, 
should this not be the case then we have a group ܩ which is amenable by 
Proposition (1.3.2), with ܮ୪(߱) approximately amenable but not amenable 
(see Theorem (1.3.7)). While this remains unresolved, a modified 
hypothesis yields a weaker result. Some preliminary constructions will be 
required. 

Suppose that ܩ is a locally compact group, ߱ a continuous weight on 
 Define .ܩ

ෝ߱(ݔ) = lim	 inf
௥→ஶ

(ݔݎ)߱
(ݎ)߱

ݔ)		 ∈  (ܩ

It is readily seen that ෝ߱ is continuous on ܩ and for ݔ, ݕ ∈  ,ܩ

ଵି(ଵିݔ)߱							 ≤ ෝ߱(ݔ) ≤ ,(ݔ)߱
ෝ߱(ݕݔ) ≤ ෝ߱(ݔ)߱(ݕ) 	∧ (ݔ)߱ ෝ߱(ݕ).																																						(19) 

Note that ෝ߱ is usually not a weight on ܩ. In fact, ෝ߱ିଵ is a weight since 
we always have ෝ߱(ݕݔ) ≥ ෝ߱(ݔ) ෝ߱(ݕ)	(ݔ, ݕ ∈  .(ܩ

For ߮ ∈ )୪ܮ ෝ߱ × ߱), define 

(ݔ)(߮)ߨ = න߮(ߦ, ,ଵିߦ (ݔ
	

ீ

,ݔ)			ߦ݀ ∈  .(ܩ
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Then ߨ(߮) ∈ )୪ܮ ෝ߱) with ‖ߨ(߮)‖ ≤ ‖߮‖. Set ߨ∗ to be the adjoint of ߨ∗ 
maps ܮஶ( ෝ߱ିଵ) into ܮஶ( ෝ߱ିଵ × ߱ିଵ). 

Lemma (1.3.3) [1]: 

Suppose that lim௫→ஶ ෝ߱(ିݔଵ)߱(ݔ) = ∞. Then ܥ|∗ߨ�଴( ෝ߱ିଵ) maps 
)଴ܥ ෝ߱ିଵ) into ܥ଴( ෝ߱ିଵ × ߱ିଵ). 

Proof: 

Let ݂ ∈ )଴ܥ ෝ߱ିଵ), and let ‖݂‖ఠෝ  denote its is norm. By definition 
,ݔ)(݂)∗ߨ (ݕ = ܩ and so is certainly continuous on ,(ݕݔ)݂ ×  Take .ܩ
ߝ > 0, and a compact set ܰ ⊂ (ݔ)݂| such that ܩ ෝ߱(ݔ)ିଵ| <  for ߝ
ݔ ∈ ܿ Set .ܰ\ܩ = sup{߱(ݔ) ෝ߱(ିݔଵ): ݔ ∈ ܰ}. By hypothesis there is a 
compact set ܭ ⊂  such that ܩ

ܿ‖݂‖ఠ
ෝ߱(ିݕଵ)߱(ݕ)

< ݕ)		ߝ ∈  .(ܭ\ܩ

Then ܣ = ,ݔ)} :(ݕ ݕ ∈ ,ܭ ݕݔ ∈ ܰ} is compact in ܩ × ,ݔ) For .ܩ (ݕ ∉  ܣ
and ݔ, ݕ ∉ ܰ, 

ቤ
(ݕݔ)(݂)∗ߨ
ෝ߱(ݔ)߱(ݕ)

ቤ ≤
|(ݕݔ)݂|
ෝ߱(ݕݔ)

<  .ߝ

On the other hand for (ݔ, (ݕ ∉ ݕݔ and ܣ ∈ ܰ, so that ݕ ∉  gives (19) ,ܭ

ቤ
,ݔ)(݂)∗ߨ (ݕ
ෝ߱(ݔ)߱(ݕ)

ቤ =
|(ݕݔ)݂|
ෝ߱(ݕݔ)

ෝ߱(ݕݔ)
ෝ߱(ݔ)߱(ݕ)

		≤ ‖݂‖ఠෝ
ෝ߱(ݕݔ)߱(ିݕଵିݔଵ)
ෝ߱(ିݕଵ)߱(ݕ)

							

≤
ܿ‖݂‖ఠෝ

ෝ߱(ିݕଵ)߱(ݕ)
<  		.ߝ

Thus ߨ∗(݂) ∈ )଴ܥ ෝ߱ିଵ × ߱ିଵ). 

Viewing ߨ as map from ܮ୪(߱ × ߱), almost the same argument as 
above yields the following. 

Lemma (1.3.4) [1]: 

Suppose that lim௫→ஶ߱(ିݔଵ)߱(ݔ) = ∞. Then ܥ|∗ߨ଴(߱ିଵ) maps 
଴(߱ିଵܥ ଴(߱ିଵ) intoܥ × ߱ିଵ). 
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When the hypothesis that lim௫→ஶ ෝ߱(ିݔଵ)߱(ݔ) = ∞ (or the 
hypothesis that lim௫→ஶ߱(ିݔଵ)߱(ݔ) = ∞) holds, set 
෤ߨ = ൫ܥ|∗ߨ଴( ෝ߱ିଵ)൯

∗
)ܯ: ෝ߱ × ߱) → )ܯ ෝ߱) (or, respectively, ߨ෤ =

൫ܥ|∗ߨ଴( ෝ߱ିଵ)൯
∗
߱)ܯ: × ߱) → -*and is weak ߨ ෤ extendsߨ Then .((߱)ܯ

weak* continuous. 

Theorem (1.3.5) [1]: 

Let ߱ be a weight function on ܩ. 

(i) Suppose that there is a net (ݎఈ) ⊂ such that limఈ ܩ ఈݎ = ∞ and 
൫߱(ݎఈିଵ)߱(ݎఈ)൯ is bounded. Then ܮ୪(߱) is boundedly 
approximately contractible if and only if it is amenable; 

(ii) Suppose that lim௫→ஶ ෝ߱(ିݔଵ)߱(ݔ) = ∞. Then ܮ୪(߱) is not 
boundedly approximately amenable. 

Proof: 

We begin by setting up some module machinery. It is routine to check 
that ܥ଴(߱ିଵ × ߱ିଵ) is a Banach ܮ୪(߱)-bimodule, and hence a Banach 
 bimodule; the module actions are given by-(߱)ܯ

																						

⎩
⎪
⎨

⎪
ߤ)⎧ ∙ ,ݔ)(݂ (ݕ = න݂(ݔ, ,(ߦ)ߤ݀(ߦݕ

	

ீ

(݂ ∙ ,ݔ)(ߤ (ݕ = න݂(ݔߦ, ,(ߦ)ߤ݀(ݕ
	

ீ

� 																						(20) 

where ݔ, ݕ ∈ ,ܩ ߤ ∈ ݂ and (߱)ܯ ∈ ଴(߱ିଵܥ × ߱ିଵ). It follows that 
߱)ܯ × ߱) is dual ܯ(߱)-bimodule, with actions 

																									

⎩
⎪
⎨

⎪
ߤ〉⎧ ∙ ݉, ݂〉 = න݂(ݔߦ, ,ݔ)݉݀(ߦ)ߤ݀(ݕ ,(ݕ

	

ீయ

〈݉ ∙ ,ߤ ݂〉 = න݂(ݔ, ,ݔ)݉݀(ߦ)ߤ݀(ߦݕ ,(ݕ
	

ீయ

� 																	(21) 

where ߤ ∈ ߱)ܯ × ߱) and ݂ ∈ ଴(߱ିଵܥ × ߱ିଵ). 

We also have ܥ଴(߱ିଵ × ߱ିଵ) is an ܯ(߱)-bimodule with actions 
given by (20). So ܯ( ෝ߱ × ߱) is a dual ܯ(߱)-bimodule, with module 
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actions given by (21). Moreover, these actions are weak*-weak* 
continuous in each variable separately. 

Finally, the natural dual actions given by 

																							

⎩
⎪
⎨

⎪
⎧(݂ ∙ (ݖ)(݉ = න ,ݔ)݂ ,ݔ)݉݀(ݖݕ ,(ݕ

	

ீ×ீ

(݉ ∙ (ݖ)(݂ = න ,ݔݖ)݂ ,ݔ)݉݀(ݕ (ݕ
	

ீ×ீ

� 																										(22) 

for ݂ ∈ ଴(߱ିଵܥ × ߱ିଵ) and ݉ ∈ )ܯ ෝ߱ × ߱) define mapping from 
)଴ܥ ෝ߱ିଵ × ߱ିଵ) × )ܯ ෝ߱ × ߱) into ܥ଴( ෝ߱ିଵ). 

Note that ܯ(߱ × ߱) is dual ܮ୪(߱)-bimodule by restricting the 
operation in (21). Consider the continuous mapping ܦ ∶ (߱)୪ܮ →
߱)ܯ × ߱) given by ܦ(݂) = ௘ߜ	⨂	݂ − ௘ߜ 	⨂	݂. In general, ܦ is a 
derivation into ker (ݔ)߱(ଵିݔ)If lim௫→ஶ߱ .ߨ = ∞, we can regard ܦ as a 
derivation into ker  .୪(߱)-bimoduleܮ ෤ which, by Lemma (1.3.4), is a dualߨ
Now suppose that ܮ୪(߱) is boundedly approximately contractible or that 
it is boundedly approximately amenable with lim௫→ஶ ෝ߱(ିݔଵ)߱(ݔ) = ∞ 
(which implies that lim௫→ஶ߱(ିݔଵ)߱(ݔ) = ∞). Then there is a net ൫ߤ௝൯ 
(൫ߤ௝൯ ⊂ ker ௝൯ߤin the former case and ൫ ߨ ⊂ ker  ෤ in the latter case) andߨ
݇଴ > 0 such that for all ߮ ∈  ,((߱)୪ܮ

(߮)ܦ = lim
௝
൫߮ ∙ ௝ߤ − ௝ߤ ∙ ߮൯ , with		ฮ߮ ∙ ௝ߤ − ௝ߤ ∙ ߮ฮ ≤ ݇଴‖߮‖. 

Set ܯ௝ = ௘ߜ	⨂௘ߜ − ݇ ௝ andߤ = ݇଴ + 2. Then ߨ൫ܯ௝൯ =  ,௘ (orߜ
respectively, ߨ෤൫ܯ௝൯ = ߮ ௘), and for everyߜ ∈  ,(߱)୪ܮ

						߮ ∙ ௝ܯ ௝ܯ− ∙ ߮
௝
→ 0		and		ฮ߮ ∙ ௝ܯ ௝ܯ− ∙ ߮ฮ

≤ ݇‖߮‖		for	all	݆.																																																							(23) 

Since the ܯ-bimodule operations are weak*-weak* continuous from 
(21), it follows from (23) that 

ฮߤ ∙ ௝ܯ ௝ܯ− ∙ ฮߤ ≤ ߤ൫			‖ߤ‖݇ ∈  .൯(߱)ܯ

In particular, ฮߜ௥ ∙ ௝ܯ ௝ܯ− ∙ ௥ฮߜ ≤ ݎ for each (ݎ)߱݇ ∈  ,That is to say .ܩ
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න ௥ߜห݀(ݕ)߱(ݔ)߱ ∙ ௝ܯ ௝ܯ− ∙ ,ݔ)௥หߜ (ݕ
	

ீ×ீ

≤  ,(ݎ)߱݇

and so 

න
(ݕ)߱(ݔݎ)߱

(ݎ)߱
݀หܯ௝ − ௥షభߜ ∙ ௝ܯ ∙ ,ݔ)௥หߜ (ݕ

	

ீ×ீ

≤ ݇ 

for ݎ ∈ ܭ and all ݆. Then for any compact set ܩ ⊂ ܩ ×  ,ܩ

න
(ݕ)߱(ݔݎ)߱

(ݎ)߱

	

௄

݀หܯ௝ห(ݔ, (ݕ ≤ ݇ + න
(ݕ)߱(ݔݎ)߱

(ݎ)߱

	

௄

݀หߜ௥షభ ∙ ௝ܯ ∙ ,ݔ)௥หߜ (ݕ 	

≤ ݇ + න
(ݎݕ)߱(ݔ)߱

(ݎ)߱

	

(௥,௘)௄(௘,௥షభ)

݀หܯ௝ห(ݔ, (ݕ 		

≤ ݇ + න (ݕ)߱(ݔ)߱
	

(௥,௘)௄(௘,௥షభ)

,ݔ)௝ܯ|݀  .(ݕ

But ܯ௝ ∈ ߱)ܯ × ߱), and so, as ݎ → ∞, the integral on the right-hand 
side tends to 0. 

If ܮ୪(߱) is boundedly approximately contractible and there is a net 
(ఈݎ) ⊂ ఈݎ such that ܩ → ∞ and ߱(ݎఈିଵ)߱(ݎఈ) ≤ ݀ for all ߙ, then we let ݎ 
tend to ∞ through (ݎఈ). Noting that 

(ݕ)߱(ݔݎ)߱
(ݎ)߱

≥
(ݕ)߱(ݔ)߱
(ݎ)߱(ଵିݎ)߱

≥
1
݀
 (ݕ)߱(ݔ)߱

when ݎ =  ఈ, we haveݎ

1
݀
ฮܯ௝ฮ ≤ ݇			for	all	݆. 

Therefore, ൫ܯ௝൯ is a bounded net in ܯ(߱ × ߱) ⊂ ቀܮ୪(߱)	⨁	ܮ୪(߱)ቁ
∗∗

, 
which implies that there is a virtual diagonal for ܮ୪(߱) is amenable. This 
together with the remark after Definition (1.2.1) proves the first statement 
of the theorem. 

Now suppose that ܮ୪(߱) is boundedly approximately amenable and 
that lim௫→ஶ ෝ߱(ିݔଵ)߱(ݔ) = ∞. We have 
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න ෝ߱(ݔ)߱(ݕ)
	

௄

݀หܯ௝ห(ݔ, (ݕ ≤ lim
௥→ஶ

sup න
(ݕ)߱(ݔݎ)߱

(ݎ)߱

	

௄

݀|หܯ௝ห(ݔ, (ݕ ≤ ݇. 

(In fact, let ܣ be the collection of all compact sets of ܩ with the inclusion 
as partial order. Then the net ( ஼݂)஼∈஺ with 

஼݂(ݔ, (ݕ = inf௥∈ீ\஼
ఠ(௥௫)
ఠ(௥)

,ݔ)൫	(ݕ)߱ (ݕ ∈  ൯ is equicontinuous, and soܭ

converges to ෝ߱ × ߱ in measure on ܭ.) Thus the net ൫ܯ௝൯ is bounded in 
)ܯ ෝ߱ × ߱). By going to a subnet necessary, we may assume that ൫ܯ௝൯ 
converges weak* to some ܯ ∈ )ܯ ෝ߱ × ߱). Note that weak* continuity of 
௝൯ܯ෤൫ߨ ෤ andߨ = (ܯ)෤ߨ ௘ giveߜ =  .௘ߜ

Now for each ߮ ∈ ,(߱)୪ܮ ߮ ∙ ௝ܯ ௝ܯ− ∙ ߮ → 0 in ܯ(߱ × ߱), and since 
ෝ߱ ≤ ߱, this limit also holds on ܯ( ෝ߱ × ߱). But weak* continuity 

߮ ∙ ܯ ܯ− ∙ ߮ = 0		 ቀ߮ ∈  .୪(߱)ቁܮ

By weak* continuity again, we have ߤ ∙ ܯ − ܯ ∙ ߤ = 0 for ߤ ∈  so ,(߱)ܯ
in particular ܯ = ௥షభߜ ∙ ܯ ∙ ݎ ௥ forߜ ∈  Thus .ܩ

ఠෝ×ఠ‖ܯ‖ = ௥షభߜ‖ ∙ ܯ ∙ ‖௥ߜ = න ෝ߱(ିݎଵݔ)߱(ݎݕ)
	

ீ×ீ

,ݔ)|ܯ|݀  .(ݕ

So for any compact ܭ ⊂ ܩ ×  ,ܩ

∞ > ఠෝ×ఠ‖ܯ‖ ≥ න ෝ߱(ିݎଵݔ)߱(ݎݕ)
	

௄

,ݔ)|ܯ|݀ (ݕ 		

≥ න
ෝ߱(ିݎଵ)߱(ݎ)

(ଵିݕ)߱(ଵିݔ)߱

	

௄

,ݔ)|ܯ|݀ (ݕ 	≥
ෝ߱(ିݎଵ)߱(ݎ)

௄ܥ
න݀|ݔ)|ܯ, (ݕ
	

௄

, 

where ܥ௄ = max(௫,௬)∈௄షభ߱(ݔ)߱(ݕ). Letting ݎ → ∞, finiteness of 
∫ ఠෝ×ఠ implies that‖ܯ‖ ,ݔ)|ܯ|݀ 	(ݕ

௄ = 0, and this holding for any 
compact ܭ ⊂ ܩ × ܯ necessitates ܩ = 0. But this is a contradiction to 
(ܯ)෤ߨ =  .௘. Thus the second statement of the theorem is trueߜ

Corollary (1.3.6) [1]: 

The Beurling algebras ℓ୪(ℤ, ߱),߱(݊) = (1 + |݊|)ఈ with ߙ > 0, are 
not boundedly approximately amenable and hence are not sequentially 
approximately amenable. 
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As noted, approximately amenability for commutative algebras, so, 
ℓ୪((1 + |݊|)ఈ) is not approximately amenable for ߙ ≥ 1 2⁄ . 

Now we give a new proof for characterization of amenability of 
Beurling algebras due to N. Gr¢nbæk. 

Let Ω be the symmertrization of ߱ as define in the beginning of this 
section. The following is essentially. 

Theorem (1.3.7) [1]: 

Let ܩ be a locally compact group, ߱ a weight on ܩ with ߱(݁) = 1. 
Then the following are equivalent: 

(i)  ܮ୪(߱) is amenable; 
(ii)  ܮ୪(Ω) is amenable; 
(iii) ܩ is amenable and Ω is bounded. 

The next results together give a new proof of Theorem (1.3.7). In fact 
we able to dispense with the assumption that ߱(݁) = 1. 

Proposition (1.3.8) [1]: 

Let ߱ be a weight function on a locally compact group ܩ, and suppose 
that ܮ୪(߱) is amenable. Then Ω is bounded. 

Proof: 

Let ݂ ∈ ∫ and be such that ܭ ୪(߱) have compact supportܮ 	(ݔ)݂
ீ ݔ݀ ≠

0. Certainly ܨ = ݂ ∙ 1௄ ∈ ஶ(߱ିଵ) since 1௄ܮ ∈  ஶ(߱ିଵ) isܮ ஶ(߱ିଵ) andܮ
a Banach ܮ୪(߱)-bimodule. Then (ܨ)∗ߨ ∈ ஶ(߱ିଵܮ × ߱ିଵ) with 

,ݔ)(ܨ)∗ߨ (ݕ = ,ݔ)ܨ (ݕ = න1௄(ߦݕݔ)݂(ߦ)  .ߦ݀

It follows that ݔ)(ܨ)∗ߨ, (ݕ = 0 for ݕݔ ∉ ܧ ଵ. Setିܭܭ =  ଵ, aିܭܭ
compact subset of ܩ. 

Now suppose that ݑ ∈ ߱)୪ܮ × ߱)∗∗ is a virtual diagonal for ܮ୪(߱), so 
that ݑ = ୥ߜ ∙ ݑ ∙ ୥షభߜ 	(g ∈ (ݑ)∗∗ߨ and ,(ܩ ∙ ݂ = ݂. Thus 
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,(ܨ)∗ߨ〉	 〈ݑ = ,ܨ〉 〈(ݑ)∗∗ߨ = 〈1௄ , (ݑ)∗∗ߨ ⋅ ݂〉 = 〈1௄ , ݂〉 න (ݔ)݂
	

௄

ݔ݀

≠ 0.																																																																																												(24) 

Define 

ܣ = ,ݔ)} :(ݕ ݕݔ ∈  .{ܧ

Then (ܨ)∗ߨ has support contained in ܣ, so (ܨ)∗ߨ =  .1஺(ܨ)∗ߨ

Given ߙ > 0, define 

ఈܣ = ,ݔ)} (ݕ ∈ (ݕ)߱(ݔ)߱	:ܣ <  ,{ߙ

ఈܤ								 = ఈܣ\ܣ = ,ݔ)} (ݕ ∈ (ݕ)߱(ݔ)߱	:ܣ ≥  .{ߙ

Clearly 1(ܨ)∗ߨ஺ഀ , ߨ
1஻ഀ(ܨ)∗ ∈ ܮ

ஶ(߱ିଵ × ߱ିଵ), and (ܨ)∗ߨ =
1஺ഀ(ܨ)∗ߨ + 1஻ഀ(ܨ)∗ߨ . 

Now estimate, 

ห〈1(ܨ)∗ߨ஻ഀ , ห〈ݑ ≤ ฮ1(ܨ)∗ߨ஻ഀฮ ∙ ‖ݑ‖ 		= ‖ݑ‖ sup
஻ഀ

ቤ
,ݔ)(ܨ)∗ߨ (ݕ
(ݕ)߱(ݔ)߱

ቤ 	

= 	 ‖ݑ‖ sup
஻ഀ

ቤ
(ݕݔ)ܨ
(ݕݔ)߱

∙
(ݕݔ)߱

(ݕ)߱(ݔ)߱
ቤ ≤  ,ଵܿ‖ܨ‖‖ݑ‖ଵିߙ

where ܿଵ = sup௧∈ா  Thus .(ݐ)߱

																													 lim
ఈ→ஶ

1஻ഀ(ܨ)∗ߨ〉 , 〈ݑ = 0.																					(25) 

Further, for any g ∈  ,ܩ

ห〈1(ܨ)∗ߨ஺ഀ , ห〈ݑ = ห〈1(ܨ)∗ߨ஺ഀ ∙ ୥ߜ ∙ ݑ ∙ ୥షభ〉หߜ 	

≤ ୥షభߜฮ‖ݑ‖ ∙ 1஺ഀ(ܨ)∗ߨ ∙ ୥ฮߜ 	= ‖ݑ‖ sup
஺ഀ

ቤ
,ݔ)(ܨ)∗ߨ (ݕ

߱(gିଵݔ)߱(ݕg)
ቤ 	

= ‖ݑ‖ sup
஺ഀ

ቤ
,ݔ)ܨ (ݕ
,ݔ)߱ (ݕ

∙
(ݕݔ)߱

߱(gିଵݔ)߱(ݕg)
ቤ 		

≤ ‖ܨ‖‖ݑ‖ sup
஺ഀ

(ଵିݕ)߱(ଵିݔ)߱(ݕݔ)߱
߱(gିଵ)߱(g)

	

≤ ‖ܨ‖‖ݑ‖ sup
஺ഀ

(ݕ)߱(ݔ)߱(ଵିݔଵିݕ)ଶ߱(ݕݔ)߱
߱(gିଵ)߱(g)

. 
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Thus 

																								ห〈1(ܨ)∗ߨ஺ഀ , ห〈ݑ ≤
ଵܿଶଶܿ‖ܨ‖‖ݑ‖ߙ

߱(gିଵ)߱(g)
,																(26) 

where ܿଶ = sup௧∈ாషభ  .(ݐ)߱

Suppose the result is false. Then there is a sequence (g௡) ⊂  such ܩ
that lim௡→ஶ߱(g௡)߱(g௡ିଵ) = ∞, whence it follows from (26) that for 
each ߙ > 0, 

																												ห〈1(ܨ)∗ߨ஺ഀ , ห〈ݑ = 0.																									(27) 

Putting (25) and (27) together, it follows that 

,(ܨ)∗ߨ〉 〈ݑ = 0. 

contradicting (24). 

The next step we show. 

Proposition (1.3.9) [1]: 

Let ܩ be a locally compact group, ߱ a weight on ܩ such that ܮ୪(߱) is 
amenable. Then there is a continuous positive character ߶ on ܩ such that 

߶(g) ≤ ߱(g)			(g ∈  .(ܩ

Proof: 

Let ݑ ∈ ߱)୪ܮ × ߱)∗∗ be a virtual diagonal for ܮ୪(߱), so that ߜ୥షభ ∙ ݑ ∙

୥ߜ = g)	ݑ ∈ (ݑ)∗∗ߨ and (ܩ ∙ ݂ = ݂ ቀ݂ ∈ ݂ ୪(߱)ቁ. Forܮ ∈ ஶ(߱ିଵܮ ×

߱ିଵ)ା, define 

(݂)෤ݑ = sup{Re〈ݑ, ߰〉: 0 ≤ |߰| ≤ ݂, ߰ ∈ ஶ(߱ିଵܮ × ߱ିଵ)}. 

Then ݑ෤ ≢ 0 on ܮஶ(߱ିଵ × ߱ିଵ)ା and ݑ෤  is affine on ܮஶ(߱ିଵ × ߱ିଵ)ା, 
and satisfies 0 ≤ (݂)෤ݑ ≤ ஶ(߱ିଵܮ)‖݂‖‖ݑ‖ × ߱ିଵ)ା). Thus ݑ෤  can be 
extended to a bounded linear functional on ܮஶ(߱ିଵ × ߱ିଵ) in the 
obvious manner. Then ݑ෤ ≠ 0, ,෤ݑ〉 ݂〉 ≥ 0 for ݂ ∈ ஶ(߱ିଵܮ × ߱ିଵ)ା, and 
୥షభߜ ∙ ෤ݑ ∙ ୥ߜ = (g	෤ݑ ∈  .(ܩ

Now define 
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෥߱(ݔ) = sup
୥∈ீ

߱(gିଵݔg)		(ݔ ∈  .(ܩ

Note that ෥߱ is lower semicontinuous and hence measurable. By 
Proposition (1.3.8), Ω is bounded, whence ෥߱ ∈  ஶ(߱ିଵ). Further, clearlyܮ
෥߱(gିଵݔg) = ෥߱(ݔ)	(ݔ, g ∈ (ݕݔ)whence ෥߱ ,(ܩ = ෥߱(ݔݕ)	(ݔ, ݕ ∈  .(ܩ

Consider ߨ∗( ෥߱) ∈ ஶ(߱ିଵܮ × ߱ିଵ). Note that 

୥ߜ ∙ )∗ߨ ෥߱) ∙ ୥షభߜ = )∗ߨ ෥߱)		(g ∈  .(ܩ

Take ݂ ∈ ∫ ା with(ܩ)௖ܥ ݂ = 1, let ܭ be the support of ݂, and set 
ℎ = ݂ ∙ 1௄, where we regard ݂ as an element in ܮ୪(߱) and 1௄ in 
 ଵ. Sinceିܭܭ ஶ(߱ିଵ). Then ℎ is continuous with support contained inܮ
෥߱(ݔ) ≥ (ݔ)߱ > 0 for ݔ ∈ ܿ there is ,ܩ > 0 such that ෥߱ ≥ ܿℎ, whence 
)∗ߨ ෥߱) ≥  Thus .(ℎ)∗ߨܿ

,෤ݑ〉 )∗ߨ ෥߱)〉 ≥ ,෤ݑ〉ܿ 〈(ℎ)∗ߨ ≥ ܿRe〈ݑ෤,  〈(ℎ)∗ߨ

= ܿRe〈(ݑ)∗∗ߨ, ℎ〉 ≥ ܿRe〈݂, 1௄〉 = ܿ > 0. 

Set ܨ = ,෤ݑ〉 )∗ߨ ෥߱)〉ିଵߨ∗( ෥߱) ∈ ஶ(߱ିଵܮ × ߱ିଵ), so we have that 
୥షభߜ ∙ ܨ ∙ ୥ߜ = g)	ܨ ∈ ,෤ݑ〉 and (ܩ 〈ܨ = 1. Now define, for g ∈  ,ܩ

,ݔ)୥ܣ (ݕ =
1
2
ቈlog

߱(gݔ)߱(gିݕଵ)
(ଵିݕ)߱(ݔ)߱

቉ ,ݔ)ܨ ,ݔ)		(ݕ ݕ ∈  .(ܩ

Then for g ∈  ,ܩ

log(gିଵ) ܨ ≤ ୥ܣ ≤ log߱(g)  (28)																					,ܨ

so that ܣ୥ ∈ ஶ(߱ିଵܮ × ߱ିଵ). Note that, for gଵ, gଶ ∈  ,ܩ

୥భ୥మܣ = ୥మషభߜ ∙ ୥భܣ ∙ ୥మߜ + ୥మܣ .																			(29) 

Finally, define 

߶(g) = exp〈ݑ෤, 〈୥ܣ 			(g ∈  .(ܩ

Then (29) gives 

߶(gଵgଶ) = ߶(gଵ)߶(gଶ)			(gଵ, gଶ ∈  ,(ܩ

so that ߶ is a character, and from (28) 
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߶(g) ≤ exp〈ݑ෤, log߱(g) 〈ܨ = ߱(g)			(g ∈  (ܩ

shows ߶ dominated by ߱. ߶ bounded (on a neighbourhood of ݁) shows it 
is continuous. 

Corollary (1.3.10) [1]: 

Let ܩ be a locally compact group, ߱ a weight on ܩ. Then if ܮ୪(߱) is 
amenable, ܩ is amenable. 

Proof: 

By Proposition (1.3.9) there is a continuous positive character ߶ ≤ ߱. 
Then ߔ ∶ ݂ ⟼ ߶݂ is continuous monomorphism of ܮ୪(ܩ, ߱) →  .(ܩ)୪ܮ
Since ߶ is bounded on compact sets. Then a range of ߔ contains ܥ௖(ܩ), 
whence ܮ୪(ܩ) is amenable. It is standard that this equivalent to ܩ being 
amenable. 

Proposition (1.3.11) [1]: 

Let ܩ be a locally compact group, ߱ a weight on ܩ. Then ܩ is 
amenable and Ω is bounded if and only if ܮ୪(Ω) is amenable. 

Proof: 

Supposing ܩ is amenable and Ω is bounded, ܮ୪(Ω) ≅  is (ܩ)୪ܮ
amenable. The converse is the symmetric case of Proposition (1.3.8) and 
Corollary (1.3.10). 

The final step is then 

Proposition (1.3.12) [1]: 

Let ܩ be an amenable locally compact group, ߱ a weight on ܩ such 
that Ω is bounded. Then ܮ୪(ω) is amenable. 

A discrete semigroup ܵ is left amenable if the space ℓஶ(ܵ) admits a 
functional ݉ such that ݉(1) = 1 = ‖݉‖ and ݉(ℓ௫݂) = ݉(݂)	൫ݔ ∈
ܵ, ݂ ∈ ℓஶ(ܵ)൯. Similarly for right amenable. If ܵ is both left and right 
amenable, it is amenable. In the case of a group, or even an inverse 
semigroup, left (or right) amenable implies amenable. 
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We recall some further standard notions from semigroup theory. Only 
the left versions will be defined. Let ܵ be a semigroup. 

(i) ܵ is regular if for all ݏ ∈ ܵ, there is ݏ∗ ∈ ܵ such that ݏ∗ݏݏ =  and ݏ
∗ݏݏ∗ݏ =   ;exists is unique ∗ݏ it is an inverse semigroup if such ,∗ݏ

(ii) ܶ ⊆ ܵ is a left ideal group if ܶ is a left ideal in ܵ as well as being a 
group under the semigroup operation.  

Set ܧௌ to be the set of idempotents in ܵ. Note that (1) above both 
,∗ݏݏ ݏ∗ݏ ∈  .ௌܧ

We summarize some known structural implications of amenable of 
ℓ୪(ܵ). In fact a characterization is given. 

Theorem (1.3.13) [1]: 

Let ܵ be a semigroup with ℓ୪(ܵ) amenable. Then: 

(i) ܵ is amenable; 
(ii) ܵ is regular; 
(iii) ܧௌ is finite; 
(iv) ℓ୪(ܵ) has an identity; 
(v) ܵ contains exactly one left ideal group ܵ଴, which is also the only 

right ideal group, and ܵ = ܵ଴ିݖଵ =  ଵܵ଴, for some idempotentିݖ
 .furthermore ܵ଴ is amenable ,ݖ

Now suppose that ℓ୪(ܵ) is approximately amenable. Example (1.1.10) 
shows that (iii), (iv) and (v) may fail. On the other hand. 

Theorem (1.3.14) [1]: 

Let ܵ be a semigroup such that ℓ୪(ܵ) is approximately amenable. Then 

(i) ܵ is regular; 
(ii) ܵ  is amenable. 

Proof: 

The argument is valid as far as showing that for each ݒ ∈ ܵ, ܵݏ ∩
[ଵିݒݒ] ≠ ∅, and that is sufficient to show regularity. Further, the 
standard argument, applied to an approximate diagonal yield a net 
Λ௩ ⊂ ௦ߜ ஶ(ܵ)∗ satisfyingܮ ∙ Λ௩ = Λ௩, Λ௩ߜ௦ − Λ௩ → 0 weak* for all ݏ ∈
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ܵ, and 〈1, Λ௩〉 → 1. The argument at the end of now gives an invariant 
mean, so that ܵ is amenable. 

We give a direct construct of an approximate diagonal for ܮ୪(߱) to 
show (iii) ⇒	(i) of Theorem (1.3.7) (that is, Proposition (1.3.12)) without 
assuming ߱(݁) = 1. First a simple lemma. 

Lemma (1.3.15) [1]: 

Let ߱ be a weight on ܩ (not necessarily satisfying ߱(݁) = 1). Then 
the following are equivalent: 

(i) Its symmetrization Ω is bounded; 
(ii) There is a constant ݇ > 0 such that 

																							߱(gℎ) ≥ ݇߱(g)߱(ℎ)			(g, ℎ ∈  (30)										;(ܩ
(iii) There is a weight ෥߱ on ܩ, equivalent to ߱, with g ⟼

෥߱(g) ෥߱(gିଵ) a constant. 

Proof: 

(i) ⇒ (ii). 

߱(g)߱(ℎ) ≤ ߱(g)߱(gିଵ)߱(gℎ) ≤ Ω(g)߱(gℎ) ≤ ݐݏ݊݋ܿ ∙ ߱(gℎ). 

(ii) ⇒ (i). Just take ℎ = gିଵ 

(ii) ⇒ (iii). Define 

෥߱(g) = ቆ
߱(g)

݇߱(gିଵ)
ቇ
ଵ ଶ⁄

. 

Clearly ෥߱(g) ෥߱(gିଵ) = 1 ݇⁄ . Further, 

෥߱(g) = ቆ
߱(gଶgିଵ)
݇߱(gିଵ)

ቇ
ଵ ଶ⁄

≤ ቆ
߱(gଶ)
݇

ቇ
ଵ ଶ⁄

≤
߱(g)

√݇
 

and  

෥߱(g) = ቆ
߱(gଶgିଵ)
݇߱(gିଵ)

ቇ
ଵ ଶ⁄

≥ ߱(gଶ)ଵ ଶ⁄ ≥ (݇߱(g)ଶ)ଵ ଶ⁄ = √݇߱(g). 

Thus ෥߱ and ߱ are equivalent. 
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Finally, 

෥߱(gℎ) = ቆ
߱(gℎ)

݇߱(ℎିଵgିଵ)
ቇ
ଵ ଶ⁄

≤ ቆ
߱(g)߱(ℎ)

݇ଶ߱(ℎିଵ)߱(gିଵ)
ቇ
ଵ ଶ⁄

= ෥߱(g) ෥߱(ℎ). 

(iii) ⇒ (ii) is obvious. 

Theorem (1.3.16) [1]: 

Let ߱ be a weight on ܩ (not necessarily satisfying ߱(݁) = 1). 
Suppose that ܩ is amenable and Ω is bounded. Then ܮ୪(߱) has a bounded 
approximate diagonal and hence is amenable.  

Proof: 

We will use ‖	∙	‖ଵ for the usual ܮ୪-norm ‖	∙	‖ఠ the norm in ܮ୪(߱) ∙  ௧ܮ
will denote the left translation by ݐ: (ݏ)(௧ܽܮ) =  Fix throughout .(ݏଵିݐ)ܽ
a neighbourhood ܸ of ݁ such that ߱(g) ≤ 2߱(݁) for g ∈ ܸ. Let ݇ be the 
constant given by Lemma (1.3.15) (ii). 

Now take ߝ > 0 and a finite subset ܨ ⊂  ܭ ୪(߱). Take a compact setܮ
such that 

න |(ݐ)݂|(ݐ)߱
	

ீ\௄

ݐ݀ < ݇ߝ ൫8߱(݁)൯⁄ 		(݂ ∈  .(ܨ

Using Reiter’s condition ( ଵܲ) there is a ܽ ∈ ା with ‖ܽ‖ଵ(ܩ)଴଴ܥ = 1 and 
‖݂‖ఠ‖ܮ௧ܽ − ܽ‖ଵ < ݇ߝ ൫4߱(݁)൯⁄  for ݐ ∈ ,ܭ ݂ ∈  .ܨ

Now f ∈ L୪(G) for each f ∈ F, and so there is a neighbourhood ݑ of ݁ 
such that for ݏ ∈ supp(ܽ) , ݐ ∈ ܷ, ݂ ∈  ,ܨ

(݂߱)௦௧௦షభܮ‖ − ݂߱‖ଵ <
ߝ
2
, 

‖݂‖ఠ ቈ|߱(ିݏݐݏଵ) − 1| +
(ଵିݏଵିݐݏ)߱| − 1|
(ଵିݏଵିݐݏ)߱

቉ <
ߝ
2
. 

Thus we have 
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௦௧௦షభ݂ܮ‖ − ݂‖ఠ ≤ (݂߱)௦௧௦షభܮ‖ − ݂߱‖ଵ + ௦௧௦షభ߱ܮ)௦௧௦షభ݂ܮ‖ −߱)‖ଵ 		
<
ߝ
2
+ ‖݂(߱ − ௦௧షభ௦షభ߱)‖ଵܮ	 		

≤
ߝ
2
‖݂‖ఠ ฯ1 −

௦௧షభ௦షభఠܮ
߱

ฯ
ஶ
			

≤
ߝ
2
+ ‖݂‖ఠ ቈ|߱(ିݏݐݏଵ) − 1| +

(ଵିݏଵିݐݏ)߱| − 1|
(ଵିݏଵିݐݏ)߱

቉ 	

<  																							.ߝ

Now take ܾ ∈ ା with ‖ܾ‖ଵ(ܩ)୪ܮ = 1 and supp(ܾ) ⊂ ܷ. Define ݑఌ,ி =  ݑ
in ܮ୪(ܩ ×  by (ܩ

,ݏ)ݑ (ݐ = (ݏݐ)ܾ(ݏ)ܽ △  ,(ݏ)

where △ is the modular function of ܩ. Since ܽ and ܾ have compact 
support, ݑ ∈ ߱)୪ܮ × ߱) which is, of course, ܮ୪(߱)	⨂෡  .(߱)୪ܮ	

Further, ݑ is bounded independent of ߝ and ܨ: 

ఠ×ఠ‖ݑ‖ = න (ݏݐ)ܾ(ݏ)ܽ(ݏ)߱ △ (ݐ)߱(ݏ)
	

ீ×ீ

	ݐ݀	ݏ݀

= න (ݐ)ܾ(ݏ)ܽ(ଵିݏݐ)߱(ݏ)߱
	

ீ×ீ

ݐ݀	ݏ݀ ≤
1
݇
න (ݐ)ܾ(ݏ)ܽ(ݐ)߱
	

ீ×ீ

ݐ݀	ݏ݀

≤
2߱(݁)
݇

‖ܽ‖ଵ‖ܾ‖ଵ =
2߱(݁)
݇

. 

Now for ݂ ∈  ,ܨ

(݂ ⋅ ,ݏ)(ݑ (ݐ = න݂(ݒ)ܽ(ିݒଵݏ)ܾ(ିݒݐଵݏ) △ (ݏଵିݒ)
	

ீ

 ,ݒ݀

ݑ) ⋅ ,ݏ)(݂ (ݐ = නܽ(ݏ)ܾ(ିݒݐଵݏ) △ (ݒ)݂(ݏଵିݒ)
	

ீ

 ,ݒ݀

so that 

(݂ ∙ ݑ − ݑ ∙ ,ݏ)(݂ (ݐ = න൫ܽ(ିݒଵݏ) − (ݏଵିݒ)൯ܾ(ݏ)ܽ △ (ݒ)݂(ݏଵିݒ)
	

ீ

 .ݒ݀

Thus 
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‖݂ ∙ ݑ − ݑ ∙ ݂‖ఠ×ఠ

≤ න߱(ݏ)߱(ݐ)|ܽ(ିݒଵݏ) − (ݏଵିݒݐ)ܾ|(ݏ)ܽ
	

ீయ
△ |(ݒ)݂|(ݏଵିݒ) ݐ݀	ݏ݀	ݒ݀

≤ න߱(ݏ)|ܽ(ିݒଵݏ) − |(ݒ)݂|(ݒଵିݏݐ)߱(ݐ)ܾ|(ݏ)ܽ
	

ீయ

								ݐ݀	ݏ݀	ݒ݀

≤ න
(ݒଵିݏ)߱(ݏ)߱

(ݒ)߱
(ݏଵିݒ)ܽ|(ݐ)߱

	

ீయ
− (ݒ)߱|(ݒ)݂|(ݐ)ܾ|(ݏ)ܽ ݐ݀	ݏ݀	ݒ݀

≤
(ݏ)2߱
݇

න‖ܮ௩ܽ − ܽ‖ଵ|݂(ݒ)|߱(ݒ)
	

ீయ

ݒ݀

≤
2߱
݇
ቌ න +න 	

	

௄

	

ீ\௄

ቍ‖ܮ௩ܽ − ܽ‖ଵ|݂(ݒ)|߱(ݒ)݀ݒ	

≤
2߱(݁)
݇

ቌ2 න|݂(ݒ)|
	

ீ\௄

ݒ݀(ݒ)߱ +
ߝ݇

4߱(݁)
ቍ <  						.ߝ

Further,  

(ݑ)ߨ ∗ (ݐ)݂ = න (ݏݒଵିݏ)ܾ(ݏ)ܽ △ (ݐଵିݒ)݂(ݏ)
	

ீ×ீ

						ݏ݀	ݒ݀

= න (ݐଵିݏଵିݒݏ)݂(ݒ)ܾ(ݏ)ܽ
	

ீ×ீ

 ,ݏ݀	ݒ݀

so that 

(ݑ)ߨ‖ ∗ ݂ − ݂‖ఠ = න ௦௩௦షభ݂ܮ‖(ݒ)ܾ(ݏ)ܽ − ݂‖ఠ

	

ீ×ீ

 ݏ݀	ݒ݀

								< ߝ න (ݒ)ܾ(ݏ)ܽ
	

ீ×ீ

ݒ݀	ݏ݀ =  .ߝ

It follows that (ݑఌ ,  ୪(߱) withܮ is an approximate diagonal for (ܨ
bound at most 2߱(݁) ݇⁄ . 
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Chapter 2 

Banach Algebra and Character Amenability 
 

In this chapter Various necessary and sufficient conditions of a global 
and a pointwise nature are found for a Banach algebra to posses a ߮-mean 
of norm 1. We also completely determine the size of the set of ߮-means 
for a separable weakly sequentially complete Banach algebra ܣ with no 
߮-mean in ܣ itself. A number of illustrative examples are discussed.  

Section (2.1): ࣘ−Means of Norm One 

The notion of an amenable Banach algebra was defined and studied in 
the seminal work of Johnson. One of the fundamental results was that for 
a locally compact group ܩ, the group algebra ܮଵ(ܩ) is amenable if and 
only if the group ܩ is amenable. Since then amenability has become a 
major issue in Banach algebra theory and in harmonic analysis.  

We continue our recent investigation of a concept which might be 
referred to as amenability with respect to a character. Let ܣ be an 
arbitrary Banach algebra and ߮ a character of ܣ, that is, a homomorphism 
from ܣ onto ℂ. We call A ߮-amenable if there exists a bounded linear 
functional ݉ on ܣ∗ satisfying (݉,߮) = 1 and 〈݉, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉ ⋅ ݂〉 
for all ܽ ∈ ݂ and ܣ ∈ ݂ Here .∗ܣ ⋅ ܽ ∈ ݂〉 is defined by ∗ܣ ⋅ ܽ, ܾ〉 =
〈݂, ܾܽ〉, ܾ ∈  Any such ݉ is called a ߮-mean. This concept considerably .ܣ
generalizes the notion of left amenability for ܨ-algebras which was 
introduced and studied. 

Note that a Banach algebra is called right character amenable if it is ߮-
amenable for each character ߮ and has a bounded right approximate 
identity. Note also that for a locally compact group ܩ (respectively, a 
discrete semigroup ܵ), the group algebra ܮଵ(ܩ) (respectively, the 
semigroup algebra ݈ଵ(ܵ)) is amenable with respect to the trivial character 
1 precisely when ܩ is amenable (respectively, ܵ is left amenable). 
However, ݈ଵ(ℕ) is not amenable since it does not have a bounded 
approximate identity. 

We give two characterizations (in terms of cohomology groups and a 
Hahn-Banach type extension property) of ߮-amenability, which are close 
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to results. We mainly focus on ߮-means of norm 1. We establish various 
criteria for their existence. Pointwise conditions, in terms of elements 
݂ ∈ ܽ or ∗ܣ ∈ ker ߮, the kernel of ߮, are given that ensure the existence 
of ߮-means of norm 1. 

We concentrate on weakly sequentially complete Banach algebras. We 
show that if there is no ߮-mean in ܣ itself, but there exists a so-called 
sequential bounded approximate ߮-mean, then ܣ admit at least 2௖߮-
means, and there are no more if ܣ is separable. We also relate the 
existence of ߮-means to Arens regularity of ܣ. A result of a flavor similar 
to that of Theorem (2.2.1) is obtained in Theorem (2.2.10). It implies that 
if ܣ is a separable ܨ-algebra and ߳ denotes the identity of the von 
Neumann algebra ܣ∗, then there are 2௖	߳-means of norm 1 with the 
additional property that ‖݉ − ݊‖ = 2 for any two of them. 

Finally, we present illustrative examples such as Lipschitz algebras 
and ܮ௣(ܩ), where ܩ is a compact group. 

In this section, the second dual ܣ∗∗ of a Banach algebra ܣ will always 
be equipped with the first Arens product which is defined as follows. For 
ܽ, ܾ ∈ ,ܣ ݂ ∈ ,݉ and ∗ܣ ݊ ∈ ݂ the elements ,∗∗ܣ ⋅ ܽ and ݉ ⋅ ݂ of ܣ∗ and 
݉݊ ∈  are defined by ∗∗ܣ

〈݂ ⋅ ܽ, ܾ〉 = 〈݂ ⋅ ܾܽ〉,			〈݉ ⋅ ݂, ܾ〉 = 〈݉, ݂ ⋅ ܾ〉		and		〈݉݊, ݂〉 = 〈݉, ݊ ⋅ ݂〉 

respectively. With this multiplication, ܣ∗∗ is a Banach algebra of ܣ∗∗. 
Alternatively, the multiplication on ܣ∗∗ can be defined by using iterated 
limits as follows. For ݉, ݊ ∈  let ,∗∗ܣ

݉݊ = ∗ݓ lim
௔→௠

ቀݓ∗ − lim
௕→௡

ܾܽቁ. 

In general, the multiplication (݉, ݊) → ݉݊ is not separately continuous 
with respect to the ݓ∗-topology on ܣ∗∗. But, for fixed ݊ ∈  the ,∗∗ܣ
mapping ݉ → ݉݊ is ݓ∗-continuous, and also for fixed ܽ ∈  the ,ܣ
mapping ݉ → ܽ݉ is ݓ∗-continuous. Moreover, for all ݉,݊ ∈  and ∗∗ܣ
߮ ∈ ,onto ℂ ܣ the set of all homomorphisms from ,(ܣ)∆ 〈݉݊, ߮〉 =
〈݉, ߮〉〈݊, ߮〉. Consequently, each ߮ ∈  ∗∗߮ extends to some element (ܣ)∆
of ∆(ܣ∗∗). The kernel of ߮∗∗, ker ߮∗∗, contains ker ߮ in the same sense 
that ܣ∗∗ naturally contains ܣ. Since each of these ideals has codimension 
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1, the theory of second polars shows that ker ߮ is ݓ∗-dense in ker ߮∗∗ 
and that ker ߮∗∗ = (ker ߮)∗∗. 

The Banach algebra ܣ is said to be ߮-amenable if there exists ݉ ∈  ∗∗ܣ
such that (݉,߮) = 1 and 〈݉, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉, ݂〉 for all ݂ ∈  and ∗ܣ
ܽ ∈  and any such ݉ is called a ߮-mean. The ߮-means are nothing but ,ܣ
the ݓ∗-cluster points of bounded nets ൫ݑఊ൯ఊ in ܣ with ߮൫ݑఊ൯ = 1 for all 

ఊݑand ฮܽ ߛ − ఊฮݑ(ܽ)߮ → 0 for all ܽ ∈  Consequently, we call such a .ܣ
net ൫ݑఊ൯ఊ a bounded approximate ߮-mean. Given a ߮-mean ݉, the net 

൫ݑఊ൯ఊ can be chosen so that ฮݑఊฮ → ‖݉‖.  

If ܺ is a Banach ܣ-module, then so is the dual ܺ∗ with the module 
actions given by 

〈ܽ ⋅ ݂, 〈ݔ = 〈݂, ݔ ⋅ ܽ〉			and			〈݂ ⋅ ܽ, 〈ݔ = 〈݂, ܽ ⋅  ,〈ݔ

ܽ ∈ ,ܣ ݔ ∈ ܺ, ݂ ∈ ܺ∗. In the following theorem ܪ௟(ܣ, ܺ∗) denotes the 
first cohomology group of ܣ with coefficients in ܺ∗. 

Theorem (2.1.1) [2]: 

 Let ܣ be a Banach algebra and ߮ ∈  Then the following three .(ܣ)∆
conditions are equivalent. 

(i) ܣ is ߮-amenable. 
(ii) If ܺ is a Banach ܣ-bimodule such that ܽ ⋅ ݔ = ݔ for all ݔ(ܽ)߮ ∈ ܺ 

and ܽ ∈ ,ܣ)௟ܪ then ,ܣ ܺ∗) = {0}. 
(iii) Give (ker ߮)∗∗ a second ܣ-bimodule structure by taking the left 

action to be ܽ ⋅ ݉ = ߮(ܽ)݉ for ݉ ∈  and taking the right ∗∗ܣ
action to be the natural one. Then any continuous derivation 
:ܦ ܣ → (ker ߮)∗∗ is inner. 

Proof: 

The equivalence of (i) and (ii) has been shown. Trivially, (ii) implies 
(iii), and therefore we only have to show (iii) ⇔ (i). Choose any ܾ ∈  ܣ
with ߮(ܾ) = 1. Then ܽܦ = ܾܽ − ܾܽ, ܽ ∈  ܣ defines a derivation from ,ܣ
into (ker ߮)∗∗. By (iii), ܦ is inner, so there is ݉ ∈ (ker ߮)∗∗ such that 
ܽܦ = ܽ(−݉) − (−݉)ܽ for all ܽ ∈  Then .ܣ
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ܽ(ܾ + ݉) = (ܾ +݉)ܽ = ߮(ܽ)(ܾ + ݉) 

for all ܽ ∈ ܾ〉 and ܣ + ݉, ߮〉 = ߮(ܾ) = 1. So ܾ +݉ is ߮-mean. 

The implication (iii) ⇒ (ii) in the above shows that if ܪ௟(ܣ, ܺ∗) =
{0} for the particular case in which ܺ = (ker ߮)∗, then all such 
cohomology groups are zero. We have the following result. 

Theorem (2.1.2) [2]: 

Let ܣ be a Banach algebra and ߮ ∈  Then the following two .(ܣ)∆
conditions are equivalent. 

(i) ܣ is ߮-amenable. 
(ii) If ܺ is any Banach ܣ-module and ܻ is any Banach ܣ-submodule of 

ܺ and g ∈ ܻ∗ is such that the left action of ܣ on g has the form 
ܽ ⋅ g = ߮(ܽ)g for all ܽ ∈ ݂ then g extends to some ,ܣ ∈ ܺ∗ such 
that ܽ ⋅ ݂ = ߮(ܽ)݂ for all ܽ ∈  .ܣ

Proof: 

(i) ⇒ (ii) let g෤ ∈ ܺ∗ such that g෤ extends g and ‖g෤‖ = ‖g‖. If ܽ ∈  ܣ
satisfies ߮(ܽ) = 1, then ܽ. g෤ also extends g. Since ܣ is ߮-amenable, there 
exists a net ൫ݑఊ൯ఊ = 1 in ܣ such that, for all ߛ ⋅ ߮൫ݑఊ൯ = 1 and ฮݑఊฮ ≤

ܥ for some constant ܥ > 0 and ฮܽݑఊ − ఊฮݑ(ܽ)߮ → 0 for all ܽ ∈  Then .ܣ
ఊݑ ⋅ g෤ extends g and we may assume that ฮݑఊ ⋅ g෤ฮ ≤ ‖g‖ܥ + 1 for all ߛ. 
After passing to a subnet if necessary, we can also assume that ݑఊ ⋅ g෤ → ݂ 
in the ݓ∗-topology for some ݂ ∈ ܺ∗. Clearly, ݂ extends g. Taking ݓ∗-
limits, we obtain  

ܽ ⋅ ݂ = lim
ఊ
ܽ ⋅ ൫ݑఊ ⋅ g෤൯ = lim

ఊ
൫ܽݑఊ൯ ⋅ g෤

= lim
ஓ
ൣ൫ܽݑఊ − ఊ൯ݑ(ܽ)߮ ⋅ g෤ + φ(ܽ)ݑఊ ⋅ g෤൧ = ߮(ܽ)݂ 

for all ܽ ∈  .So (ii) holds .ܣ

(ii) ⇒ (i) Take ܺ = ܻ and ∗ܣ = ℂ߮. Let ߮∗ ∈ ܻ∗ be defined by 
〈߮∗, ߮〉 = 1. Then the left action of ܣ on ߮∗ is given by ܽ ⋅ ߮∗ = ߮(ܽ)߮∗. 
By hypothesis, there exists ݉ ∈ ߛ|݉ such that ∗∗ܣ = ߮∗ and ܽ ⋅ ݉ =
߮(ܽ)݉ for all ܽ ∈ ,݉〉 Since .ܣ ߮〉 = 〈߮∗, ߮〉 = 1,݉ is a ߮-mean. 
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Using ݓ∗-continuity, we easily see that an element ݉ ∈  is a ߮-mean ∗∗ܣ
for ܣ if and only if for all ݊ ∈ ݉݊ we have ∗∗ܣ = ߮∗∗(݊)݉. It is tempting 
to introduce a new general concept by saying that, when ߮ is a complex 
homomorphism on a complex algebra ܤ,݉ is a ߮-right zero if ݊݉ =
߮(݊)݉ for all ݊ ∈  the term "right zero" in this context comes from the) ܤ
measure algebra on a semigroup with a right zero). However, this is 
worthwhile, as it would merely be giving a new name to a ߮-mean which 
lies in ܤ. But this viewpoint does reduce the idea of a ߮-mean to a purely 
algebraic one, and sometimes it is easy to prove results in context and 
then interpret them as applying to Banach algebras. It is trivial to notice 
that ܣ has a ߮-mean if and only if ܣ∗∗ has a ߮∗∗-mean which lies in ܣ∗∗. 
The next proposition ant its corollary provide an example of this 
technique. 

Proposition (2.1.3) [2]: 

Let ܤ be a complex algebra and ߮:ܤ → ℂ a homomorphism. Let ܬ be 
an ideal in ܤ with ܬ ⊆ ker ߮ and let ෤߮ : ܬ/ܤ → ℂ be the homomorphism 
induced by ߮. If ܬ has a right identity and ܬ/ܤ has a ෤߮-mean in ܬ/ܤ, then 
 .ܤ has a ߮-mean in ܤ

Proof: 

Let ݍ: ܤ → ߮ so that ,ܬ/ܤ = ෤߮ ∘  and ܬ Let ݁ be a right identity for .ݍ
let ݉ ∈ (݁)ݍ Since .ܬ/ܤ is a ෤߮-mean for (݉)ݍ be such that ܤ = 0 we 
find for all ݔ ∈  ,ܤ

݉)ݍ(ݔ)ݍ − ݉݁) = (݉)ݍ(ݔ)ݍ = ෤߮൫(ݔ)ݍ൯	ݍ(݉) = ݉)ݍ(ݔ)߮ −݉݁). 

This shows that ݔ(݉ −݉݁) − ݉)(ݔ)߮ − ݉݁) ∈  Since ݁ is a right .ܬ
identity for ܬ and (݉ − ݉݁)݁ = 0, we see that in fact ݔ(݉ − ݉݁) −
݉)(ݔ)߮ − ݉݁) = 0, so that ݉ −݉݁ is a ߮-mean for ܤ. 

Corollary (2.1.4) [2]: 

Let ܣ be a Banach algebra ߮ ∈  with ܣ a closed ideal in ܫ and (ܣ)∆
ܫ ⊆ ker ߮. Suppose that ܫ has a bounded right approximate identity and 
that ܫ/ܣ is ෤߮-amenable, where ෤߮ ∈  is the homomorphism (ܫ/ܣ)∆
induced by ߮. Then ܣ is ߮-amenable. 
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Proof: 

The statement follows from Proposition (2.1.3) on taking ܤ =  and ∗∗ܣ
ܬ =  has ∗∗ܫ ,has a bounded right approximate identity ܫ In fact, since .∗∗ܫ
a right identity, and since ܬ/ܤ = ∗∗ܫ/∗∗ܣ	 = -is ෤߮ ܫ/ܣ and ∗∗(ܫ/ܣ)
amenable and ෤߮ ∗∗ = ߮∗∗෪ is ߮∗∗෪ ܬ/ܤ, -amenable. Thus ܬ/ܤ has a ߮∗∗෪ -mean 
and the proposition shows that ܤ has a ߮∗∗-mean. This says that ܣ is ߮-
amenable. 

Let ܣ be a Banach algebra and ߮ ∈  In this section we establish .(ܣ)∆
several criteria for ܣ to possess a ߮-mean of norm 1. We start by showing 
that the existence of such a mean is a pointwise property. 

Theorem (2.1.5) [2]: 

Let ܣ be any Banach algebra and ߮ ∈  Suppose that for each .(ܣ)∆
݂ ∈ there exists ݉௙ ∗ܣ ∈ such that ฮ݉௙ฮ ∗∗ܣ = 〈݉௙, ߮〉 = 1 and 
〈݉௙, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉௙, ݂〉 for all ܽ ∈  .has a ߮-mean of norm 1 ܣ Then .ܣ

Proof: 

Define a subsets ܵ of ܣ∗∗ by 

ܵ = {݉ ∈ :∗∗ܣ ‖݉‖ = 〈݉, ߮〉 = 1} = {݉ ∈ :∗∗ܣ ‖݉‖ ≤ 1, 〈݉, ߮〉 = 1}. 

Then ܵ is ݓ∗-compact and easily seen to be a semigroup for the first 
Arens product. Let ℱ denote the collection of all finite subsets ܨ of ܣ∗, 
and for every ܨ ∈ ℱ, let 

ܵி = {݉ ∈ ܵ: 〈݉, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉, ݂〉		for	all	݂ ∈ ܽ		and		ܨ ∈  {ܣ

Then ܵி is closed in ܵ and ܵிభ ⊇ ܵிమ  whenever ܨଵ ⊆  ଶ. Clearly, everyܨ
݉ ∩ {ܵி: ܨ ∈ ℱ} is a ߮-mean with ‖݉‖ = 1. It therefore suffices to show 
that ܵி ≠ ∅ for each ܨ ∈ ℱ. We achieve this by induction on the number 
of elements in ܨ. 

So suppose that some ݉ଵ ∈ ܵி  exists and let g ∈ and set ℎ ܨ\∗ܣ = ݉ଵ ⋅
g ∈ By hypothesis, there exists ݉ଶ .∗ܣ ∈ {ܵ௛}. Let ݉ = ݉ଶ݉ଵ ∈  .∗∗ܣ
Then ݉ ∈ ܵ since ܵ is a semigroup. For ݂ ∈ ,ܽ and ܨ ܾ ∈  we have ,ܣ

〈݉ଵ ⋅ (݂ ⋅ ܽ), ܾ〉 = 〈݉ଵ, ݂ ⋅ (ܾܽ)〉 = ߮(ܽ)〈݉ଵ, ݂〉߮(ܾ) 
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Hence ݉ଵ ⋅ 〈݂ ⋅ ܽ〉 = ߮(ܽ)〈݉ଵ, ݂〉߮, and similarly ݉ଵ ⋅ ݂ = 〈݉ଵ, ݂〉߮. It 
follows that, for ݂ ∈ ܽ and all ܨ ∈  ܣ

〈݉, ݂ ⋅ ܽ〉 = 〈݉ଶ, ݉ଵ ⋅ (݂ ⋅ ܽ)〉 = ߮(ܽ)〈݉ଵ, ݂〉〈݉ଶ, ߮〉
= ߮(ܽ)〈݉ଶ, 〈݉ଵ, ݂〉߮〉 = ߮(ܽ)〈݉ଶ, ݉ଵ ⋅ ݂〉 = ߮(ܽ)〈݉, ݂〉. 

Moreover, for all ܽ ∈  ,ܣ

〈݉, g ⋅ ܽ〉 = 〈݉ଶ, (݉ଵ ⋅ g) ⋅ ܽ〉 = ߮(ܽ)〈݉ଶ, ݉ଵ ⋅ g〉 = ߮(ܽ)〈݉, g〉. 

So ݉ ∈ ܵி∪{୥}, and this finishes the proof. 

Let ܣ be a Banach algebra and ߮ ∈ ݂ For .(ܣ)∆ ∈ ߳ and ∗ܣ > 0, let 

௙,ఢܭ = ݑ} ⋅ ݂: ݑ ∈ ,ܣ (ݑ)߮ = 1, ‖ݑ‖ ≤ 1 + ߳}തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത௪∗ ⊆  .∗ܣ

Clearly, ܭ௙,ఢ is convex and ݓ∗-compact, and so is ܭ௙ =∩ఢவ଴  .௙,ఢܭ

Proposition (2.1.6) [2]: 

For ݂ ∈  .the following conditions are equivalent ,∗ܣ

(i) There exists ݉ ∈ ‖݉‖ such that ∗∗ܣ = 1, 〈݉, ߮〉 = 1 and 〈݉, ݂ ⋅
ܽ〉 = ߮(ܽ)〈݉, ݂〉 for all ܽ ∈  .ܣ

(ii) ܭ௙ contains ߮ߣ for some ߣ ∈ ℂ. 

In fact, ℂ߮ ∩ ,݉〉 ௙ equals the set of allܭ ݂〉߮ where ݉ is as in (i). 

Proof: 

Let ݉ be as in (i), and let ൫ݑఊ൯ఊ be a net in ܣ such that ߮൫ݑఊ൯ = 1 for 

all ߛ ⋅ ฮݑఊฮ → 1 and ݑఊ → ݉ in the ݓ∗-topology. Then 

ఊݑ〉 ⋅ ݂, ܽ〉 = ఊݑ〉 , ݂ ⋅ ܽ〉 → 〈݉, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉, ݂〉 

for all ܽ ∈ ,݉〉 and hence ,ܣ ݂〉߮ ∈ ߳ ௙,ఢ for everyܭ > 0. 

Conversely, assume that ߮ߣ ∈ ߳ ௙ and letܭ > 0. There exists a net 
൫ݑఊ,ఢ൯ఊ in ܣ such that ߮൫ݑఊ,ఢ൯ = 1, ฮݑఊ,ఢฮ ≤ 1 + ߳ for all ߛ and ߮ߣ =

∗ݓ − limஓ൫ݑఊ ⋅ ݂൯. Let ݊ఢ be a ݓ∗-cluster point of the net ൫ݑఊ,ఢ൯ఊ in ܣ∗∗. 

Then ‖݊ఢ‖ ≤ 1 + ߳, 〈݊ఢ, ߮〉 = 1 and 〈݊ఢ , ݂ ⋅ ܽ〉 = ܽ for all (ܽ)߮ߣ ∈  ܣ
since 
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,ఊ,ఢݑ〉 ݂ ⋅ ܽ〉 = ఊ,ఢݑ〉 ⋅ ݂, ܽ〉 →  .(ܽ)߮ߣ

Let ݊ be a ݓ∗-cluster point of the net (݊ఢ)ఢ. Then ‖݊‖ = 1, 〈݊, ߮〉 = 1 
and 

〈݊ ⋅ ݂, ܽ〉 = 〈݊, ݂ ⋅ ܽ〉 =  (ܽ)߮ߣ

for all ܽ ∈ ݉ Finally, let .ܣ = ݊ଶ ∈ ,݉〉 Then .∗∗ܣ ߮〉 = 〈݊, ߮〉ଶ = 1 and 
‖݉‖ = 1. Moreover, 

〈݉, ݂〉 = 〈݊, ݊ ⋅ ݂〉 = 〈݊, 〈߮ߣ = ,݊〉ߣ ߮〉 =  ,ߣ

and hence, for all ܽ ∈  ,ܣ

〈݉, ݂ ⋅ ܽ〉 = 〈݊, (݊ ⋅ ݂) ⋅ ܽ〉 = 〈݊, (߮ߣ) ⋅ ܽ〉 = ,݊〉(ܽ)߮ߣ ߮〉 = ߮(ܽ)〈݉, ݂〉. 

So ݉ satisfies all the requirements in (i). 

Actually, the above proof shows that ߮ߣbelongs to ܭ௙ if and only if 
ߣ = 〈݉, ݂〉 for some ݉ ∈  .as in (i) ∗∗ܣ

As an immediate consequence of Proposition (2.1.6) and Theorem 
(2.1.5) we obtain  

Corollary (2.1.7) [2]: 

For a Banach algebra ܣ and ߮ ∈  .the following are equivalent ,(ܣ)∆

(i) ܣ admits a ߮-mean of norm 1. 
(ii) For each ݂ ∈ ,∗ܣ ℂ߮ ∩ ௙ܭ ≠ ∅. 

The next theorem, which is one of the main results, in particular shows 
that the existence of a ߮-mean of norm 1 is a pointwise property in the 
sense that it follows from the existence of a certain functional on ܣ∗ 
associated with each of the elements of the ideal ker ߮. 

Theorem (2.1.8) [2]: 

For a Banach algebra ܣ and ߮ ∈  the following four conditions ,(ܣ)∆
are equivalent. 

(i) There exists a ߮-mean such that ‖݉‖ = 1. 
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(ii) There exists a net ൫ݑఊ൯ఊ in ܣ such that ߮൫ݑఊ൯ = 1 for all 

,ߛ ฮݑఊฮ → 1 and ฮܽݑఊฮ → |߮(ܽ)| for all ܽ ∈  .ܣ
(iii) For each ܽ ∈ ker ߮, there exists ݉௔ ∈ ‖with ‖݉௔ ∗∗ܣ ≤

1, 〈݉௔, ߮〉 = 1 and ܽ݉௔ = 0. 
(iv) For each ܽ ∈ ker ߮ and ߳ > 0, there exists ݑ ∈  such that ܣ

‖ݑ‖ ≤ 1 + ߳, ‖ݑܽ‖ ≤ ߳ and ߮(ݑ) = 1. 

Proof: 

(ii) ⇒ (iv) is clear. Also, (i) ⇒ (iii) is simple: if ݉ is a ߮-mean, we 
can choose ݉௔ = ݉ for all ܽ ∈  Therefore, in order to establish the .ܣ
theorem it suffices to show the implications (i) ⇒ (ii), (iii) ⇒ (iv) and 
(iv) ⇒ (i). 

(i) ⇒ (ii) There exists a net ൫ݑఊ൯ఊ in ܣ with the following properties: 

߮൫ݑఊ൯ = 1 for all ߛ, ฮݑఊฮ → 1 and ฮܽݑఊ − ఊฮݑ(ܽ)߮ → 0 for all ܽ ∈  .ܣ
Thus, 

หฮܽݑఊฮห − |߮(ܽ)|ฮ≤ หฮܽݑఊฮ − ฮ߮(ܽ)ݑఊฮหฮ + ቚฮ߮(ܽ)ݑఊฮ − |߮(ܽ)|ቚ

≤ ฮܽݑఊ − ఊฮݑ(ܽ)߮ + |߮(ܽ)| ⋅ หฮݑఊฮ − 1ห 

(iii) ⇒ (iv) Fix ܽ ∈ ker߮ and take any net ൫ݑఊ൯ఊ in ܣ such that 

ฮݑఊฮ ≤ 1 and ݑఊ → ݉௔ in the ݓ∗-topology. Then ߮൫ݑఊ൯ → 1. By 
replacing each ݑఊ with a scalar multiple of itself and taking a cofinal 
subnet, we may arrange that ฮݑఊฮ ≤ 1 + ߳ and ߮൫ݑఊ൯ = 1 for all ߛ. 
Since ݓ∗ lim ఊݑܽ = ܽ݉௔ = 0 and ܽݑఊ ∈  is in the weak closure of the ,ܣ
set ൫ܽݑఊ൯ఊand therefore 0 is in the norm closure of the convex hull of 

൫ܽݑఊ൯ఊ. The set ൫ݑఊ൯ఊ being contained in the closed hyperplane {ݔ ∈

:ܣ (ݔ)߮ = 1}, we easily reach our conclusion. 

(iv) ⇒ (i) We claim that for every finite subset of ܨ of ܣ and ߳ > 0, 
there exists ݑி,ఢ such that ߮൫ݑி,ఢ൯ = 1, ฮݑி,ఢฮ ≤ 1 + ߳ and 

ฮܽݑி,ఢ − ி,ఢฮݑ(ܽ)߮ ≤ ߳ 

for all ܽ ∈ ܨ Let .ܨ = {ܽଵ, … , ܽ௞}, say, and choose ߜ > 0 such that 
(1 + ௞ାଵ(ߜ ≤ 1 + ߳. By hypothesis, there exists ݑ଴ ∈  such that ܣ
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(଴ݑ)߮ = 1 and ‖ݑ଴‖ ≤ 1 + ଴ݑSince ܽଵ .ߜ − ߮(ܽଵ)ݑ଴ ∈ ker ߮, again by 
(iv) there exists ݑଵ ∈  such that ܣ

(ଵݑ)߮ = 1, ‖ଵݑ‖ ≤ 1 + ଴ݑ‖(ܽଵ			and			ߜ − ߮(ܽଵ)ݑ଴)ݑଵ‖ ≤  .ߜ

Likewise, ܽଶݑ଴ݑଵ − ߮(ܽଶ)ݑ଴ݑଵ ∈ ker ߮ and hence there exists ݑଶ ∈  ܣ
such that 

(ଶݑ)߮ = 1, ‖ଶݑ‖ ≤ 1 + ଵݑ଴ݑ‖(ܽଶ			and			ߜ − ߮(ܽଶ)ݑ଴ݑଵ)ݑଶ‖ ≤  .ߜ

For ݆ = 1,2 we have ฮݑ௝ฮ ≤ 1 + ,ߜ ߮൫ݑ௝൯ = 1 and 

ฮ ௝ܽݑ଴ݑଵݑଶ − ߮൫ ௝ܽ൯ݑ଴ݑଵݑଶฮ ≤ 1)ߜ +  (ߜ

Proceeding inductively, we see that there exist 1 ≤ ݆ ≤ ݇, such that 
߮൫ݑ௝൯ = 1, ฮݑ௝ฮ ≤ 1 + ݅ and for ߜ = 1,… , ݆, 

ฮܽ௜ݑ଴ݑଵ… . . ௝ݑ − ߮(ܽ௜)ݑ଴ݑଵ… . . ௝ฮݑ ≤ 1)ߜ + ௝ିଵ(ߜ ≤ ߳. 

In particular, when ݆ = ݇, setting ݑி,ఢ = ∏௝ୀ଴
௞ ி,ఢ൯ݑ௝ gives us ߮൫ݑ = 1, 

ฮݑி,ఢฮ ≤ 1 + ߳ and ฮܽݑி,ఢ − ி,ఢฮݑ(ܽ)߮ ≤ ߳ for allܽ ∈  This proves .ܨ
the above claim. 

Now, order the pairs (ܨ, ߳), ܨ ⊆ ߳ ,finite ܣ > 0, in the obvious 
manner, and let ݉ be a ݓ∗-cluster point of the net ൫ݑி,ఢ൯ி,ఢ in 	

‖݉‖ Then .∗∗ܣ ≤ 1 and 〈݉, ߮〉 = 1 (and hence ‖݉‖ = 1) and ܽ݉ =
߮(ܽ)݉ for all ܽ ∈  .So ݉ is the required ߮-mean .ܣ

Remark (2.1.9) [2]: 

  Using methods similar to those employed in the proof of Theorem 
(2.1.8), the following can be shown. Let ܣ be a Banach algebra and 
߮ ∈ <∁ For .(ܣ)∆ 0, the following statements are equivalent. 

(i) ܣ has a ߮-mean of norm ∁. 
(ii) ܣ contains an approximate ߮-mean with norm bound ∁. 

(iii) For each ܽ ∈ ker ߮, there exists ݉௔ ∈ ‖with ‖݉௔ ∗∗ܣ = ∁, 
〈݉௔, ߮〉 = 1 and ܽ݉௔ = 0. 

(iv) There exists a net ൫ݑఊ൯ఊ in ܣ with ߮൫ݑఊ൯ = 1 for all ߛ = ฮݑఊฮ →

∁ and ܽݑఊ → 0 for every ܽ ∈ ker ߮. 
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For a Banach algebra ܣ and ߮ ∈ ,ܣ)ܰ let ,(ܣ)∆ ߮) denote the set of 
all ݂ ∈ ߜ with the following property: for each ∗ܣ > 0, there exists a 
sequence (ܽ௡)௡ in ܣ such that ߮(ܽ௡) = 1, ‖ܽ௡‖ ≤ 1 +  for all ݊ and ߜ
‖݂ ⋅ ܽ௡‖ → 0. We now aim at a criterion for a ߮-mean of norm 1 
involving the set ܰ(ܣ, ߮) (Theorem (2.1.12) below). 

Lemma (2.1.10) [2]: 

For a Banach algebra ܣ and ߮ ∈  .the following hold ,(ܣ)∆

(i) ߮ ∉ ,ܣ)ܰ ߮). 
(ii) ܰ(ܣ, ߮) is closed in ܣ∗ and closed under scalar multiplication. 

(iii) If ܣ is commutative, then ܰ(ܣ,߮) is closed under addition. 

Proof: 

(i) is immediate since ߮ ⋅ ܽ = ߮ for all ܽ ∈ (ܽ)߮ with ܣ = 1. 
(ii) Let ௡݂ ∈ ,∗ܣ ݊ ∈ ℕ and ݂ ∈ such that ௡݂ ∗ܣ → ݂. For every ݊ there 

exists ܽ௡ ∈ such that ߮(ܽ௡) ܣ = 1, ‖ܽ௡‖ ≤ 1 + ଵ
௡
 and ‖ ௡݂ ⋅ ܽ௡‖ ≤

ଵ
௡
. Then ‖݂ ⋅ ܽ௡‖ ≤ ‖݂ − ௡݂‖ ⋅ ‖ܽ௡‖ +

ଵ
௡
 for all ݊, whence ݂ ∈

,ܣ)ܰ ߮). 
(iii) Let ଵ݂, ଶ݂ ∈ ,ܣ)ܰ ߮) and ߜ > 0. If ௝ܽ ∈ ,ܣ ݆ = 1,2, are such that 

߮൫ ௝ܽ൯ = 1, ฮ ௝ܽฮ ≤ 1 + and ฮ ߜ ௝݂ ⋅ ௝ܽฮ ≤  is ܣ then since ,ߜ
commutative, 

‖( ଵ݂ + ଶ݂) ⋅ (ܽଵܽଶ)‖ ≤ ‖ ଵ݂ ⋅ ܽଵ‖ ⋅ ‖ܽଶ‖ + ‖ ଶ݂ ⋅ ܽଶ‖ ⋅ ‖ܽଵ‖ ≤ 1)ߜ2 +  .(ߜ

It follows that ଵ݂ + ଶ݂ ∈  .(߮,ܣ)ܰ

Lemma (2.1.11) [2]: 

Suppose that ܣ admits a ߮-mean of norm 1. Then ܰ(ܣ,߮) is a 
subspace of ܣ∗. 

Proof: 

Let ܬ = {ܽ ∈ :ܣ ߮(ܽ) = 1} and let ߳ > 0. Since ܣ has a ߮-mean of 
norm 1, there exists a net ൫ݑఊ൯ఊ in ܣ such that ߮൫ݑఊ൯ = 1 and ฮݑఊฮ ≤

1 + ߳ for all ߛ and ฮܽݑఊ − ఊฮݑ → 0 for every ܽ ∈  .ܬ
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Now let ଵ݂, ଶ݂ ∈ ,ܣ)ܰ ߮). Given ߳ > 0, there exists ܽଵ, ܽଶ ∈  such ܬ
that ฮ ௝݂ ⋅ ௝ܽฮ ≤ ߳ and ฮ ௝ܽฮ ≤ 1 + ߳, ݆ = 1,2. By the first paragraph, there 
exists ݑ ∈ ‖ݑ‖ with ܣ ≤ 1 + ߳, (ݑ)߮ = 1 and 

‖ܽଵݑ − ܽଶݑ‖ ≤ ‖ܽଵݑ − ‖ݑ + ݑ‖ − ܽଶݑ‖ < ߳. 

Then 

‖( ଵ݂ + ଶ݂) ⋅ (ܽଵݑ)‖
≤ ‖ ଵ݂ ⋅ (ܽଵݑ)‖ + ‖ ଶ݂ ⋅ (ܽଵݑ) − ଶ݂ ⋅ (ܽଶݑ)‖ + ‖ ଶ݂ ⋅ (ܽଶݑ)‖ 

												≤ ‖ ଵ݂ ⋅ ܽଵ‖ ⋅ ‖ݑ‖ + ‖ ଶ݂‖ ⋅ ‖ܽଵݑ − ܽଶݑ‖ + ‖ ଶ݂ ⋅ ܽଶ‖ ⋅  ‖ݑ‖

≤ ߳(1 + ߳) + ߳‖ ଶ݂‖ + ߳(1 + ߳)													 

= ߳(2 + 2߳ + ‖ ଶ݂‖).																							 

Since ߮(ܽଵݑ) = 1 and ‖ܽଵݑ‖ ≤ (1 + ߳)ଶ and ߳ > 0 is arbitrary, it 
follows that ଵ݂ + ଶ݂ ∈ ,ܣ)ܰ ߮). 

Theorem (2.1.12) [2]: 

Let ܣ be a Banach algebra and ߮ ∈  Then the following two .(ܣ)∆
conditions are equivalent. 

(i) There exists a ߮-mean ݉ with ‖݉‖ = 1. 
(ii) ܰ(ܣ, ߮) is a subspace of ܣ∗ and ݂ ⋅ ܽ − ݂ ∈ ݂ for all (߮,ܣ)ܰ ∈  ∗ܣ

and all ܽ ∈ (ܽ)߮ with ܣ = 1. 

Proof: 

Let ݉ be a ߮-mean of norm 1. By Lemma (2.1.11), ܰ(ܣ, ߮) is a 
subspace of ܣ∗ and ܽ ∈ (ܽ)߮ with ܣ = 1. There exists a net ൫ݑఊ൯ఊ in ܣ 

such that ߮൫ݑఊ൯ = 1, ฮݑఊฮ → 1 and ฮܽݑఊ − ఊฮݑ → 0 since ฮ(݂ ⋅ ܽ − ݂) ⋅
‖ఊݑ ≤ ‖݂‖ ⋅ ฮܽݑఊ − ݂ ఊฮ, it follows thatݑ ⋅ ܽ − ݂ ∈ ,ܣ)ܰ ߮). 

Conversely, suppose that ܰ(ܣ, ߮) is a subspace of ܣ∗ and that (ii) 
holds. Since ߮ ∉ ,ܣ)ܰ ߮) and ‖߮‖ = 1, by the Hahn-Banach theorem 
there exists ݉ ∈ ‖݉‖ such that ∗∗ܣ = 〈݉, ߮〉 = 1 and ݉|ே(஺,ఝ) = 0. 
Then, by (ii), 〈݉, ݂ ⋅ ܽ〉 = 〈݉, ݂〉 for all ݂ ∈ ܽ and all ∗ܣ ∈  with ܣ
߮(ܽ) = 1 and hence 〈݉, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉, ݂〉 for all ܽ ∈  .ܣ
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We shall see in Example (2.2.16) that if ‖݉‖ > 1, it can even happen 
that ܰ(ܣ, ߮) = {0}. 

The following corollary is an immediate consequence of Lemma 
(2.1.10) and Theorem (2.1.12). 

Corollary (2.1.13) [2]: 

If ܣ is a commutative Banach algebra and ߮ ∈ -߮ has a ܣ then ,(ܣ)∆
mean of norm 1 if and only if ݂ ⋅ ܽ − ݂ ∈ ,ܣ)ܰ ߮) for all ݂ ∈  and all ∗ܣ
ܽ ∈ (ܽ)߮ with ܣ = 1. 

Before proceeding, recall that an ܨ-algebra ܣ is a Banach algebra 
which is the predual of a von Neumann algebra ܯ such that the identity ߳ 
of ܯ is a multiplicative linear functional on ܣ. In this case, the ߳-means 
of norm 1 are nothing but the topologically left invariant means (TLIM) 
on ܣ∗. Examples of ܨ-algebra include the group algebra, the Fourier 
algebra and the Fourier-Stieltjes algebra of a locally compact group. 
Other examples are the measure algebra of a locally compact semigroup 
and the predual of a Hopf-von Neumann algebra. 

Let ܣ be a Banach algebra and ߮ ∈  We say that an element ܽ of .(ܣ)∆
‖ܽ‖ is ߮-maximal if it satisfies ܣ = ߮(ܽ) = 1. Let ଵܲ(ܣ, ߮) denote the 
collection of all ߮-maximal elements of ܣ. When ܣ is an ܨ-algebra and ߮ 
is the identity of the von Neumann algebra ܣ∗, the ߮-maximal elements 
are precisely the positive linear functionals of norm 1 on ܣ∗ and hence 
span ܣ. However, in general ଵܲ(ܣ, ߮) can be quite small. 

Let ܺ(ܣ, ߮) denote the closed span of ଵܲ(ܣ, ߮). Then ܺ(ܣ, ߮) is a 
closed subalgebra of ܣ. 

Were MarKov-Kakutani fixed point theorem [7] said: A commuting 
family of continuous affine self-mappings of a compact convex subset in 
locally convex topological vectors space has a common fixed point.  

Proposition (2.1.14) [2]: 

Let ܣ be a commutative Banach algebra and ߮ ∈ (ܣ)∆ =  if ,ܣ
(߮,ܣ)ܺ =  .has a ߮-mean of norm 1 ܣ then ,ܣ
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Proof: 

Let ܭ = {݉ ∈ :∗∗ܣ ‖݉‖ = 〈݉,߮〉 = 1}. Then ܭ is a ݓ∗-compact 
convex subset of ܣ∗∗. For each ܽ ∈ ଵܲ(ܣ, ߮), let ௔ܶ: ܭ →  denote the ܭ
map ݉ → ܽ݉. Then ܽ → ௔ܶ is a representation of the commutative 
semigroup ଵܲ(ܣ, ߮) as ݓ∗ −  into ܭ continuous affine mapping from-∗ݓ
 Therefore, by the Markov-Kakutani fixed point theorem, there exists .ܭ
݉ ∈ ݉ܽ with ܭ = ݉ for all ܽ ∈ ଵܲ(ܣ, ߮). For all ܽ ∈  it then follows ,ܣ
that ܽ݉ = ߮(ܽ)݉, and hence ݉ is a ߮-mean. 

Remark (2.1.15) [2]: 

Let ܣ be a Banach algebra such that ܣ is a left ideal in ܣ∗∗. Let 
߮ ∈  and suppose that there exists a ߮-mean ݉. Then there exists a (ܣ)∆
߮-mean in ܣ itself. 

To see this, fix ܽ ∈ (ܽ)߮ with ܣ = 1. If ܣ is a right ideal in ܣ∗∗, then 
݉ = ߮(ܽ)݉ = ܽ݉ ∈  then ,∗∗ܣ is the left ideal in ܣ If .ܣ

〈݉ܽ, ߮〉 = 〈݉, ܽ ⋅ ߮〉 = 〈݉, ߮〉 = 1 

and ܾ(݉ܽ) = ߮(ܾ)݉ܽ for all ܾ ∈ ܽ݉ whence ,ܣ ∈  .is ߮-mean ܣ
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Section (2.2): Complete Banach Algebras and Invariant 
Means on ࡲ- Algebras 

A ߮-mean of a Banach algebra ܣ is an element of the second dual of 
 There are some aspects of the theory of second duals which are .ܣ
particularly striking for weakly sequentially complete algebras. In this 
section we offer some results which are relevant to ߮-means.  

A Banach algebra ܣ is weakly consequentially complete if every 
sequence (ܽ௡)௡ in ܣ which is weakly Cauchy is weakly convergent in ܣ. 
As is well-known, preduals of von Neumann algebras are weakly 
sequentially complete. In particular, ܮଵ(ܩ) and (ܩ)ܣ, the group algebra 
and the Fourier algebra of a locally compact group ܩ, are weakly 
sequentially complete. The ݓ∗-topology on ܣ∗∗ induces the weak 
topology on ܣ, so an easy consequence of the definitions is that if a 
sequence (ܽ௡)௡ in ܣ converges to a ݓ∗-limit ܽ ∈ ܽ then in fact ,∗∗ܣ ∈  .ܣ
Since bounded subsets in ܣ∗∗ are relatively ݓ∗-compact, we see that if 
(ܽ௡)௡ is a bounded sequence in ܣ which has just one ݓ∗-cluster point in 
 .ܣ then that cluster point is in ,∗∗ܣ

Theorem (2.2.1) [2]: 

 Let ܣ be weakly sequentially complete with a sequential bounded 
approximate ߮-mean, but with no ߮-mean in ܣ itself. Then ܣ has at least 
2௖߮-means. If ܣ is separable, then it has precisely 2௖	߮-means. 

Proof: 

Let (ݑ௡)௡ be a sequential bounded approximate ߮-mean, and let ܯ 
denote the set of all ݓ∗-cluster point of (ݑ௡)௡ in ܣ∗∗. Each element of ܯ 
is ݓ∗-compact. We claim that no element of ܯ has a countable 
neighbourhood based in ܯ. Indeed, suppose that for some ݉ ∈  there ,ܯ
is a decreasing countable base ( ௞ܸ)௞ of closed neighbourhoods of ݉ in 
closed neighborhoods ௞ܹ-∗ݓ Choose .ܯ , ݇ ∈ ℕ, of ݉ in ܣ∗∗ with 
௞ܹ ∩ ܯ = ௞ܸ . Then ܯ ∩ (∩௞ୀଵஶ

௞ܹ) = {݉}, and we can arrange for the 
sequence ( ௞ܹ)௞ to be decreasing. For each ݇, select ݑ௡ೖ ∈ ௞ܹ. Then 
every ݓ∗-cluster point of the subsequence ൫ݑ௡ೖ൯௞ lies in each ௞ܹ  and in 

 weakly sequentially complete, it ܣ so must be equal to ݉. Since ,ܯ
follows that ݉ ∈  .which is impossible by hypothesis ,ܣ
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Thus no point of ܯ has a countable neighbourhoods base. This implies 
that ܯ has at least 2௖ elements. Finally, ifܣ is separable, then ܣ∗∗ has a 
countable ݓ∗-dense subset and hence no more than 2௖ elements. 

Example (2.2.2) [2]: 

(i) If ܩ is a locally compact group, then ߳: ݂ → ∫ 	(ݔ)݂
ீ  ݔ݀

defines an element of ∆൫ܮଵ(ܩ)൯. In this case, the ߳-means 
correspond to the set of topologically left invariant means on 
 is amenable, second countable and ܩ Suppose that .(ܩ)ஶܮ
noncompact. Since then ܮଵ(ܩ) is separable, it follows from 
Theorem (2.2.1) that ܮஶ admits precisely 2௖ topologically 
left invariant means, a fact which is known. 

(ii) Let ܩ be a locally compact group and (ܩ)ܣ its Fourier 
algebra. Then (ܩ)ܣ∗ =  the von Neumann algebra ,(ܩ)ܸܰ
generated by left translation operators on ܮଶ(ܩ). The identity 
operator 1 on ܮଶ(ܩ) defines an element ߳ of ∆൫(ܩ)ܣ൯ by 
(ݑ)߳ = ,ܫ〉 〈ݑ = ,(݁)ݑ ݑ ∈  Then the set of ߳-mean .(ܩ)ܣ
coincides with the set of topologically invariant means that 
studied, if ܩ is second countable, then ܮଶ(ܩ) is separable 
and hence (ܩ)ܣ is separable and weakly sequentially 
complete. If, in addition, ܩ, is not discrete, then no ߳-mean 
can belong to (ܩ)ܣ. Thus the cardinality of the set of 
topologically invariant means on ܸܰ(ܩ) is exactly 2௖. 

(iii) Consider the convolution algebra ܣ = ݈ଵ(ℤା). For ݖ ∈ ॰ഥ , 
the closed unit disc, define ߮௭: ܣ → ℂ by ߮௭(ܽ) =
∑ ܽ௡ݖ௡ஶ
௡ୀ଴ , ܽ = (ܽ௡)௡ ∈ ݖ Then the map .ܣ → ߮௭ is a 

homeomorphism between ॰ഥ  and ∆(ܣ). We already know 
that ܣ is ߮௭-amenable if and only if |ݖ| = 1. Let ݖ ∈ ॰ഥ  with 
|ݖ| = 1. Since ܣ is weakly sequentially complete and 
separable, by Theorem (2.2.1) there either exists a ߮௭-mean 
in ܣ itself or there are precisely 2௖ ߮௭-means. Now, suppose 
that ݑ = ௡(௡ݑ) ∈ ܽ is a ߮௭-mean. Then for all ܣ ∈  and ܣ
݂ = ( ௡݂)௡ ∈ ݈ஶ(ℤା) =  .∗ܣ
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෍ ௡݂

ஶ

௡ୀ଴

(ܽ௞ݑ௡ି௞) = 〈݂, ܽ ∗ 〈ݑ = 〈݂ ⋅ ܽ, 〈ݑ = ߮௭(ܽ)〈݂, 〈ݑ

= ෍ܽ௡ݖ௡
ஶ

௡ୀ଴

⋅ ෍ ௡݂ݑ௡

ஶ

௡ୀ଴

. 

Taking ݂ = ܽ ௞ andߜ = ௟ߜ , ݈ > ݇, we obtain ݖ௟ݑ௞ = 0. Thus ݑ = 0 and 
hence there are exactly 2௖	߮௭-means. 

If ݉ଵ and ݉ଶ are two ߮-means on ܣ, then ݉ଵ݉ଶ = ߮(݉ଵ)݉ଶ = ݉ଶ. 
One of the immediate consequences of Theorem (2.2.1) is therefore that 
if ܣ satisfies its hypotheses, ܣ∗∗ is not commutative, even if ܣ is. There is 
a formulation of this which makes sense for non-commutative algebras. 
Define a second multiplication on ܣ∗∗ by 

݉ ⋄ ݊ = ∗ݓ − lim
௕→௡

ቀݓ∗ − lim
௔→௠

ܾܽቁ 

 (a similar formula to that which determines the multiplication in ܣ∗∗, but 
with the limits taken in the other order). The product ݉ ⋄ ݊ is ݓ∗-
continuous in ݊ for fixed ݉.ܣ is called Arens regular if ݉ ⋄ ݊ = ݉݊ for 
all ݉,݊ ∈  ݊݉ A condition equivalent to Arens regularity is that .∗∗ܣ
should be ݓ∗-continuous in ݊ for fixed ݉. When ܣ is commutative, so 
that ܾܽ = ܾܽ, we find that in ܣ∗∗ we have ݉ ⋄ ݊ = ݊݉. Thus we have 
shown that, under the hypotheses of Theorem (2.2.1), a commutative ܣ is 
not Arens regular. We shall obtain a non-commutative result generalizing 
this. 

We must introduce some additional concepts. We call ݉ ∈ -a 2 ∗∗ܣ
sided ߮-mean if 〈݉, ߮〉 = 1 and for each ݂ ∈ ܽ and ∗ܣ ∈  we have not ܣ
only 〈݉, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉, ݂〉, but also 〈݉, ݂ ⋅ ܽ〉 = ߮(ܽ)〈݉, ݂〉. Of 
course, the latter two conditions are equivalent to ܽ݉ = ߮(ܽ)݉ and 
݉ܽ = ߮(ܽ)݉ for all ܽ ∈  respectively. ܹ∗-continuity then gives ,ܣ
݊݉ = 〈݊,߮〉݉ for all ݊ ∈  However, we cannot conclude that .∗∗ܣ
݉݊ = 〈݊,߮〉݉ unless ܣ is Arens regular. Notice that if ܣ is commutative, 
every ߮-mean is automatically a 2-sided ߮-mean. 

A bounded net ൫ݑఊ൯ఊ in ܣ is called a bounded approximate 2-sided ߮-

mean if ߮൫ݑఊ൯ = 1 for all ߛ and for each ܽ ∈  ,ܣ



63 
 

ฮܽݑఊ − ఊฮݑ(ܽ)߮ → 0			and			ฮݑఊܽ − ఊฮݑ(ܽ)߮ → 0. 

Proposition (2.2.3) [2]: 

An element ݉ of ܣ∗∗ is a 2-sided ߮-mean for ܣ if and only if ݉ is a 
 .cluster point of a bounded approximate 2-sided ߮-mean-∗ݓ

Proof: 

If ݉ is a ݓ∗-cluster point of a bounded approximate 2-sided ߮-mean 
൫ݑఊ൯ఊ, then for each ܽ ∈ ,ܣ ܽ݉ is a ݓ∗-cluster point of ൫ݑఊ൯ఊ and this 

implies that ܽ݉ = ߮(ܽ)݉. Similarly, ݉ܽ = ߮(ܽ)݉. Since also 〈݉, ߮〉 =
limఊ ߮൫ݑఊ൯ = 1, we get that ݉ is a 2-sided ߮-mean. 

Conversely, let ݉ be a 2-sided ߮-mean. Then ݉ is the ݓ∗-limit of 
some net ൫ݑఊ൯ఊ in ܣ with ฮߥఊฮ → ‖݉‖. Then ߮൫ߥఊ൯ − 1 =

ఊߥ〉 −݉,߮〉 → 0, and ݓ∗-continuity gives 

ఊߥܽ − ఊߥ(ܽ)߮ → ܽ݉ − ߮(ܽ)݉ = 0	and	ߥఊܽ − ఊߥ(ܽ)߮ → ݉ܽ − ߮(ܽ)݉ = 0 

in the ݓ∗-topology for each ܽ ∈  So the nets .ܣ

൫ܽߥఊ − ఊܽߥ൫			ܽ݊݀			ఊ൯ఊߥ(ܽ)߮ −  ఊ൯ఊߥ(ܽ)߮

in ܣ both converge to 0 weakly for all ܽ ∈  .ܣ

Now take any finite subset ܨ = {ܽଵ, … , ܽ௞} for ܣ and let  

∁= ቄቀ൫ ௝ܽߥ − ߮൫ ௝ܽ൯ߥ൯௝ୀଵ
௞

, ൫ߥ ௝ܽ − ߮൫ ௝ܽ൯ߥ൯௝ୀଵ
௞

, (ߥ)߮ − 1ቁ : ߥ ∈  .ቅܣ

Then in the Banach space ܣଶ௞ × ℂ, 0 is in the weak closure of ∁ and 
hence in the norm closure since ∁ is convex. Thus, given ߳ > 0, we can 
find ிܸ,ఢ ∈ such that ฮ ܣ ிܸ,ఢฮ ≤ 2‖݉‖, say, ห߮൫ ிܸ,ఢ൯ − 1ห < ߳ and for 
all ܽ ∈  ,ܨ

ฮܽߥி,ఢ − ி,ఢฮߥ(ܽ)߮ < ߳			and			ฮߥி,ఢܽ − ி,ఢฮߥ(ܽ)߮ < ߳. 

Finally replace ߥி,ఢ by a scalar multiple ݑி,ఢ =  ி,ఢ for whichߥி,ఢߣ

߮൫ݑி,ఢ൯ = 1. Then หߣி,ఢห <
ଵ
ଵିఢ

 and 
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ฮܽݑி,ఢ − ி,ఢฮݑ(ܽ)߮ <
߳

1 − ߳
			and			ฮݑி,ఢܽ − ி,ఢฮݑ(ܽ)߮ <

߳
1 − ߳

 

So the net ൫ݑி,ఢ൯ி,ఢ is a bounded approximate 2-sided ߮-mean and ݉ is 

the ݓ∗-limit of ൫ݑி,ఢ൯ி,ఢ. 

We shall show 

Theorem (2.2.4) [2]: 

Let ܣ be weakly sequentially complete. Suppose that ܣ has a bounded 
approximate 2-sided ߮-mean, but that there is no 2-sided ߮-mean in ܣ 
itself. Then ܣ is not Arens regular. 

In proving Theorem (2.2.4) we will partly follow an idea of Ulger, 
where he established a parallel result for bounded approximate identities. 

Let ܫ be a commutative idempotent semigroup, that is, ݅ଶ = ݅ for all 
݅ ∈ ݅ by ܫ Define an order on .ܫ ≤ ݆ if ݆݅ = ݆. Then ܫ is a directed set with 
max{݅, ݆} = ݆݅. 

Proposition (2.2.5) [2]: 

Let ܣ be a Banach algebra. Let ܫ be as above and let ℎ: ܫ →  be a ܣ
homomorphism into the multiplicative semigroup of ܣ such that ℎ(ܫ) is 
bounded and 0 ∉ ℎ(ܫ). If the net ൫ℎ(݅)൯௜ has a weak cluster point in ܣ, 
then ℎ(ܫ) has a maximal element. 

Proof: 

Let ݁ be a weak cluster point of ൫ℎ(݅)൯௜. Take ܬ to be a cofinal subset 
of ܫ with ݓ − lim௜∈௃ ℎ(݅) = ݁. For ݅ ≤ ݆ in ܬ we have ℎ(݅)ℎ(݆) = ℎ(݆). 
Taking the ݆-limit gives ℎ(݅)݁ = ݁ and then taking the ݅-limit gives 
݁ଶ = ݁. Since weak and norm closures of convex sets coincide, ݁ is in the 
norm closure of the convex hull of {ℎ(݅): ݅ ∈ ߳ Thus given .{ܬ > 0, we 
can find ݆ଵ, … , ݆௡ ∈ ,ଵߣ and scalar ܬ … , ௡ߣ ≥ 0 with ∑ ௞ߣ = 1௡

௞ୀଵ  such that 

ะ෍ߣ௞ℎ(݆௞)
௡

௞ୀଵ

− ݁ะ ≤ ߳. 

For ݆ ∈ ݆ with ܬ ≥ max{݆ଵ, … , ݆௡} we have 
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൭෍ߣ௞ℎ(݆݇)
௡

௞ୀଵ

൱ ℎ(݆) = ෍ߣ௞ℎ(݆௞݆)
௡

௞ୀଵ

= ℎ(݆). 

Because ℎ(ܫ) is commutative, we see that ݁ℎ(	݆) 	= 	݁ for all ݆ and 
therefore 

‖ℎ(݆) − ݁‖ = ะ෍ߣ௞ℎ(݆௞)ℎ(݆) − ݁ℎ(݆)
௡

௞ୀଵ

ะ ≤ ะ෍ߣ௞ℎ(݆௞) − ݁
௡

௞ୀଵ

ะ ⋅ ‖ℎ(݆)‖

≤ ߳ sup
௝∈௃

‖ℎ(݆)‖. 

But	ℎ(	݆) 	− 	݁ is an idempotent, so either is zero or satisfies ‖ℎ(݆) −
݁‖ ≥ 1. Since ߳ > 0 is arbitrary, it follows that ℎ(	݆) 	= 	݁. This holds for 
a cofinal set of ݆’s and consequently e is a maximal element in ℎ(ܫ).  

Next we present a general construction which produces subalgebras 
which have sequential bounded approximate φ-means. 

Proposition (2.2.6) [2]: 

Let A be a Banach algebra with a bounded approximate 2-sided φ-
mean (respectively, a bounded approximateφ-mean) ൫uஓ൯ஓ. Let X =

{xଵ, xଶ, … } be any countable subset of A. Then there is a closed separable 
subalgebra A(X) of A which contains X and has a sequential bounded 
approximate 2-sided φ-mean (respectively, a sequential bounded 
approximate φ-mean) ൫uஓ౤൯ஓ౤

chosen from ൫uஓ൯ஓ. 

Proof: 

We shall only prove the 2-sided ߮-mean case (the other one being 
easier). If we replace each element of ܺ by any non-zero scalar multiple 
of itself we do not change ܣ(ܺ), and we may therefore arrange for ܺ to 
be bounded. Thus let ܥ	 > 	0 be such that ‖ݔ௡‖, ฮݑఊฮ ≤ ∁ for all ݊,  . ߛ
We choose ݑఊ೙ , ݊ ∈ ܰ, inductively to satisfy 

ฮݔ௜ݑఊ೙ − ఊ೙ฮݑ(௜ݔ)߮ ≤
1
݊
			and			ฮݑఊ೙ݔ௜ − ఊ೙ฮݑ(௜ݔ)߮ ≤

1
݊

 

for 1 ≤ ݅ ≤ ݊, and 

ฮݑఊ೔ݑఊ೙ − ఊ೙ฮݑ ≤
1
݊
			and			ฮݑఊ೙ݑఊ೔ − ఊ೙ฮݑ ≤

1
݊
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for 1	 ≤ 	݅	 < ݊. We take ܣ(ܺ) to be the closed linear span of ܺ ∪
ఊభݑ} , ఊమݑ , … }. 

Now ൫ݑఊ೙൯ఊ೙
 is a bounded approximate 2-sided ߮-mean for ܣ(ܺ). 

This requires a little argument, whereas the corresponding conclusion 
when dealing with bounded approximate identities is just a simple 
observation. Take any ݇ elements ܽଵ, … , ܽ௞  from ܺ ∪ ൛ݑఊభ , ఊమݑ , … ൟ and 
let ߳ > 0. Choose ܰ so large that ݇∁௞ିଵ/ܰ < ߳ and that if ݊ > ܰ, then 
,ఊ೙ do not belong to {ܽଵݑ ௡ andݔ … , ܽ௞}. Then, for ݊ > ܰ, we can 
estimate the norm 

∁௡≔	ฮܽଵ…ܽ௞ݑఊ೙ − ߮(ܽଵ…ܽ௞)ݑఊ೙ฮ 
as follows: 

ܿ௡ ≤෍ฮܽଵ… ௝ܽ߮൫ ௝ܽ + 1൯…߮(ܽ௞)ݑఊ೙ − ܽଵ… ௝ܽିଵ߮൫ ௝ܽ൯…߮(ܽ௞)ݑఊ೙ฮ
௞

௝ୀଵ

 

≤෍‖ܽଵ‖… ฮ ௝ܽିଵฮ ⋅ ห߮൫ ௝ܽାଵ൯ห… |߮(ܽ௞)| ⋅ ฮ ௝ܽݑఊ೙ − ߮൫ ௝ܽ൯ݑఊ೙ฮ
௞

௝ୀଵ

											 

≤෍∁௝ିଵ∁௞ି௝
1
݊
= ݇∁௞ିଵ

1
݊

௞

௝ୀଵ

																																		 

< ߳.																																																									 
A parallel calculation deals with ݑఊ೙ܽଵ…ܽ௞. Similar methods will allow 
us to treat finite linear combinations of products ܽଵ…ܽ௞. We then have a 
bounded approximate 2-sided ߮-mean for the algebra generated 
algebraically by ܺ ∪ ൛ݑఊ೙: ݊ ∈ ℕൟ. Standard arguments extend this to the 
norm closure, that is, A(X). 

Corollary (2.2.7) [2]: 

Let ܣ be a separable Banach algebra and φ ∈ ∆(A). If A is φ-
amenable, then there exists a sequential bounded approximate φ-mean. 

The algebra A(X) constructed in the proof of Proposition (2.2.6) is of 
course not unique, as it depends on the choice of ൫uஓ౤൯୬. We now prove 
Theorem (2.2.4) in the following form. 
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Theorem (2.2.8) [2]: 

Let A be weakly sequentially complete and Arens regular, and suppose 
that A has a 2-sided ߮-mean ݉. Then m is unique and contained in A. 

Proof: 

We first consider the case in which the bounded approximate 2-sided 
߶-mean is sequential, say (ݑ௡)௡. If ݉ଵ and ݉ଶ are both 2-sided ߮-means, 
we have ܽ ⋅ ݉ଶ = ߮(ܽ)݉ଶ for all ܽ ∈  ܣ and choosing a net in ,ܣ
converging ݓ∗ to ݉ଵ, we get ݉ଵ݉ଶ = 〈݉ଵ, ߮〉݉ଶ = ݉ଶ. In the same 
way, from ݉ଵ ⋅ ܽ = ߮(ܽ)݉ଵ, because ܣ is Arens regular, we get that 
݉ଵ݉ଶ = ݉ଵ. Thus ݉ଵ = ݉ଶ, and in particular any two ݓ∗-cluster points 
of (ݑ௡)௡ are equal. Since ܣ is weakly sequentially complete, there exists 
a cluster point in ܣ itself, which then is the unique 2-sided ߮-mean. 

Now let ܣ be arbitrary. Take any countable subset ଵܺ of ܣ and form 
)ܣ ଵܺ) as in Proposition (2.2.6). Then ܣ( ଵܺ) is weakly sequentially 
complete and Arens regular and has a sequential bounded approximate 2-
sided ߮-mean. By the first part of the proof, ܣ( ଵܺ) has a unique 2-sided 
߮-mean, ݉ଵ. If ݉ଵ is a 2-sided ߮ mean for ܣ, we are finished. Otherwise 
we can find a countable subset ܺଶ of ܣ with ݉ଵ ∈ ܺଶ for which ݉ଵ is not 
a 2-sided ߮-mean. Then ܣ(ܺଶ) contains a 2 sided ߮-mean, ݉ଶ say. In 
particular, ݉ଵ݉ଶ = 〈݉ଵ, ߮〉݉ଶ = ݉ଶ and similarly ݉ଶ݉ଵ = ݉ଶ. Again, 
if ݉ଶ is a 2-sided ߮-mean for ܣ, we are finished. Otherwise, take ܺଷ with 
݉ଵ, ݉ଶ ∈ ܺଷ in order to find ݉ଷ, and so on. If this process stops we have 
found a 2-sided ߮-mean in ܣ. If it does not stop, we find a bounded 
infinite sequence (݉௡)݊ in ܣ with the product ݉௞݉௟ = ݉୫ୟ୶{௞,௟}. This is 
impossible by Proposition (2.2.5).  

Let ܣ be an F-algebra. We now use the term topologically left 
invariant mean (TLIM) rather than ߳-mean of norm 1. The purpose is to 
prove the following theorem which was proved for the Fourier algebra of 
a locally compact group. 

Theorem (2.2.9) [2]:  

Let A be a separable F-algebra which is ϵ-amenable. Suppose that A∗ 
contains a ∁∗-subalgebra ܤ such that ܤ is ݓ∗-dense in ܣ∗ and ݉(ܤ) =
{0} for every ߳-mean ݉. Then there is a linear isometry Θ from ݈ଵ(ℕ) 
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into ܣ with the property that each ݉ ∈ Θ∗∗(ߚℕ\ℕ) is an ߳-mean. In 
particular, if ݉ଵ, ݉ଶ ∈ Θ∗∗(ߚℕ\ℕ) are distinct, then‖݉ଵ −݉ଶ‖ = 2. 

The proof of Theorem (2.2.9) will make substantial use of the 
following lemma. 

Lemma (2.2.10) [2]:  

Let ܣ and ܤ be as in Theorem (2.2.9). 

(i) If ݉ is a TLIM on ܣ∗, then ‖݉ − ܽ‖ = 2 for every ܽ ∈
ଵܲ(ܣ, ߳). 

(ii) If a net ൫ݑఊ൯ఊ is an approximate ߳-mean with ฮݑఊฮ = 1 for all 

ఊݑthen limఊฮ ,ݕ − ܽฮ = 2 for each ܽ ∈ ଵܲ(ܣ, ߳). 
Proof: 

(i) Since ܤ is ݓ∗-dense in ܣ∗, by the Kaplansky density the unit 
ball of ܤ is ݓ∗-dense in the unit ball of ܣ∗. Consequently, the 
map ݎ: ∗∗ܣ → ,∗ܤ ݉ → ݉|஻ is a linear isometry of ܣ∗∗ into ܤ∗. 
Choose a bounded approximate identity ൫ ఉ݁൯ఉ in ܤ such that 

ఉ݁ ≥ 0, ฮ ఉ݁ฮ ≤ 1 and ఉ݁ ≤ ݁ఉᇲif ߚ ≤  such a bounded) ′ߚ
approximate identity exists in every ∁∗ -algebra). Let ܽ ∈
ଵܲ(ܣ, ߳). Then ‖ܽ‖ = limఉ〈 ఉ݁ , ܽ〉 and hence, given any ߜ > 0, 

there exists ߚ such that 〈 ఉ݁, ܽ〉 ≥ ‖ܽ‖ − ߜ = 1 −  Let .ߜ
g = 2 ఉ݁ − ߳ ∈  Now, if ݉ is any ߳-mean, then .∗ܣ

 
〈ܽ − ݉, g〉 = 〈ܽ − ݉, 2 ఉ݁ − ߳〉 = 2〈ܽ −݉, ఉ݁〉 ≥ 2(1 − (ߜ − 2〈݉, ఉ݁〉

= 2 −  ߜ2
 
as 〈݉, ఉ݁〉 = 0. So ‖ܽ −݉‖ ≥ 2 − 	ߜ and since ,ߜ2 > 0 was arbitrary, 
‖ܽ −݉‖ = 2. 

(ii) If ฮݑఊ − ܽฮ does not converge to 2, then by taking a subnet, we 
may assume that ฮݑఊ − ܽฮ ≤ 2 − 	ߜ and some ߛ for all ߜ > 0. 
Then ‖݉ − ܽ‖ ≤ 2 −  .ఊ൯ఊݑcluster point of ൫-∗ݓ for every ߜ

This contradicts (i) since any such ݉ is an ϵ mean. 
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We now turn to the proof of Theorem (2.2.9). For ܽ ∈  (ܽ)ݏ let ,ܣ
denote the support of a in ܣ∗, that is, the smallest projection ݌ such that 
,݌〉 ܽ〉 = ߳(ܽ) = ‖ܽ‖. 

If ݉ is a positive linear functional of norm 1 on ܣ∗, then there exists a 
net ൫ݑఊ൯ఊ in ܣ such that ݑఊ ≥ 0, ฮݑఊฮ = 1 (equivalently, ݑఊ ∈ ଵܲ(ܣ, ߳)) 

and ݑఊ → ݉ in the ݓ∗-topology. Thus ݓ∗-lim൫ܽݑఊ − ఊ൯ݑ(ܽ)߳ = 0 for 
every ܽ ∈  .ܣ

By an argument similar to the one in the proof of Proposition (2.2.6), 
we can find a sequence ൫ݑ௬೙൯௡ such that ฮܽݑ௬೙ − ௬೙ฮݑ(ܽ)߳ → 0 for all 

ܽ ∈ ௬೙ݑBy Lemma (2.2.10), lim௬ฮ .ܣ − ܽฮ = 2 for all ܽ ∈ ଵܲ(ܣ, ߳). 
Using Theorem (2.1.8)(iii). We can find a subsequence ൫ݑ௬೙൯௝ of ൫ݑ௬೙൯௡ 

and sequence ൫ݒ௝൯௝ in ଵܲ(ܣ, ߳) such that 

ቛݑఊ೙ೕ − v௝ቛ <
1

2௝ିଵ
 

for all ݆ and ݏ൫ݒ௝൯ݏ(ݒ௞) = 0 if ݆ ≠ ݇. Clearly, ൫ݒ௝൯௝ is an approximate ߳-

mean. 

Let ܸ = ,ଵݒ} ,ଶݒ … }. Since ܸ is orthogonal, ܸ is a linearly independent 
subset of ܣ. Let 

Θ: span	{ߜ௩: ݒ ∈ ܸ} → span	ܸ 

be defined by 

Θቌ෍ߣ௝ߜ௩ೕ

௡

௝ୀଵ

ቍ =෍ߣ௝ݒ௝

௡

௝ୀଵ

. 

Clearly, ฮΘ൫∑ ௝௡ݒ௝ߣ
௝ୀଵ ൯ฮ ≤ ∑ หߣ௝ห௡

௝ୀଵ . On the other hand, if ௝ܲ =  ,௝൯ݒ൫ݏ
then ൫ ௝ܲ൯௝ is a sequence of pariwise orthogonal projections in ܣ∗. Let ܯ 

be the ݓ∗-closure of the span of the ௝ܲ, ݆ ∈ ℕ. Then ܯ is a commutative 
௝ߤ For each ݆, let .∗ܣ subalgebra of-∗ݓ ∈ ℂ such that ߤ௝ߣ௝ = หߣ௝ห, and let 
ݍ = ∑ ௝ߤ ௝ܲ

௡
௝ୀଵ ∈ ‖ݍ‖ Then .∗ܣ = 1, and 
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〈Θቌ෍ߣ௝ߜ௩ೕ

௡

௝ୀଵ

ቍ , 〈ݍ = ෍หߣ௝ห
௡

௝ୀଵ

, 

and therefore 

ቯΘቌ෍ߣ௝ߜ௩ೕ

௡

௝ୀଵ

ቍቯ = ቯ෍ߣ௝ߜ௩ೕ

௡

௝ୀଵ

ቯ. 

Consequently, Θ extends to a linear isometry, also denoted Θ, from ݈୪(ܸ) 
into ܣ. 

Finally, since each ߟ ∈ ௩ೕቁ௝ߜcluster point of ቀ-∗ݓ ℕ\ℕ is aߚ
, and Θ∗∗ 

is ݓ∗-continuous, it follows that ݉ = Θ∗∗(ߟ) is a ݓ∗-cluster point of the 
sequence ൫v௝൯௝ . So for each ݓ∗-neighbourhood ܷ of ݉, there exists 

݊௎ ∈ ℕ such that ݒ௡ೆ ∈ ܷ. Let ࣯ denote the set of all ݓ∗-neighbourhood 
of ݉. Then ൫ݒ௡ೆ൯௎ is a subset of the sequence ൫ݒ௝൯௝ and ݒ௡ೆ → ݉ in the 

ܰ topology. Indeed, otherwise there exists-∗ݓ ∈ ℕ such that ݊௎ ≤ ܰ for 
all ܷ, which implies that ݉ is an ߳-mean in ܣ. However, since ݉|஻ = 0, 
this is impossible. Clearly, ݉ is ߳-mean. 

Examples (2.2.11) [2]: 

We present two illustrative examples: algebras of Lipschitz functions 
on compact metric spaces and convolution algebras ܮ௉(ܩ) on a compact 
group ܩ. In both case, the relevant singletons in ⊿(ܣ) are open. We 
therefore start by looking at how openness of {߮} and ߮-amenability are 
related. 

Remark (2.2.12) [2]: 

Let ܣ be a Banach algebra and ߮ ∈ -߮ is ܣ and suppose that (ܣ)⊿
amenable. For every ߰ ∈ ߰ such that (ܣ)⊿ = ߮, there exists ܽట ∈ ker ߰ 
with ߮൫ܽట൯ = 1. So, if ݉ is a ߮-mean, then (݉,߮) = 1, whereas 

(݉, ߰) = ൫݉, ߰ ∙ ܽట൯ = 〈݉, ߰൫ܽట൯߰〉 = 0 

for all ߰ ≠ ߮. Hence {߮} is open in (⊿(ܣ), weak). 
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We can define a Shilov’s idempotent [8]: Let ܣ be a commutative Banach 
algebra and let ܿ be a compact open subset of ∆(ܣ). Then there exists an 
idempotent ܽ in ܣ such that ොܽ equals the characteristic function of ܥ.  

Lemma (2.2.13) [2]: 

Let ܣ be a semisimple commutative Banach algebra. Let ߮ ∈  (ܣ)⊿
and suppose that {߮} is open in ⊿(ܣ). Let ܽ be the unique element of ܣ 
with ߮(ܽ) = 1 and ߰(ܽ) = 0 for all ߰ ∈  .	{߮}\(ܣ)⊿

(i) Then ܽ is a ߮-mean for ܣ and it is only one in ܣ∗∗. 
(ii) If ‖ܽ‖ = 1, then ܰ(ܣ, ߮) = {݂ ∈ ,݂〉	:∗ܣ ܽ〉 = 0}. 

Proof: 

The existence of ܽ follows from Shilov’s idempotent. However, in the 
present special situation it is easy to avoid such heavy machinery. To see 
this, let ܬ be the closed ideal of ܣ defined by 

ܬ = ൛ܽ ∈ (ܽ)߰	:ܣ = ߰	݈݈ܽ	ݎ݋݂	0 ∈  .ൟ{߮}\(ܣ)⊿

Since {߮} is open in (⊿(ܣ), ,(∗ݓ (ܬ)⊿ = ൛߮|௃ൟ and hence ܬ is 1-
dimensiomal as ܣ is semisimple. Of course, ker ߮ + ܬ = and ker ܣ ߮ ∩
ܬ = {0} since ܣ is semisimple and ߰(ker ߮ ∩ (ܬ = {0} for all ߰ ∈  .(ܣ)⊿
Thus ܣ = ker ∗ܣ and ܬ	⨁	߮ = (ker ߮)∗	⨁	ℂఝ. 

Let ܽ ∈ (ܽ)߮ such that ܬ = 1. Then ߰(ܽ) = 0 for all ߰ ∈  ,{߮}\(ܣ)⊿
and ܽ is the only element of ܣ with these properties since ܣ is 
semisimple. 

(i) For each ݔ ∈ ,ܣ (ܽݔ)߮ = ߰ and, for (ܽ(ݔ)߮)߮ ∈ \(ܣ)⊿
{߮}, (ܽݔ)߰ = 0 = ܽݔ So .(ܽ(ݔ)߮)߰ =  by ܽ(ݔ)߮
semisimplicity and hence ܽ is a ߮-mean. Now let ݉ ∈  be ∗∗ܣ
any ߮-mean for ܣ. Since ܣ commutative, every element of ܣ 
commutes with every element of ܣ∗∗. Thus 

݉ = ߮(ܽ)݉ = ܽ݉ = ݉ܽ = ߮∗∗(݉)ܽ = 〈݉,߮〉ܽ = ܽ. 

So ܽ is the only ߮-mean for ܣ in ܣ∗∗. 

(ii) Let ‖ܽ‖ = 1. Since ܰ(ܣ, ߮) is a proper linear subspace of ܣ∗, 
by definition of ܰ(ܣ, ߮) it suffices to show that for any 
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݂ ∈ ,∗ܣ 〈݂, ܽ〉 = 0 implies ݂ ∙ ܽ = 0. Now, every ݔ ∈  has a ܣ
decomposition ݔ = ݕ + ݕ with ܽߣ ∈ ker ߮ and ߣ ∈ ℂ. Since 
ݕܽ ∈ ker ߮ ∩ ܬ = {0}, for ݂ ∈  ,∗ܣ

〈݂ ∙ ܽ, 〈ݔ = 〈݂, 〈ݕܽ + ,݂〉ߣ ܽ〉 = ,݂〉ߣ ܽ〉. 

So ݂ ∙ ܽ = 0 whenever 〈݂, ܽ〉 = 0. 

Since an amenable Banach algebra is ߮-amenable for each ߮ ∈  .(ܣ)⊿
If ܣ is commutative and semisimple and the weak and weak* topologies 
coincide on ⊿(ܣ), then by Lemma (2.2.13), ܣ is ߮-amenable if and only 
if {߮} is open in ⊿(ܣ). Then condition that the two topologies coincide, 
however, is quite restrictive. It is for instance satisfied if ܣ is an ideal in 
 .∗∗ܣ

Example (2.2.14) [2]: 

Let ܺ be a compact metric space with metric ݀ and let 0 < ߙ ≤ 1. 
Then lipఈ ܺ is the space of al complex-valued functions ݑ and ܺ such that 

ఈܲ(ݑ) = sup ቊ
(ݔ)ݑ| − |(ݕ)ݑ
,ݔ)݀ ఈ(ݕ

: ,ݔ ݕ ∈ ܺ, ݔ ≠  ቋݕ

is finite, and lipఈ ܺ is the subspace of functions satisfying 

(ݔ)ݑ| − |(ݕ)ݑ
,ݔ)݀ ఈ(ݕ

→ 0		as	݀(ݔ, (ݕ → 0. 

with pointwise multiplication and the norm ‖ݑ‖ = ஶ‖ݑ‖ + ఈܲ(ݑ), liPఈ ܺ 
is a unital commutative Banach algebra and lipఈ ܺ is a closed subalgebra. 
These algebras were first studied by Sherbert and later by Bade, Curtis 
and Dales.  

We first treat lipఈ ܺ. The map ݔ → ߮௫, where ߮௫(ݑ) =  for (ݔ)ݑ
ݑ ∈ liPఈ ܺ, is a homeomorphism from ܺ onto ⊿(liPఈ ܺ). If ݔ is a non-
isolated point of ܺ, then there exist non-zero continuous point derivations 
at ߮௫ and hence liPఈ ܺ is not ߮௫-amenable. Now, let ݔ be an isolated 
point of ܺ. Then, by Lemma (2.2.15) (i), there exists a unique ߮௫-mean, 
namely the Dirac function ߜ௫ ∈ liPఈ ܺ. In view of Section (2.1) where the 
means are supposed to have norm 1, we point out that 
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‖௫ߜ‖ = 1 + ఈܲ(ߜ௫) = 1 + sup ൜
1

,ݔ)݀ ఈ(ݕ
: ݕ ≠ ൠݔ ,	

which, depending on ݀, can be arbitrarily large. 

In light of Lemma (2.2.13) (ii) which shows that ܰ(ܣ, ߮) is a linear 
subspace of codimension 1 if there exists a ߮-mean of norm 1, it is 
interesting to note that ܰ(liPఈ ܺ , ߮௫) = {0} for any isolated point ݔ of ܺ. 
To see this, let ݂ ∈ ܰ(liPఈ ܺ , ߮௫). There exists a sequence (ݑ௡)௡ in 
lipఈ ܺ with ݑ௡(ݔ) = 1 for all ݊, ‖௡ݑ‖ → 1 and ݂ ∙ ௡ݑ → 0 in norm. it 
suffices to show that ݑ௡ → 1 in lipఈ ܺ because then ݂ = ݂ ∙ 1 =
lim௡→ஶ ݂ ∙ ௡ݑ = 0. Since 

1 + ఈܲ(ݑ௡) = |(ݔ)௡ݑ| + ఈܲ(ݑ௡) ≤ ‖௡ݑ‖ → 1, 

it follows that ఈܲ(ݑ௡ − 1) = ఈܲ(ݑ௡) → 0. Therefore it remains to verify 
that ݑ௡ → 1 uniformly on ܺ. Since ܺ is compact, there exists ܥ > 0 such 
that ݀(ݕ, ఈ(ݔ ≤ ݕ for all ܥ ∈ ܺ. For ݕ ≠  it follows that ݔ

(ݕ)௡ݑ| − 1| = (ݕ)௡ݑ| − |(ݔ)௡ݑ ≤ ܥ ∙
(ݕ)௡ݑ| − |(ݔ)௡ݑ

,ݕ)݀ ఈ(ݔ
≤ ௉ഀܥ 	,(௡ݑ)

which tends to zero. So ݑ௡ → 1 uniformly on ܺ\{ݔ} and hence on all of 
ܺ. 

We now turn to lipఈ ܺ. Note that lipଵ ܺ can be very small since for ܺ a 
compact interval it consists only of the constant functions. In fact, if 
,ݔ)݀ (ݕ = ݔ| − ݑ then each ,|ݕ ∈ lipଵ ܺ is differentiable with ݑᇱ = 0 on 
ܺ. Thus, let 0 < ߙ < 1. Then lipଵ ܺ is dense in lipఈ ܺ and ⊿(lipఈ ܺ) can 
be identified with ܺ in the same manner as above. However, in contrast to 
lipଵ ܺ, all continuous point derivations on lipఈ ܺ are zero. Nevertheless, 
for ݔ ∈ ܺ, lipఈ ܺ is also ߮௫-amenable if and only if ݔ is an isolated point 
of ܺ. This follows from Theorem (2.2.4) and the remarkable result that 
(lipఈ ܺ)∗∗ is isometrically isomorphic to lipఈ ܺ. Indeed, this latter fact 
implies that the weak* and the weak topologies coincide on ⊿(lipఈ ܺ) 
since ܺ is homeomorphic to both ⊿(lipఈ ܺ) and ⊿(lipఈ ܺ). 
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Example (2.2.15) [2]: 

Let ܩ be a compact group with normalized Haar measure and consider 
the convolution algebra ܮ௉(ܩ), 1 ≤ ܲ < ∞. Let ܩ෠ denote the set of all 
continuous homomorphisms from ܩ into the circle group ॻ, equipped 
with the topology of uniform convergence. For ߯ ∈ ෠, define ߮௫ܩ ∶
(ܩ)௉ܮ → ℂ by ߮௫(݂) = ∫ 	തതതതതത(ݔ)߯(ݔ)݂

ீ  It is routine to show that map .ݔ݀
߯ → ߮௫ is a homomorphism from ܩ෠ onto ⊿൫ܮ௉(ܩ)൯. 

Let q = ୔
୔షభ

. Fix ߯ ∈ (ܩ)୯ܮ ෠ and define ݉ఞ onܩ =  by ∗(ܩ)௉ܮ

〈݉ఞ, g〉 = න g(ݔ)߯(ݔ)
	

ீ

,ݔ݀ g ∈  (ܩ)௤ܮ

Then 〈݉ఞ, ߮ఞ〉 = ∫ 	ଶ|(ݔ)߯|
ீ ݔ݀ = 1 and 

〈݉ఞ, g ∙ ݂〉 = 〈݉ఞ, g ∗ ሙ݂〉 = නනg(ݕݔ)݂(ݕ)߯(ݔ)
	

ீ

	

ீ

ݔ݀	ݕ݀

= නනg(ݔ)݂(ݕ)߯(ିݕݔଵ)
	

ீ

	

ீ

ݕ݀	ݔ݀ = ߮ఞ(݂)〈݉ఞ, g〉 

for all g ∈ ݂ and (ܩ)୯ܮ ∈  Thus ݉ఞ is a ߮ఞ-mean, and we claim .(ܩ)୔ܮ
that it is the only one. Note that ܮ୔(ܩ) does not have a bounded 
approximate identity and hence Lemma (2.2.13) (i) does not apply. So let 
݉ be a ߮-mean and let 

ܮ = {g − gො(߯̅)߯̅ ∶ g ∈  .{(ܩ)୯ܮ

Then ܮ = ker݉ఞ and, since g ∗ ߯̌ = gු(߯̅)߯̅, we also have 

〈݉, g − gො(߯̅)߯̅〉 = 〈݉, 〈݉,߮ఞ〉g − gො(߯̅)߯̅〉 = 〈݉, g ∗ ߯̌ − gො(߯̅)߯̅〉 = 0 

for all g ∈ So ݉|௟ .(ܩ)୯ܮ = 0 and since 〈݉,߮ఞ〉 = 〈݉ఞ, ߮ఞ〉, it follows 
that ݉ = ݉ఞ. 

We now determine ଵܲ൫ܮ௉(ܩ), ߮ఞ൯. If ܲ = 1, then 

ଵܲ൫ܮ୪(ܩ), ߮ఞ൯ = ൛݂ ∈ :(ܩ)୪ܮ ݂߯̅ ≥ 0, ‖݂߯̅‖ = 1ൟ. 
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For every ℎ ∈ ߯ and (ܩ)୪ܮ ∈ ,෠ܩ ℎ߯̅ can be written as a linear combination 
ℎ߯̅ = ∑ ௝ܿℎ௝ସ

௝ୀଵ , where ௝ܿ ∈ ℂ, ℎ௝ ≥ 0, and ฮℎ௝ฮ = 1, 1 ≤ ݆ ≤ 4. Hence 
ℎ = ∑ ௝ܿℎ௝ସ

௝ୀଵ ߯ and ℎ௝߯ ∈ ଵܲ൫ܮ୪(ܩ), ߮ఞ൯. So ଵܲ൫ܮ୪(ܩ), ߮ఞ൯ spans ܮ୪(ܩ). 
Alternatively, we could appeal to the fact that ܮ୪(ܩ) is an ܨ-algebra. 

We claim that ଵܲ൫ܮ୔(ܩ), ߮ఞ൯ = {߯} whenever ܲ > 1, so that 

ଵܲ൫ܮ୔(ܩ), ߮ఞ൯ is as small as it can be in this case. 

Suppose first that ܲ ≥ 2. Then ܮ୔(ܩ) ⊆  and hence, for (ܩ)ଶܮ
݂ ∈ ଵܲ൫ܮ୔(ܩ), ߮ఞ൯, 

1 = ‖݂‖௉ଶ ≥ ‖݂‖ଶଶ =෍ห መ݂(ߟ)ห
ଶ

	

ఎ∈ ෠ீ

= 1 + ෍ห መ݂(ߟ)ห
ଶ

	

ఎஷఞ

. 

So መ݂(ߟ) = 0 for ߟ ≠ ߯ and hence ݂ = ∑ መ݂(ߟ)ߟఎ∈ ෠ீ = ߯ in ܮଶ(ܩ). 

Finally, let 1	 < 	݌	 < 	2 and ݂	 ∈ (ܩ)௉ܮ ⊆  Then, by the .(ܩ)୪ܮ
Hausdorff-Young inequality, መ݂ ∈ 	 ݈௤(ܩ෠) and ฮ መ݂ฮ௤ ≤ ‖݂‖௉. Thus, if 

݂ ∈ ଵܲ(ܮ௉(ܩ), ߮௫), then 

1 = ‖݂‖௉ ≥ ቌ෍ห መ݂(ߟ)ห
୯

ఎ∈ ෠ீ

ቍ

ଵ ୯⁄

= ቌ1 +෍ห መ݂(ߟ)ห
୯

ఎஷఞ

ቍ

ଵ ୯⁄

. 

Again, መ݂(ߟ) = 	0 for ߟ	 ≠ 	߯ and hence, since ܮ௉(ܩ) ⊆ 	 ,(ܩ)୪ܮ ݂ ∈
݇൫ܩ෠\{߯}൯ = ℂఞ. Then ݂ = ߯ since መ݂(߯) = 1. 

We now determine N൫L୔(G), φ஧൯. If G is abelian, it follows easily 
from Lemma (2.2.13) (ii) that 

ܰ൫ܮ௉(ܩ), ߮ఞ൯ = ൛݂ ∈ 	:(ܩ)୯ܮ መ݂(߯̅) = 0ൟ. 
We show that the same description of ܰ൫ܮ௉(ܩ), ߮ఞ൯ is true when ܩ is an 
arbitrary compact group. 

Observe first that, for ݂ ∈ ߟ and (ܩ)௤ܮ	 ∈  , we have	෠ܩ

݂ ∙෣߯(ߟ) = ݂ ∗ ߯̅෣(ߟ) = න(ݔ)ߟതതതതതത
	

ீ

ቌන݂(ݕݔ)߯(ݕ)
	

ீ

ݔቍ݀ݕ݀

= නන݂(ݔ)(ݔ)ߟതതതതതത߯(ݕ)
	

ீ

	

ீ

ݕ݀	ݔ݀ = መ݂(ߟ) න߯(ݕ)(ݕ)ߟ
	

ீ

 .ݕ݀
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The orthogonality relations now imply that ݂ ·෣߯ = 0 whenever መ݂(߯̅) =
0. Thus ݂ · ߯ = 0, and since ߮ఞ(߯) = 	1 and ‖߯‖௉ = 1, this shows that 

൛݂ ∈ 	:(ܩ)୯ܮ መ݂(߯̅) = 0ൟ ⊆ ܰ൫ܮ௉(ܩ), ߮ఞ൯. 
Conversely, let ݂ ∈ ,(ܩ)௉ܮ)ܰ ߮௫) and let (g௡)௡ be a sequence in ܮ௉(ܩ) 
with ‖݂ ∙ g௡‖ → 0 and ߮ఞ(g௡) = 1 for all ݊. Since 

ห መ݂(߯̅)ห = อන݂(ݔ)߯(ݔ)
	

ீ

ݔ݀ ∙ නg௡(ݕ)߯(ݕ)തതതതതത݀ݕ
	

ீ

อ

= อනන݂(ݕݔ) ෬݃௡(ିݕଵ)߯(ݔ)
	

ீ

ݔ݀ݕ݀
	

ீ

อ

≤ ቌන อන݂(ݕݔ) ෬݃௡(ିݕଵ)
	

ீ

อݕ݀
௤

ݔ݀
	

ீ

ቍ

ଵ ௤⁄

= ‖݂ ∙ g௡‖௤, 

which tends to 0. It follows that መ݂(߯̅) = 0 and hence 

,(ܩ)௉ܮ)ܰ ߮௫) ⊂ ൛݂ ∈ 	:(ܩ)௉ܮ መ݂(߯̅) = 0ൟ, 

as required. 
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Chapter 3 

Approximate and Non Approximate amenability 
 

We give nice condition for ܿ଴ direct-sum of amenable Banach algebras 
to be approximately amenable, which gives us a reasonably large and 
varied class.  then we examine examples in some details.we show 
that the two notions of bounded approximate amenability and bounded 
approximate contractibility are not the same; the direct-sum of two 
approximately amenable Banach algebras does not have to be 
approximately amenable; and a 1-condimensional closed ideal in a 
boundedly approximately amenable Banach algebra need be 
approximately amenable.  

Section (3.1): Approximate Identities 

Approximately inner and non-inner derivations arise naturally in the 
theory of operator algebras in abstract harmonic analysis. The notion of 
approximate amenability for Banach algebras founded by F. Ghahramani 
and R.J. Loy in the year 2000 to study the Banach algebras having the 
property that every continuous derivations from them into a related dual 
Banach bimodule is approximately inner. Since then various classes of 
naturally arising approximately amenable and non-amenable Banach 
algebras have emerged. Such are examples of certain sequence algebras, 
studied, certain semigroup algebras one studied and certain Fourier 
algebras studied. So far all of these examples of approximately amenable 
Banach algebras as well as the synthetic ones (constructed by ܥ଴-direct-
sums or projective tensor products) have bounded approximate identities. 
It is a well-known and significant feature of amenable Banach algebras 
that they have bounded approximate identities. Several open questions in 
the theory of approximate amenability have recently been answered, by 
Choi and Ghahramani. It has been an open question whether 
approximately amenable Banach algebras must also have bounded 
approximate identities. In the positive direction, it was shown by Choi. 
Ghahramani and Zhang that if a boundedly approximately amenable 
Banach algebra has a multiplier bounded right approximate identity and a 
multiplier bounded left approximate identity, then it has a bounded 
approximate identity. In particular, every boundedly approximately 
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contractible Banach algebra has a bounded approximate identity. it is 
tempting to think that every boundedly approximately amenable Banach 
algebra must also have a bounded approximate identity. Here we give 
examples of boundedly approximately amenable Banach algebras which 
do not have bounded approximate identities.  

We will use the abbreviations a.i., l.a.i. and r.a.i. for approximate 
identity left approximate identity and right approximate identity, 
respectively. We use the abbreviations b.a., bl..a.i. and b.r.a.i. for 
bounded such approximate identities, and m.b.a.i, m.b.l.a.i, m,b,r.a.i. for 
multiplier bounded such approximate identities. All the bounded forms of 
approximate identity have their associated constants. ܧ)ܮ,  denotes the (ܨ
Banach space of all continuous linear maps from the Banach space ܧ to 
the Banach space ܨ, and ܧ)ܭ,  denotes the closed subspace consisting (ܨ
of the compact operators. (ܧ)ܮ൫(ܧ)ܭ൯ denotes the Banach algebra 
,ܧ)ܮ ,ܧ)ܭ൫(ܨ ൯. If ࣛ.ℬ are Banach algebras. ࣛ⊗෢(ܨ ℬ denotes their 
projective tensor product, and we use the symbol ߨ:	ࣛ⨂෡ࣛ → ࣛ to 
denoted the natural product map with ߨ(ܽଵ	⨂	ܽଶ) = ܽଵܽଶ. 

A Banach algebra ࣛ is approximately contractible if every continuous 
derivation ݀:ࣛ →  is ܧ from ࣛ into a Banach ࣛ-bimodule ܧ
approximately inner, that is, it is a limit, in the strong operator topology 
on (ܧ,ࣛ)ܮ, of a suitable net of inner derivations ܽ݀௫(ݔ ∈  where ,(ܧ
ܽ݀௫(ܽ) = ܽ ∙ ݔ − ݔ ∙ ࣛ is approximately amenable every continuous 
derivation ݀:ࣛ →  is ܧ from ࣛ into ܽ and Banach ࣛ-binmodule ܧ
approximately inner. ࣛ is boundedly approximately amenable if every 
continuous derivation from ࣛ into Banach ࣛ-bimodule ܧ is the strong 
limit of a norm-bounded net of inner derivations ܽ݀௫ (that is, the 
operators ܽ݀௫ used in the net are uniformly bounded in ܮ(ࣛ.  this .(ܧ
condition is much weaker than saying that the elements ݔ involved are 
norm bounded in ܧ –that condition is too strong, implying at once that ࣛ 
must be amenable). 

One can likewise define bounded approximate contractibility, but it turns 
out that a boundedly approximately contractible Banach algebra must 
have a b.a.i., so the algebras constructed in the present section do not 
have this last property. ࣛ⋕ denotes the unitization of a non-unital Banach 
algebra ࣛ: if ࣛ is already unital, we define ࣛ⋕ = ࣛ. 
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A Banach algebra is approximately amenable if and only if it is 
approximately contractible. We shall see that the “bounded” version of 
this statement is not true: our main construction is of a Banach algebra 
which is boundedly approximately amenable but which, not having a 
b.a.i., is not boundedly contractible. We shall show also that the direct-
sum of boundedly approximately amenable Banach algebras is not 
necessarily approximately amenable, and a 1-codimensional closed ideal 
in a boundedly approximately amenable Banach algebra need not be 
approximately amenable. We note that in a boundedly approximately 
contractible Banach algebra a 1-condimensional closed ideal is boundedly 
approximately contractible.  

Most forms of amenability have an equivalent (and sometimes more 
useful) definition in terms of a suitable diagonal; for those we have 
defined above, they are as follows. A Banach algebra ࣛ is approximately 
contractible if there is a net (݀ఈ)ఈ∈஺ of elements in the Banach ࣛ 
bimodule ࣛ⋕	⨂෡ 	ࣛ⋕ such that ߨ(݀ఈ) = 1 and the operators ܽ݀ௗఈ tend to 
zero in the strong operator topology of ܮ൫ࣛ,ࣛ⋕	⨂෡ 	ࣛ⋕൯. ࣛ is boundedly 
approximately contractible if, in addition , the net (݀ఈ) can be chosen 
such that the operators ܽ݀ௗఈ are uniformly bounded. ࣛ is approximately 
amenable if is a net (Δఈ)ఈ∈஺ of elements in the dual Banach ࣛ-bimodule 
൫ࣛ⋕	⨂෡ 	ࣛ⋕൯

∗∗
 such that ߨ∗∗(∆ఈ) = 1 and the operators ܽ݀∆ഀ tend to zero 

in the strong operator topology of ܮ൫ࣛ, ൫ࣛ⋕	⨂෡ 	ࣛ⋕൯
∗∗
൯. ࣛ is boundedly 

approximately amenable if the net (∆ఈ) can be chosen such that the 
operators ܽ݀∆ഀ uniformly bounded. 

Let ݈୪ denote the well-known space of complex sequences, and ݈ஶ its 
dual. It is well known that the Banach algebra ܭ൫݈୪൯ is amenable. In this 
section we renorm ܭ൫݈୪൯ with a family of equivalent norms ‖∙‖[௄], in 
such a way that the b.l.a.i. constant (i.e. the infimum of all ܯ such that 
the algebra has a b.l.a.i. bounded by ܯ) for ࣛ[௄] = ൫ܭ(݈ଵ), ‖∙‖[௄]൯ is 
always 1, but the b.r.a.i. constant is precisely ܭ + 1. So the ܥ଴-direct-sum 
ࣛ = ⨁௄ୀଵ

ஶ ࣛ|௄| has a bounded l.a.i. but no bounded r.a.i.  

We begin by constructing a bounded right approximate identity for the 
algebra ܭ൫݈୪൯; a simple but not quite trivial task because no sequential 
such r.a.i. exists. 
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Let ℱ denoted the collection of all partitions ߎ of ℕ into finitely many 

non-empty disjoint subset ቀܨ௜
(௽)ቁ

௜ୀଵ

௡
. We define |ߎ| = ݊ and we direct 

the set ℱ by saying that ߎ >  ,ᇱ, that isߎ is a refinement of ߎ ᇱ ifߎ
|ߎ| > ௜ܨ ᇱ| and each setߎ|

(௽ᇲ) is a union of some of the sets ܨ௝
(௽). With 

each partition ߎ ∈ ℱ with |ߎ| = ݊ we associate the functionals 

ቀ ௜݂
(௽)ቁ

௜ୀଵ

௡
∈ ݈ஶ, where 

																										 ௜݂
(௽)൫ ௝݁൯ = ቊ1,			݂݅	݆ ∈ ௜ܨ

(௽);
0,			otherwise,

� 																			(1) 

and where (݁௡) stands for the standard basis of ݈ଵ. We write ݉௜
(௽) =

min ௜ܨ
(௽) and we note that ௜݂

(௽) ൬݁௠ೕ
(೵)൰ =  ௜,௝. We define the rank-oneߜ

operators ܨ௜,௝
(௽) by ܨ௜,௝

(௽)(ݔ) = ݁௠೔
(೵) ∙ ௝݂

(௽)(ݔ), and we define the 

projection ܳ(௽) = ∑ ௜.௜ܨ
(௽)௡

௜ୀଵ . We also define the more basic projections 
௡ܲ = ∑ ௜.௝௡ܧ

௜ୀଵ , where ܧ௜.௝(ݔ) = ݁௜ ∙ ௝݁
 .(ݔ)∗

Lemma (3.1.1) [3]: 

The sequence ( ௜ܲ)௜ୀଵஶ  is a bounded left approximate identity for ܭ൫݈୪൯. 

Proof: 

Let ܶ ∈ ,(ଵ݈)ܭ ߝ > 0 and ܤ be the unit ball of ݈ଵ. Let ݔଵ…ݔ௡ be an 
ߝ 2⁄ -net for ܶ(ܤ). Because ேܲݔ → ݔ for ݔ ∈ ݈୪, there is an ଴ܰ such that 
for all ܰ > ଴ܰ, ‖ ேܲݔ௜ − ‖௜ݔ < ߝ 2⁄ , ݅ = 1,2,… , ݊. Then for ݕ ∈  there ,ܤ
is an ݅ such that ‖ܶݕ − ‖௜ݔ < ℰ 2⁄ , so 

ܫ)‖ − ேܲ)ܶݕ‖ < ܫ)‖ − ேܲ)ݔ௜‖ + ߝ 2⁄ <  .ߝ

So ‖ܶ − ேܲܶ‖ ≤ ܰ for all ,ߝ ≥ ଴ܰ and ( ௜ܲ)௜ୀଵஶ  is a bounded left 
approximate identity. 

Lemma (3.1.2) [3]: 

For g ∈ ݈ஶ we have ܳ∗(௽)g → g as ߎ → ℱ. 
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Proof: 

Let ߝ > 0 and write g௜ = g(݁௜). Suppose ߎ ∈ ℱ is sufficiently refined 
that for each ݇ = 1, … ,  we have |ߎ|

sup ቄหg௜ − g௝ห: ݅, ݆ ∈ ௞ܨ
(௽)ቅ ≤  .ߝ

Then for ݅ ∈ ௞ܨ
(௽) we have 

หg(݁௜) − ܳ∗(௽)g(݁௜)ห = หg௜ − g൫ܳ(௽)݁௜൯ห = ቚg௜ − g௠ೖ
(೵)ቚ ≤  .ߝ

The sets ܨ௞ cover ℕ so ฮg − ܳ∗(௽)gฮ ≤  .ߝ

Corollary (3.1.3) [3]: 

The net ൫ܳ(௽)൯௽∈ℱ is a bounded right approximate identity for ܭ൫݈୪൯. 

Proof: 

Given ܶ ∈ ߝ ൫݈୪൯ andܭ > 0, we pick ݊ sufficiently large that ‖ܶ −
௡ܲܶ‖ < ߝ 3⁄ . The operator ܵ = ௡ܲܶ is of form ܵ(ݔ) = ∑ ݁௜௡

௜ୀଵ ∙  for ,(ݔ)∗௜ݏ
some ݏଵ∗, … , ∗௡ݏ ∈ ݈ஶ. From the preceding lemma we can choose ߎ଴ ∈ ℱ 
such that for all ߎ ≥ ݅ ଴ andߎ = 1, … , ݊, we have 

 หܳ∗(௽)ݏ௜∗ − ௜∗หݏ < ߝ 3݊⁄ . Then for any ݔ ∈ ݈୪, 

ฮܵܳ(௽)ݔ − ฮݔܵ = ะ෍݁௜

௡

௜ୀଵ

൫ݏ௜∗ − ะݔ௜∗ܳ(௽)൯ݏ =෍หݏ௜∗(ݔ) − ܳ∗(௽)ݏ௜∗(ݔ)ห
௡

௜ୀଵ
≤ ‖ݔ‖ ߝ 3⁄ . 

Therefore, 

ฮܶܳ(௽)ݔ − ฮݔܶ ≤ ൫ߝ 3⁄ + ฮܫ − ܳ(௽)ฮ ∙ ‖ܵ − ܶ‖൯‖ݔ‖
≤ ߝ) 3⁄ + ߝ2 3⁄ ‖ݔ‖( =  .‖ݔ‖ߝ

So, the net ൫ܳ(௽)൯ is a bounded right approximate identity. 

Lemma (3.1.4) [3]: 

Let ܭ > 1. If we renorm ܭ൫݈୪൯ with the equivalent norm 
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																													‖ܶ‖௄ = ‖ܶ‖ + ܭ lim sup
௡
‖ܶ݁௡‖,														(2) 

then this is an algebra norm, and the left approximate identity ௡ܲ has 
norm 1 in the Banach algebra 

																														ࣛ[௄] = ൫ܭ൫݈୪൯, ‖∙‖௄൯,																							(3) 

but the smallest norm of any bounded right approximate identity in ࣛ[௄] 
is ܭ + 1.  

Proof: 

We have 

lim sup	
௡
‖ܶܵ݁௡‖ ≤ ‖ܶ‖ ∙ lim sup

௡
‖ܵ݁௡‖. 

Hence in fact ‖ܶܵ‖௄ ≤ ‖ܶ‖ ∙ ‖ܵ‖௄, so we have an algebra norm. the ௡ܲ 
have norm 1 because ௡ܲ݁௜ is 0 for all but finitely many ݅. But let ܶ be the 
operator such that ܶ(݁௜) = ݁ଵ for all ݅. ܶ ∈ ࣛ and if ܳ is any operator 
such that ‖ܶܳ − ܶ‖ ≤ ‖ܳ‖ we must have ߝ > 1 −  but also ,ߝ

lim	sup‖ܳ݁௡‖ ≥ lim sup
௡
‖ܶܳ݁௡‖ ‖ܶ‖⁄ > 1 −  .ߝ

also because lim‖ܶ݁௜‖ = 1. Therefore ‖ܳ‖௄ > (1 + 1)(ܭ −  and ,(ߝ
1 +  is the smallest possible norm for right approximate identity of ܭ
ࣛ[௄]. Since ‖∙‖[௄] is at most ܭ + 1 times the usual norm on ܭ൫݈୪൯, and 
since the family ൫ܳ(௽)൯ are b.r.a.i. for ܭ൫݈୪൯ of norm 1, they are b.r.a.i. 
for ࣛ[௄] of norm exactly ܭ + 1, and the b.r.a.i. constant for ࣛ[௄] is 
ܭ + 1. 
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Section (3.2): Non Approximate Amenability 

We now give condition for a ܿ଴-direct-sum of amenable Banach 
algebras. If boundedly approximately amenable. 

Corollary (3.2.1) [3]: 

The algebra ࣛ = ܿ଴ −⊕௄ୀଵ
ஶ ࣛ[௄] defined in the previous section is 

boundedly approximately amenable, but has no b.r.a.i. 

Theorem (3.2.3) is proved using the following lemma, which look less 
general but is in fact enough to give the main result. In the proof of the 
lemma we use the following result which we think is folklore, as we 
cannot find a reference for it, so we have sketched a proof. Let ܧ and ܨ 
be Banach spaces. Then the projective tensor product ܧ	⨂෡  has a ∗∗ܨ	
continuous embedding in ൫ܧ	⨂෡ ൯ܨ	

∗∗
. To see this, first we identity the 

dual space ൫ܧ	⨂෡ ൯ܨ	
∗
 with ℬ(ܧ, ෡⨂	ܧ Then we define Θ from .(∗ܨ  by ∗∗ܨ	

using duality, as follows: 

〈Θ ൭෍݁௡

ஶ

୬ୀଵ

	⨂	 ௡݂∗∗൱ , ܶ〉 = ෍〈ܶ(݁௡), ௡݂∗∗〉
ஶ

௡ୀଵ

			൫ܶ ∈ ℬ(ܧ.  .൯(∗ܨ

To see that Θ is injective, it suffices to assume that in that in the 
equation 

Θ൭෍ ݁௡

ஶ

௡ୀଵ

	⨂	 ௡݂∗∗൱ = 0, 

The ݁௡’s are linearly independent and use special ܶ ’s to conclude that 
௡݂
∗∗ = 0, for all ݊. 

Lemma (3.2.2) [3]: 

Let ܥ ≥ 1 and let ൫ℬ[௄]൯௄ୀଵ
ஶ

 be a family of amenable Banach 
algebras. Suppose ߝ and ℱ are direct sets, and suppose, for each ܭ, the 

family ቀ ௠ܲ
[௄]ቁ

௠∈ఌ
 is a.b.l.a.i. for ℬ[௄] of norm at most ܥ. Suppose, for 
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each ܭ, ab.r.a.i. ቀܳ௡
[௄]ቁ

௡∈ℱ
 for ℬ[௄] is also given, and there is a bounded 

net ቀ݀௠,௡
[௄] ቁ

௠∈ఌ,௡∈ℱ
 in ℬ[௄]	⨂෡ 	ℬ[௄] such that 

																					ቛߨ ቀ݀௠,௡
[௄] ቁ − ௠ܲ

[௄] + ܳ௡
[௄] − ܳ௡

[௄]
௠ܲ
[௄]ቛ → 0,												(4) 

as ݉ → ݊ and ߝ → ℱ (i.e. the set ߝ × ℱ is given the product order and the 
limit of the associated net to this direct set is taken); and for ܾ ∈ ℬ[௄] we 
have ܾ ∙ ݀௠,௡

[௄] − ݀௠,௡
[௄] ∙ ܾ → 0 as ݉ → ℰ and ݊ → ℱ. Then the ܿ଴-direct-

sum ℬ = ⨁௄ୀଵ
ஶ ℬ[௄] is boundedly approximately amenable. 

Proof of Lemma (3.2.3): 

To begin, we need an ultrafilter ࣯ on ℰ × ℱ which refines the order 
filter on the Cartesian product ℰ × ℱ of our given direct sets. Let us pick 
such a ࣯, but not just any ࣯. Rather, let us pick an ultrafilter ࣯ଵ on ℰ 
refining the order filter on ℰ, and an ultrafilter ࣯ଶ on ℱ refining the order 
filter on ℱ. Let ℰℱ  denote the collection of all functions from ℱ to ℰ. 

For ܣ ∈ ࣯ଵ, ܤ ∈ ࣯ଶ and ℎ ∈ ℰℱ  we define the subset 

,ܣ)ܵ										 ,ܤ ℎ)
= {(݉, ݊) ∈ ℰ × ℱ:݉ ∈ ,ܣ ݊ ∈ ݉	and	ܤ ≥ ℎ(݊)}.							(5) 

These sets are not-empty because ܤ is non-empty, and for each fixed 
݊ ∈ ݉ the collection of ,ܤ ∈ ℰ such that ݉ ≥ ℎ(݊) meets ܣ because ܣ 
belongs to the ultrafilter ࣯ଵ, which refines the order filter on ℰ. Let ࣡ be 
the collection of all supersets of sets ܵ(ܣ, ,ܤ ℎ) ⊂ ℰ × ℱ. Our collection ࣡ 
is closed under finite intersection and is therefore a filter on ℰ × ℱ (given 
ଵܵ	and ܵଶ as in (3.2.2), if we intersection the ܣ sets, interest the ܤ sets, 

and take a function ℎ: ℱ → ℰ which, at each point ݊ ∈ ℱ, exceeds the two 
functions we have been given, then we have an ܵ ⊂ ଵܵ ∩ ܵଶ, so ଵܵ ∩ ܵଶ 
being a superset of one of the elementary sets in (5), is in filter). We 
refine the filter ࣡ to an ultrafilter ࣯. Plainly as (݉, ݊) → ࣯ we have 
݉ → ࣯ଵ and ݊ → ࣯ଶ. 

We define ܲ[௄] = lim௠→࣯భ ௠ܲ
[௄] ∈ ℬ[௄]∗∗ and ܳ[௄] = lim௡→࣯మ ܳ௡

[௄]: 
limits being weak -* limits here and for most of this section. We note that 
for ܣ ∈ ࣯ଵ, ܤ ∈ ࣯ଶ and ௝݂ ∈ ℬ[௄]

∗ 	(݆ = 1, … ,  also contains the set ࣯ .(ܬ
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ܵ൫ܭ; ,ܣ ,ܤ ଵ݂, … , ௃݂, ൯ߟ
= 	 ൛(݉, ݊):݉ ∈ ,ܣ ݊ ∈ ,ܤ ห〈ܳ௡

[௄]
௠ܲ
[௄] − ܳ௡

[௄]ܲ[௄], ௝݂〉ห
< ݆)ߟ = 1,… ,  (6)																																																																		ൟ.(ܬ

(for  ௠ܲ
[௄] → ܲ[௄] so for each fixed ݊ ∈ ℱ there is an ݉଴ = ℎ(݊) ∈ ℰ such 

that whenever ݉ ≥ ݉଴, Eq. (6) holds. Then, 
,ܣ)ܵ ,ܤ ℎ) ⊂ ܵ൫ܭ; ,ܣ ,ܤ ଵ݂, … , ௃݂ ,  (.࣡ ൯ so the latter set in the filterߟ

In view of (6), we are sure that ܳ௡
[௄]

௠ܲ
[௄] − ܳ௡

[௄]. ܲ[௄] → 0 in the weak-
* topology as (݉, ݊) → ࣯ ; since ࣫௡

[௄] → ࣫[௄] we will have ܳ௡
[௄] ∙ ܲ[௄] →

ܳ[௄]□	ܲ[௄] (the first Arens product); so 

																												ܳ௡
[௄]

௠ܲ
[௄] → ܳ[௄]	□	ܲ[௄]																																(7) 

It is also true that for the element ܴ[௄] = lim(୫,୬)→࣯ܳ௡
[௄]⨂ ௠ܲ

[௄] ∈

൫ℬ[୏]	⨂෡ 	ℬ[୏]൯
∗∗

 we have 

൫ܴ[௄]൯∗∗ߨ																											 = ܳ[௄]	□	ܲ[௄],																							(8) 

and 

																						ܾ ∙ ܴ[௄] = ܾ	⨂ܲ[௄],			ܴ[௄] ∙ ܾ = ܳ[௄]	⨂ܾ													(9) 

for each ܾ ∈ ℬ[௄] (here we regard both ℬ[௄]	⨂෡ 	ℬ[௄]∗∗ and ℬ[௄]∗∗ 	⨂෡ 	ℬ[௄] 
as canonically embedded in ൫ℬ[௄]	⨂෡ 	ℬ[௄]൯

∗∗
). Similarly we may define 

																								 തܲ[௄] = lim
௡→࣯భ

lim
௠→࣯మ

௠ܲ
[௄] 	⨂ ௡ܲ

[௄]																				(10) 

 and we have ߨ∗∗൫ തܲ[௄]൯ = lim௡ lim௠ ௠ܲ
[௄]

௡ܲ
[௄] = lim௡ ௡ܲ

[௄] (because 

ቀ ௠ܲ
[௄]ቁ is a.l.a.i.) =ܲ[௄] and for ܾ ∈ ℬ[௄] we have 

																 തܲ[௄]. ܾ = lim
௡
lim
௠ ௠ܲ

[௄] 	⨂	 ௡ܲ
[௄] = ܲ[௄]	⨂	ܾ.																	(11) 

Using the bounded approximate diagonal we have been given, we 
define △[௄]= lim(௠,௡)→࣯ ݀௠,௡

[௄] . It is clear from (4) that 

൫△[௄]൯∗∗ߨ																		 = ܲ[௄] + ܳ[௄] − ܳ[௄]	□	ܲ[௄]; 															(12) 

and for ܾ ∈ ℬ[௄], 
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																						ܾ ∙△[௄]=△[௄]	∙ ܾ.																															(13) 

At this point, we have done all we could do with the individual 
algebras ℬ[௄]; we begin to make suitable definitions involving the algebra 
ℬ = ܿ଴ −⨁௄ୀଵ

[௄] ℬ[௄] and its bidual ℬ∗∗ = ݈ஶ −⨁௄ୀଵ
[௄] ℬ[௄]∗∗. Let 

ℰ[௄]: ℬ[௄] → ℬ denote the natural embedding of ℬ[௄] as a closed ideal of 
ℬ, and let ߨ[௄] ∶ ℬ[௄] → ℬ be the natural left inverse which picks out the 
ܭߩ th coordinate of an element of ℬ. Write-ܭ = ∑ ℰ[௥]௄

௥ୀଵ  for the [௥]ߨ
natural projection onto the first ܭ coordinates of the direct-sum. Let ℰ̅[௄] 
denote the tensor product ℰ[௄]	⨂ℰ[௄]:	ℬ[௄]	⨂෡ 	ℬ[௄] → ℬ	⨂෡ 	ℬ. We define 

(ܭ)ܲ																								 =෍ℰ[௄]∗∗
௄

௥ୀଵ

൫ܲ[௥]൯ ∈ ℬ∗∗																			(14) 

and we let ܲ(∞) be the weak-* limit of this sequence in the ݈ஶ-direct-
sum ℬ∗∗ (which exists because the ܲ[௥] projection are norm bounded by ܥ 
independent of ݎ and so the sum resulting from evaluating the terms of 
 at an element ߶ of the ݈୪-direct-sum ℬ∗ is Cauchy, being bounded (ܭ)ܲ
by ܥ‖߶‖). Now ℰ[௄](ܽ)ℰ[௅](ܾ) is zero unless ܭ =  in which case it is ,ܮ
ℰ[௄](ܾܽ); so for ܾ ∈ ℬ with ܾ௥ =  we have (ܾ)[௥]ߨ

(ܭ)ܲ												 ∙ ܾ =෍ℰ[௥]∗∗
௄

௥ୀଵ

൫ܲ[௥] ∙ ܾ௥൯ =෍ℰ[௥]
௄

௥ୀଵ

(ܾ௥) =  (15)							,(ܾ)ܭߩ

 since ܲ[௥] ∙ ݔ = ݔ for ݔ ∈ ℬ[௥]. Therefore 

																									ܲ(∞) ∙ ܾ = ܾ.																																		(16) 

Likewise, we write 

(ܭ)ܳ																							 =෍ℰ[௥]∗∗
௄

௥ୀଵ

൫࣫[௥]൯.																										(17) 

Since ݔ ∙ ܳ[௄] = ݔ for ݔ ∈ ℬ[௄] we have 

																									ܾ ∙ (ܭ)ܳ =  (18)																													(ܾ)ܭߩ

for ܾ ∈ ℬ. Once again using the fact that ℬ	⨂෡ 	ℬ∗∗ is canonically 
embedded in ൫ℬ	⨂෡ 	ℬ൯

∗∗
, we define 
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(ܭ)ܴ															 = lim
௡→࣯మ

൭෍ℰ[௥] ቀܳ௡
[௥]ቁ

௄

௥ୀଵ

൱	⨂	ܲ(∞) ∈ (ℬ	⨂ℬ)∗∗,							(19) 

and since ܾ௥ܳ௡
[௥] is norm convergent to ܾ௥ as ݊ → ࣯ଶ, we have 

															ܾ ∙ (ܭ)ܴ = ቌ෍ℰ [௥]
௄

௥ୀଵ

(ܾ௥)ቍ	⨂	ܲ(∞) =  (20)					,(∞)ܲ	⨂	(ܾ)ܭߩ

and by (16), 

(ܭ)ܴ									 ∙ ܾ = lim
௡→࣯మ

ቌ෍ℰ[௥]
௄

௥ୀଵ

ቀܳ௡
[௥]ቁቍ	⨂	ܾ =  (21)													.ܾ	⨂	(ܭ)ܳ

Also 

൯(ܭ)൫ܲ∗∗ߨ						 = lim
௥ୀଵ

෍ ℰ[௥]∗∗
௄

௡→࣯మ

ቀܳ௡
[௥]ܲ[௥]ቁ

=෍ℰ[௥]∗∗
௄

௥ୀଵ

൫ܳ[௥]	□	ܲ[௥]൯.																																																								(22) 

We define 

																					 തܲ(ܭ) =෍ℰ̅[௥]∗∗
௄

௥ୀଵ

൫ തܲ[௥]൯																												(23) 

and തܲ(∞) to be any weak-* limit point of the finite sums (such a limit 
exists because ฮ തܲ[௄]ฮ ≤  and the projective tensor product ,ܭ ଶ for allܥ
ℬ	⨂෡ 	ℬ is the ܿ଴-direct-sum of its “ components’’ ℬ[௄]	⨂෡ 	ℬ[௄] hence its 
bidual is the ݈ஶ-direct-sum of ൫ℬ[௄]	⨂෡ 	ℬ[௄]൯

∗∗
, and the norm ‖ തܲ(ܭ)‖ =

max൛ฮ തܲ[௥]ฮ: ݎ ≤ ൟܭ ≤  ଶ also). Eqs. (10) and (11) then is thatܥ

																								 തܲ(ܭ) ∙ ܾ =෍ℰ̅[௥]∗∗
௄

௥ୀଵ

൫ܲ[௥]	⨂	ܾ௥൯,																(24) 

and 
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൫∗∗ߨ																						 തܲ(ܭ)൯ =෍ℰ[௥]∗∗
௄

௥ୀଵ

൫ܲ[௥]൯ =  (25)														.(ܭ)ܲ

Then, 

൫∗∗ߨ																							 തܲ(∞)൯ = lim
௄
(ܭ)ܲ = ܲ(∞).																		(26) 

We write 

(ܭ)∆																									 =෍ℰ̅[௥]∗∗
௄

௥ୀଵ

൫∆[௥]൯;																							(27) 

using (13) we find that for each ܾ ∈ ℬ, 

																															ܾ ∙ (ܭ)∆ = (ܭ)∆ ∙ ܾ;																					(28) 

And 

൯(ܭ)∆൫∗∗ߨ		 =෍ℰ̅[௥]
௄

௥ୀଵ

൫∆[௥]൯∗∗ߨ

=෍ℰ̅[௥]∗∗
௄

௥ୀଵ

൫ܲ[௥] + ܳ[௥] − ܳ[௥]	□	ܲ[௥]൯.																								(29) 

To prove the lemma we need a multiplier bounded approximate 
diagonal for ℬ⋕. We proceed as follows: for each ܭ we define an element 
௄ܦ ∈ ൫ℬ⋕	⨂෡ 	ℬ⋕൯

∗∗
 by 

௄ܦ		 = 1⨂1 − 1⨂ܲ(∞) − 1⨂(ܭ)ܳ + (ܭ)ܴ + (ܭ)∆ + തܲ(∞) − തܲ(ܭ).					(30) 

We claim that the (ܦ௄) from a multiplier bounded approximate 
diagonal for ℬ⋕ in ൫ℬ⋕	⨂෡ 	ℬ⋕൯

∗∗
 , showing that ℬ is boundedly 

approximately amenable. For 

(௄ܦ)∗∗ߨ = 1 − ܲ(∞) − (ܭ)ܳ +෍ℰ[௥]∗∗
௄

௥ୀଵ

൫ܳ[௥]	□ܲ[௥]൯

+෍ℰ[௥]∗∗
௄

௥ୀଵ

൫ܲ[௥] + ܳ[௥] − ࣫[௥]	□ܲ[௥]൯ + ܲ(∞) − (ܭ)ܲ

= 1 +෍ℰ[௥]∗∗
௄

௥ୀଵ

൫ܲ[௥] + ܳ[௥]൯ − (ܭ)ܳ − (ܭ)ܲ = 1. 
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Furthermore, if ܾ ∈ ℬ then 

ܾ ∙ ௄ܦ − ௄ܦ ∙ ܾ
= (ܾ	⨂	1 − 1	⨂	ܾ) − (ܾ	⨂	ܲ(∞) − 1	⨂	ܾ)
− ⨂1	௄(ܾ)ߩ) − (ܾ	⨂	(ܭ)ܳ
+ (∞)ܲ	⨂	(ܾ)௄ߩ) − (ܾ	⨂	(ܭ)ܳ
+ ൫ܾ ∙ ൫ തܲ(∞) − തܲ(ܭ)൯ ∙ ܾ൯, 

which is a bounded expression since the ܳ(ܭ) terms disappear: 

= ൫ܾ − ൫1	⨂	௄(ܾ)൯ߩ − ܲ(∞)൯ + ܾ ∙ ൫ തܲ(∞) − തܲ(ܭ)൯ − ൫ തܲ(∞) − തܲ(ܭ)൯ ∙ ܾ. 

All the ܲ terms have norm at most ܥ, and the തܲ terms have norm at most 
(∞)ଶ. Furthermore, the difference തܲܥ − തܲ(ܭ) is a limit of sums of 
tensors in the image of ℰ̅[௥]∗∗ for ݎ = ܭ + 1 to infinity, so 

ܾ ∙ ൫ തܲ(∞) − തܲ(ܭ)൯ = ൫ܾ − ௄(ܾ)൯ߩ ∙ ൫ തܲ(∞) − തܲ(ܭ)൯ 

and 

൫ തܲ(∞) − തܲ(ܭ)൯ ∙ ܾ = ൫ തܲ(∞) − തܲ(ܭ)൯ ∙ ൫ܾ −  .௄(ܾ)൯ߩ

For every ܭ and every ܾ ∈ ℬ we therefore have 

‖ܾ ∙ ௄ܦ − ௄ܦ ∙ ܾ‖ ≤ ܾ‖ଶܥ6 − ‖(ܾ)௄ߩ ≤  .‖ܾ‖ଶܥ6

As ܭ → ∞, we have ܾ ⋅ ௄ܦ − ௄ܦ ⋅ ܾ → 0 because ܾ − (ܾ)௄ߩ → 0. So the 
sequence of elements ܦ௄ is a multiplier bounded approximate diagonal 
for ℬ⋕, which is therefore boundedly approximately amenable. 

Theorem (3.2.3) [3]: 

Let ܥ ≥ 1, and let ൫ℬ[௄]൯௄ୀଵ
ஶ

 be a sequence of amenable Banach 

algebras. If each ℬ[௄] has b.l.a.i. of norm at most ܥ, then the ܥ଴-direct-
sum ℬ = ⨁௄ୀଵ

ஶ ℬ[௄] is boundedly approximately amenable. 

Proof of Theorem (3.2.3): 

From Lemma (3.2.2) let ℰ଴, ℱ଴ be directed sets such that for each ܭ 

we can find a b.l.a.i. ቀ ௠ܲ
[௄]ቁ

௠∈ℰబ
 and a b.r.a.i. ቀܳ௡

[௄]ቁ
௡∈ℱబ

 for ℬ[௄]; with 

ቛ ௠ܲ
[௄]ቛ ≤  Let ࣡ be yet another directed set, such that .ܭ for all ݉ and ܥ
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there is a bounded approximate diagonal ቀ݀ఊ
[௄]ቁ

ఊ∈࣡
∈ ℬ[௄]	⨂	ℬ[௄] for 

each ܭ. So, writing 

ఊݑ							
[௄] = ߨ ቀ݀ఊ

[௄]ቁ																																																								(31) 

the net ቀݑఊ
[௄]ቁ

ఊ∈࣡
 is a bounded approximate identity for ℬ[௄], and for 

each ݔ ∈ ℬ[௄], we have ݔ ∙ ݀ఊ
(௄) − ݀ఊ

(௄) ∙ ݔ → 0 as ߛ → ࣡. 

Let ℰ = ℰ଴ × ࣡; given the product ordering this is a direct set, and 

if for ܕ = (݉, (ߛ ∈ ℰ we define ܲܕ
[௄] = ܕܲ

[௄], the net ቀ ܕܲ
(௄)ቁ

ℰ∋ܕ
 is a 

b.l.a.i. for ℬ[௄] of norm at most ܥ. 

Let ℱ = ℱ଴ × ℕ; given the product ordering this too is a direct set, 

and if for ܖ = (݊, ݊ᇱ) ∈ ℱ we define ܳܖ
[௄] = ܖܳ

[௄], the net ቀܳܖ
(௄)ቁ

ℱ∋ܖ
 is a 

b.r.a.i. for ℬ[௄]. 

For each ܕ = (݉, (ߛ ∈ ℰ and ܖ = (݊, ݊ᇱ) ∈ ℱ, let us pick a g ∈ ࣡ 

such that g ≥ 	and Max ߛ ቄቛ࣫ܖ
[௄]ݑ୥

[௄] − ܖ࣫
[௄]ቛ ∙ ቛݑ୥

[௄]
ܕܲ
[௄] − ܕܲ

[௄]ቛቅ ≤

1 ݊ᇱ⁄ . We define 

ܖ,ܕ݀				          
[௄] = ܖܳ

[௄] ∙ ݀୥
[௄] + ݀୥

[௄] ∙ ܕܲ
[௄] − ܖܳ

[௄] ∙ ݀୥
[௄] ∙ ܕܲ

[௄].														(32) 

Then 

ߨ ቀ݀ܖ,ܕ
[௄] ቁ = ܖܳ

[௄]ݑ୥
[௄] + ୥ݑ

[௄]
ܕܲ
[௄] − ܖܳ

[௄]ݑ୥
[௄]

ܕܲ
[௄], 

ቛߨ ቀ݀ܖ,ܕ
[௄] ቁ − ቀܳܖ

[௄] + ܕܲ
[௄] − ܖܳ

[௄]
ܕܲ
[௄]ቁቛ ≤

1
݊ᇱ
ቀ2 + ቛ ܕܲ

[௄]ቛቁ ≤
2 + ܥ
݊ᇱ

, 

so 

		ቛߨ ቀ݀ܖ,ܕ
[௄] ቁ − ቀܳܖ

[௄] + ܕܲ
[௄] − ܖܳ

[௄]
ܕܲ
[௄]ቁቛ → 0, as	ܕ → ℰ	and	ܖ

→ ℱ.		(33) 

Also for ݔ ∈ ℬ[௄], we have 
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ݔ ∙ ܖ,ܕ݀
[௄] − ܖ,ܕ݀

[௄] ∙ ݔ

= ݔ ∙ ݀୥
[௄] − ݀୥

[௄] ∙ ݔ	 + ቀݔ ∙ ܖܳ
[௄] − ቁݔ ∙ 	݀୥

[௄] ∙ ቀ1 − ܕܲ
[௄]ቁ

− ቀ1 − ܖܳ
[௄]ቁ 	 ∙ ݀୥

[௄] ∙ ቀ ܕܲ
[௄]ݔ −  (34)																															ቁ.ݔ

As ܕ → ℰ and ܖ → ℱ we have g → ࣡ so ቛݔ ∙ ݀୥
[௄] − ݀୥

[௄] ∙ ቛݔ → 0; as 

ܕ → ℰ we have ቛ ܕܲ
[௄]ݔ − ቛݔ → 0; and as ܖ → ℱ we have ቛܖܳݔ

[௄] −

ฮݔ → 0. Therefore, 

													ቛݔ ∙ ܖ,ܕ݀
[௄] − ܖ,ܕ݀

[௄] ∙ ቛݔ → 0, as	ܕ → ℰ	and	ܖ → ℱ.												(35) 

By (33) and (35), the net ቀ݀ܖ,ܕ
[௄] ቁ satisfies the requirements of Lemma 

(3.2.3). Therefore, ℬ is boundedly approximately amenable. 

Corollary (3.2.4) [3]: 

Our algebra ࣛ constructed in the preceding as a ܿ଴-direct-sum of the 
algebras ൫ܭ൫݈୪൯, ‖. ‖௄൯ has the following properties: 

(i) It is boundedly approximately amenable; 
(ii) It has no two-side bounded approximate identity. 

Hence ࣛ is not boundedly approximately contractible. 

Proof: 

It only suffices to note that every boundedly approximately 
contractible Banach algebra has a bounded approximate identity. 

It is shown that if a Banach algebra ℬ is boundedly approximately 
amenable, has a multiplier bounded right approximate identity, and a 
multiplier bounded left approximate identity, then it has a bounded 
approximate identity. The following shows that the existence of such nets 
in the second dual of the Banach algebra cannot ensure the same 
conclusion. 

Theorem (3.2.5) [3]: 

The algebra ࣛ constructed in the preceding section has the following 
property: ࣛ∗∗ has a multiplier-bounded approximate identity for ࣛ with 
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constant 1 (that is, there is a net ( ఈܶ)ఈ∈ூ in ࣛ∗∗ such that for all ܽ ∈
ࣛ, ߙ ∈  we have ܫ

																									Max	{‖ܽ ∙ ఈܶ ∙ ܽ‖} ≤ ‖ܽ‖:																																				(36) 

and ܽ ∙ ఈܶ → ܽ, ఈܶ ∙ ܽ → ܽ as ߙ →  The m.b.a.i. can be chosen to be .(ܫ
sequential. 

Proof: 

ࣛ is the ܿ଴-direct-sum of the algebras ࣛ[௜], each of which has a b.a.i., 
since it has a b.a,i, and a b.r.a.i., albeit with the bad constant ݅ + 1. So 
ࣛ[௜]∗∗ has an identity ݁[௜] for ࣛ[௜], an element such that ݁[௜] ∙ ܽ = ܽ for 
every ܽ ∈ ࣛ[௜]; the m.b.a.i. we want is the sequence 

௡ܧ =෍ℰ[௜]∗∗
௡

௜ୀଵ

൫݁[௜]൯ ∈ ࣛ∗∗ = ݈ஶ −
∞
⨁

݅ = 1
ࣛ[௜]∗∗ . 

If ܽ = (ܽ௜)௜ୀଵஶ ∈ ࣛ and ݂ = ( ௜݂)௜ୀଵஶ ∈ ࣛ∗ (so ݂ is the ݈୪-direct-sum of 
elements ௜݂ ∈ ࣛ[௜]∗) then 

〈ܽ ∙ ௡ܧ , ݂〉 = ௡ܧ〉 , ݂ ⋅ ܽ〉 = ௡ܧ〉 , ( ௜݂ ∙ ܽ௜)௜ୀଵஶ 〉 =෍〈݁[௜], ௜݂ ∙ ܽ௜〉
௡

௜ୀଵ

=෍〈ܽ௜ , ௜݂〉
௡

௜ୀଵ

. 

The difference between this and 〈ܽ, ݂〉 is at most ‖݂‖ ∙ max{‖ܽ௜‖: ݅ > ݊}, 
so ܽ ∙ ௡ܧ → ܽ in norm as ݊ → ∞. Likewise ܧ௡ ∙ ܽ → ܽ. 

The above is more remarkable because ࣛ does not have a m.b.r.a.i. 

It was shown that if the Banach algebras ࣛ and ℬ are approximately 
amenable and either one has a bounded approximate identity, then the 
direct-sum ࣛ	⨁	ℬ is approximately amenable. It is tempting to think that 
the condition on the existence of bounded approximate identity may be 
dispensed with. However, that is not the case, as the following shows. 
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Theorem (3.2.6) [3]: 

Let ࣛ୭୮ denote the opposite algebra to our algebra ࣛ. The algebra 
ℬ = ࣛ	⨁	ࣛ୭୮ is not approximately amenable. 

Note that our proof depend somewhat on special properties of ࣛ, but 
is nonetheless general enough to indicate that it may be difficult to find 
an approximately amenable Banach algebra which has neither a bounded 
right approximate identity nor a bounded left approximate identity. 

For ݔ ∈ ݈୪, let us write (ݔ)ߣ = ∑ ,ݔ〉 ݁௜∗〉ஶ
௜ୀଵ . Let ଴ܶ ∈  ൫݈୪൯ be theܭ

element such that ଴ܶ(ݔ) = ݁ଵ ∙ ,ݔ〉 	Evidently lim .〈ߣ sup௜‖ ଴ܶ݁௜‖ = 1 and 
‖ ଴ܶ‖[௄] = ܭ + 1. Let us choose a free ultrafilter ࣯ on ℕ. Up to scaling, a 
support functional for ଴ܶ in any of the ‖∙‖[௄] norms is ߶(ܶ) =
lim௜→࣯〈ܶ݁௜, |(ܶ)߶| For if .〈ߣ = 1, then certainly lim	 sup௜‖ܶ݁௜‖ ≥ 1 so 
‖ܶ‖[௄] ≥ ܭ + 1, hence ‖߶‖[௄] ≤ ଵ

௄ାଵ
: and 〈߶, ଴ܶ〉 = 1 ≥ ‖߶‖[௄] ∙

‖ ଴ܶ‖[௄]. So equality must hold, and ‖߶‖[௄] = ଵ
௄ାଵ

. Simple calculation 
shows that ଴ܶ

ߣ∗ = 〉࣯→so we have lim௜ ,ߣ ଴ܶܵ݁௜ , 〈ߣ = lim௜→࣯〈ܵ݁௜ ,  for 〈ߣ
any ܵ ∈  ,൫݈୪൯, that isܭ

														߶( ଴ܶܵ) = ߶(ܵ).																																																										(37) 

(This is the special property of ܭ൫݈୪൯ that will be used to prove the 
theorem.) 

There is an isometry ܧ: ܿ଴ → ࣛ sending ߜ = ௜ୀଵஶ(௜ߜ)  to the sequence 
( ଴ܶߜଵ 2⁄ , ଴ܶߜଶ 3⁄ , ଴ܶߜଷ 3⁄ ,… , ଴ܶߜ௄ ܭ) + 1), …⁄ ) which is 

෍ℰ[௄]
ஶ

௄ୀଵ

௄ߜ) ଴ܶ ܭ) + 1)⁄ ). 

Let’s write ߶[௄] = ߶ ∘ [௄]ߨ ∈ ࣛ∗, the linear functional of norm 
1 ܭ) + 1)⁄  which applies ߶ to the ܭth entry of ܽ ∈ ࣛ. Evidently, 

߶[௄]൫(ߜ)ܧ൯ = ௄ߜ ܭ) + 1)⁄ , 

and more generally, because of (37) we have 

		߶[௄]((ߜ)ܧ ∙ ܽ) = ௄ߜ ܭ) + 1)⁄ ∙ ߶[௄](ܽ),																																(38) 

for any ܽ ∈ ࣛ. 
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Lemma (3.2.7) [3]: 

Let (ܯ௜)௜ୀଵஶ  be a strictly increasing sequence of positive integers. 
Suppose the sequence ߜ ∈ ܿ଴ is chosen to tend to zero so slowly that 
ଶெ೙ߜ ≥ 2 ݊⁄  for all ݊ ∈ ℕ. Write ߬ = ܽ Then whenever .(ߜ)ܧ ∈ ࣛ is 
such that ‖߬ܽ − ߬‖ ≤ 1 ݊ଶ⁄  (some ݊ ∈ ℕ), we have 

																													‖ܽ‖ ≥  (39)																																								௡,ܯ

more specifically 

																										ห߶[ଶெ೙](ܽ) − 1ห ≤
1
2݊
.																														(40) 

Proof: 

Note that (39) follows from (40); for (40) implies 

‖ܽ‖ ≥ ௡ܯ2) + 1)ห߶[ଶெ೙](ܽ)ห ≥ ௡ܯ2) + 1) 2⁄ . 

But 

ห߶[ଶெ೙](߬) − ߶[ଶெ೙](߬ܽ)ห ≤
1

௡ܯ2) + 1)
‖߬ − ߬ܽ‖ ≤

1
݊ଶ(2ܯ௡ + 1)

, 

and the left-hand side is 

หߜଶெ೙ − ߶ଶெ೙ߜ
[ଶெమ](ܽ)ห

௡ܯ2 + 1
≥ ห1 − ߶[ଶெ೙](ܽ)ห ∙

2
௡ܯ2)݊ + 1)

, 

so ห1 − ߶[ଶெ೙](ܽ)ห ≤ ଵ
ଶ௡

, as required. 

Let 

												∆= 1	⨂1 − ݑ⨂	1 − 1⨂	ݒ + ݀ ∈ ℬ⋕	⨂ℬ⋕,																											(41) 

with ݀ ∈ ℬ	⨂෡ 	ℬ. Let ௜ܲ 	(݅ = 1,2) be the maps which pick the left and 
right coordinates respectively from the pair (ܽଵ, ܽଶ) ∈ ࣛ	⨁	ࣛ୭୮ = ℬ, 
and let ݌ଵଶ = ଵܲ⨂	 ଶܲ:	ℬ	⨂෡ 	ℬ → ࣛ	⨂෡ 	ࣛ୭୮. (Obviously there are similar 
maps ଵܲଵ, ଶܲଵ and ଶܲଶ but it’s ଵܲଶ that we ’re interested in.) For a proof of 
Theorem (3.2.6), we claim that provided that the sequence (ܯ௡) increases 
sufficiently rapidly, it is impossible (regardless of choice of ݑ,  and ݀) to ݒ
have 
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																								‖(߬, 0) ∙ ∆ − ∆ ∙ (߬, 0)‖ < 1 10⁄ 																										(42) 

and 

																								‖(0, ߬) ∙ ∆ − ∆ ∙ (0, ߬)‖ < 1 10⁄ .																								(43) 

To see this, let ࣲ denote the character on ℬ⋕ with ࣲ(ߣl + ܾ) =  and let ߣ
(ݔ)ݍ = ݔ − ݔ)l(ݔ)ࣲ ∈ ℬ⋕) and ݍത = We write ݀ଵଶ .ݍ	⨂	ݍ =
ଵܲଶ(݀), ௜ݑ = ௜ܲ(ݑ) and ݒ௜ = ௜ܲ(ݒ), and then we apply ଵܲଶݍത to both sides 

of (42). Most of the terms disappear, and we get 

																								‖߬ ∙ ݀ଵଶ − ‖ଶݑ	⨂	߬ < 1 10⁄ .																																	(44) 

We do the same to (43) and we get 

																								‖݀ଵଶ ∙ ߬ − ‖߬	⨂	ଵݒ < 1 10⁄ .																																	(45) 

Note that in this last equation ݀ଵଶ ∙ ߬ refers to the natural right module 
action of the opposite algebra on ࣛ	⨁	ࣛ୭୮, so that (ܽଵ	⨂	ܽଶ) ∙ ߬ =
ܽଵ	⨂	߬ܽଶ for ܽଵ ∈ ࣛ, ܽଶ ∈ ࣛ୭୮: where ߬ܽଶ denotes the ‘ usual ’ product 
of elements of ࣛ, not the ‘ opposite ’ product. 

Lemma (3.2.8) [3]: 

Suppose that the sequence ܯ௡ increases “sufficiently rapidly”, (41) 
(42) and (43) hold, and that for some ݊ ≥ 2 we have 

										ห߶[ଶெ೙](ݑଶ)ห ∈ [(1 2⁄ + 1 ݊⁄ , 3 2⁄ − 1 ݊⁄ )]																										(46) 

and 

																ห߶[ଶெ೙](ݒଵ)ห ∈ [(1 2⁄ + 1 ݊⁄ , 3 2⁄ − 1 ݊⁄ )].																					(47) 

Then we must also have 

ห߶[ଶெಽ](ݑଶ)ห ∈ [(1 2⁄ + 1 ⁄ܮ , 3 2⁄ − 1 ⁄ܮ )], 

and 

ห߶[ଶெಽ](ݒଵ)ห ∈ [(1 2⁄ + 1 ⁄ܮ , 3 2⁄ − 1 ⁄ܮ )], 

where  

ܮ = ቔඥ5(1 +  .௡)ቕܯ2
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Proof: 

Let ܲ, ܳ denote the rank I projections onto lin	(ݑଶ) and lin	(ݒଵ) 
respectively, with 

(ݔ)ܲ																										 = ଶݑ ∙
థ[మಾ೙](௫)
థ[మಾ೙](௨మ)

																																	(48) 

and 

(ݔ)ܳ																										 = ଵݒ ∙
థ[మಾ೙](௫)
థ[మಾ೙](௩భ)

.																																(49) 

We have ‖ܲ‖ ≤ ‖ଶݑ‖ ฮ߶[ଶெ೙]ฮ ห߶[ଶெ೙](ݑଶ)หൗ ≤ 2 ‖ଶݑ‖ (1 + ⁄(௡ܯ2 , 
because ห߶[ଶெ೙](ݑଶ)ห ≥ 1 2⁄  by (46). Similarly, we have ‖ܳ‖ ≤
2 ‖ଵݒ‖ (1 + ⁄(௡ܯ2  because of (47). Let’s write (ܫ	⨂	ܲ)(݀ଵଶ) = ଵᇱݒ  ଶݑ	⨂	
for some ݒଵᇱ ∈ ࣛ, and (ܳ	⨂	ܫ)(݀ଵଶ) = ଶᇱݑ	⨂ଵݒ  for some ݑଶᇱ ∈ ࣛ୭୮. 
Applying ܫ	⨂	ܲ to (44) we get 

ଵᇱݒ߬)‖																			 − ‖ଶݑ	⨂	(߬ ≤ ‖ܲ‖ 10⁄ ;																																(50) 

so 

ଵᇱݒ߬‖																				 − ߬‖ ≤
1

5(1 + (௡ܯ2
≤ 1 ⁄ଶܮ ; 																													(51) 

so (40) tells us 

																							ห߶[ଶெಽ](ݒଵᇱ) − 1ห < 1 ⁄ܮ2 .																															(52) 

We apply ܳ	⨂	ܫ to (45) and we get 

ଶᇱݑ߬)	⨂	ଵݒ‖																								 − ߬)‖ ≤ ‖ܳ‖ 10⁄ ;																												(53) 

so by (40), 

ଶᇱݑ߬‖																									 − ߬‖ ≤ ଵ
ହ(ଵାଶெ೙)

≤ 1 ⁄ଶܮ ,																											(54) 

and hence by (40), 

																									ห߶[ଶெಽ](ݑଶᇱ ) − 1ห < 1 ⁄ܮ2 .																															(55) 

Next, let us apply ܫ	⨂	ܲ to (45). In view of (38) we have 

ܲ(ܾ ∙ ߬) = ܲ(ܾ߬) = ଶெ೙ߜ ܲ(ܾ) (1 + ⁄(௡ܯ2 			(ܾ ∈ ࣛ୭୮). 
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Therefore, 

݀)(ܲ⨂	ܫ) ∙ ߬) = ଶெ೙ߜ
(݀)(ܲ⨂	ܫ) (1 + ⁄(௡ܯ2 			൫݀ ∈ ࣛ	⨂෡ 	ࣛ୭୮൯. 

Also 

ܲ(߬) = ଶݑ ∙ ߶[ଶெಽ](߬) ߶[ଶெ೙](ݑଶ)⁄ = ଶݑଶெ೙ߜ ቀ(1 + ቁൗ(ଶݑ)௡)߶[ଶெ೙]ܯ2  

because entry 2ܯ௡ of ߬ is ߜଶெ೙ ଴ܶ (1 + ⁄(௡ܯ2  and ߶( ଴ܶ) = 1. So we get 

			ብݒଵᇱ ଶݑ	⨂	 −
ଶݑ	⨂ଵݒ

߶[ଶெ೙](ݑଶ)
ብ

௡ܯଶߜ

1 + ௡ܯ2
≤ ‖ܲ‖ 10⁄

≤
‖ଶݑ‖

5(1 + (௡ܯ2
																																																																								(56) 

and so 

											ብݒଵᇱ −
ଵݒ

߶[ଶெ೙](ݑଶ)
ብ ≤

1
ଶெ೙ߜ5

≤ ݊ 10⁄ .																															(57) 

This last estimate may not look so strong, but it looks much better if we 
apply ߶[ଶெಽ] to it and recall that ฮ߶[ଶெಽ]ฮ ≤ ଵ

ଵାଶெಽ
. We get 

															ቤ߶[ଶெಽ] ቆݒଵᇱ −
ଵݒ

߶[ଶெ೙](ݑଶ)
ቇቤ ≤

݊
10(1 + (௅ܯ2

,															(58) 

so 

ห߶[ଶெಽ](ݒଵᇱ)߶[ଶெ೙](ݑଶ) − ߶[ଶெಽ](ݒଵ)ห ≤
݊ห߶[ଶெ೙](ݑଶ)ห
10(1 + (௅ܯ2

≤
3݊

20(1 + (௅ܯ2
, 

since ห߶[ଶெಽ](ݑଶ)ห ≤ 3 2⁄ . Now ห߶[ଶெ೙](ݑଶ) − 1ห ≤ ଵ
ଶ
− ଵ

௡
 and 

ห߶[ଶெಽ](ݒଵᇱ) − 1ห ≤ ଵ
ଶ௅

, so 

ห߶[ଶெಽ](ݒଵᇱ)߶[ଶெ೙](ݑଶ)ห ≤
1
2
−
1
݊
+
1
ܮ2

+
1
ܮ2

൬
1
2
−
1
݊
൰, 

and 

ห߶[ଶெಽ](ݒଵ) − 1ห ≤
1
2
−
1
݊
+

1
ܮ2

+
1
ܮ2

൬
1
2
−
1
݊
൰ +

3݊
20(1 + (௅ܯ2

≤
1
2
−
1
ܮ
. 

given a mild growth condition on the sequence (ܯ௡); so 
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ห߶[ଶெಽ](ݒଵ)ห ∈ [1 2⁄ + 1 ⁄ܮ , 3 2⁄ − 1 ⁄ܮ ]. 

Similarly, if we apply ܳ	⨂	ܫ to (44), we get 

																			ห߶[ଶெಽ](ݑଶ)ห ∈ [1 2⁄ + 1 ⁄ܮ , 3 2⁄ − 1 ⁄ܮ ],															(59) 

and the proof of the lemma is complete. 

Corollary (3.2.9) [3]: 

If any ∆ exists satisfying (41), (42) and (43), we cannot have 
ห߶[ଶெ೙](ݒଵ)ห ∈ [1 2⁄ − 1 ݊⁄ , 3 2⁄ − 1 ݊⁄ ] and ห߶[ଶெ೙](ݑଶ)ห ∈ [1 2⁄ +
1 ݊⁄ , 3 2⁄ − 1 ݊⁄ ] for any ݊ ≥ 2. 

For given a mild growth condition we always have ܮ > ݊ in Lemma 
(3.2.8), by Lemma (3.2.8) we would have ห߶[ଶெ೙](ݒଵ)ห ∈ [1 2⁄ +
1 ݊⁄ , 3 2⁄ − 1 ݊⁄ ] and ห߶[ଶெ೙](ݑଶ)ห ∈ [1 2⁄ + 1 ݊⁄ , 3 2⁄ − 1 ݊⁄ ] for an 
infinite sequence of values of ݊. But ฮ߶[௄]ฮ = 1 ܭ) + 1)⁄  so this is 
impossible. 

But now we can prove Theorem (3.2.6). For if any ∆ exists satisfying 
(42) and (43), we apply ଵܲ ∙  to both sides of (42) (where ߯ is the (߯	⨂ܫ)
character), and we get ‖߬ − ‖ଵݒ߬ < 1 10⁄  so by (40), ห߶[ଶெయ](ݒଵ) − 1ห ≤
1 6⁄ . We apply ଶܲ ∙  to both sides of (43) and we likewise get (ܫ	⨂߯)
ห߶[ଶெయ](ݑଶ) − 1ห ≤ 1 6⁄ . So the conditions ห߶[ଶெ೙](ݑଶ)ห, ห߶[ଶெ೙](ݒଵ)ห ∈
[1 2⁄ + 1 ݊⁄ , 3 2⁄ − 1 ݊⁄ ] would be satisfied with ݊ = 3, which by 
Corollary (3.2.9) is impossible. So no such ∆ exists and ࣛ	⨁	ࣛ୭୮ is not 
approximately amenable. 

Corollary (3.2.10) [3]: 

There is a boundedly approximately amenable Banach algebra that has 
a l-codimensional closed ideal which is not boundedly approximately 
amenable. 

 Proof: 

Let ࣛ be our algebra constructed above and let ࣛ⋕ be the unitization 
of ࣛ. Then from the proof of a Banach result we see that the Banach 
algebra ℬ = ࣛ⋕	⨁	ࣛ୭୮ is boundedly approximately amenable, whereas 
the l-codimensional ideal ࣛ	⨁	ࣛ୭୮ of ℬ is not boundedly approximately 
amenable, as seen above. 
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Chapter 4 

Approximate amenability On The Banach Algebra 
 

We use to give examples of Banach spaces ܺ for which the Banach 
algebra ܭ(ܺ) is approximately amenable but not amenable. Thus we 
answer a question on existence of such spaces.  

Section (4.1): Introduction and Results   

The notion of approximate amenability was introduced by R.J. Loy. 
The first example of an approximately amenable non-amenable Banach 
algebra, is synthetic. Later, a host of naturally arising example of 
approximately amenable non-amenable Banach algebras were found 
amongst: Banach sequence algebras, Fourier algebras and semigroup 
algebras. 

The study of amenability of the Banach algebra ܭ(ܺ) began with the 
work of B.E. Johnson. Later N. Gronbeak, B.E. Johnson and G.A. Willis 
made an extensive study of amenability of the Banach algebra ܭ(ܺ), for 
various Banach space ܺ. A. Blanco made a systematic study of weak 
amenability of the Banach algebra ܣ(ܺ) of all approximable operator on 
the Banach space ܺ, for various Banach spaces ܺ. later in 2000 – when 
approximate amenability was founded – it was natural to ask whether 
there could be a Banach space ܺ for which ܭ(ܺ) is approximately 
amenable (but not amenable).  

We now recall the definition of approximately amenable Banach 
algebras. First off, a continuous derivation ܦ from the Banach algebra ࣛ 
into a Banach ࣛ-bimodule ܺ is approximately inner, if there exists a net 
(ܽ)ܦ of elements of ܺ such that (௜ݔ) = lim	୧ ܽ ⋅ ௜ݔ − ௜ݔ ⋅ ܽ, for all ܽ ∈
ࣛ. The Banach algebra ࣛ is approximately amenable if every continuous 
derivative from ࣛ into the dual Banach bimodule ܺ∗ is approximately 
inner, for all Banach ࣛ-binomiales ܺ. As noted in the above definition 
one can replace ܺ∗ by ܺ i.e. approximate amenable and approximate 
contractibility are the same concepts. We will also be concerned with the 
concept of pseudo-amenability for Banach algebra. The Banach algebra 
ࣛ is pseudo-amenable if there is a net (݉௜) of elements of ࣛ⨂෡ࣛ such 
that 
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ܽ ⋅ ݉௜ −݉௜ ⋅ ܽ → 0			(ܽ ∈ ࣛ) 

and 

(௜݉)ߨ ⋅ ܽ → ܽ			(ܽ ∈ ࣛ), 

where ߨ:ࣛ⨂෡ࣛ → ࣛ is the so-called product map, specified by 
(ܾ⨂ܽ)ߨ = ܾܽ for all ܽ, ܾ ∈ ࣛ. 

Definition (4.1.1) [4]: 

Let ܾ > 0 be an absolute constant, and ܺ a Banach space. We will say 
ܺ is "fairly close" to a Hilbert space (with constant ܾ) if the following 
conditions hold: For every finite sequence ൫ ఓܶ൯ఓୀଵ

௠
⊂  and every ,(ܺ)ܭ

߳ > 0 we can find a shrinking basis (ݔ௜)௜ୀଵஶ  for ܺఓୀଵ (with co-ordinate 
functional (ݔ௜∗) ⊂ ܺ∗, ௝൯ݔ௜∗൫ݔ =  ௜,௝), and a finite sequenceߜ

0 = ݊଴ < ݊ଵ < ݊ଶ < ⋯ < ݊௞ = ܰ, 

with the following properties: 

(i) Let 1 ≤ ݎ ≤ ݇, and ߨ௥ = ∑ ௜ݔ ⋅ ∗௜ݔ
௡ೝ
௜ୀଵା௡ೝషభ  where ݔ௜ ⋅ (ݔ)∗௜ݔ =

∗௜ݔ〉 ⋅ ௜ݔ〈ݔ 	, ݔ) ∈ ܺ).  
Let 

ത௥ߨ =෍ߨ௦

௥

௦ୀଵ

,			(1 ≤ ݎ ≤ ݇). 

Then ‖ߨത௥‖ ∨ ܫ‖ − ‖ത௥ߨ ≤ ܾ. 

(ii) Let (݁௜)௜ୀଵஶ  denote the unit vector basis of ℓଶ. Let 

ߩ =෍݁௜ ⋅ ∗௜ݔ
௡భ

௜ୀଵ

: ܺ → ℓଶ		and		ߩᇱ =෍ݔ௜ ⋅ ݁௜∗: ℓଶ → ܺ
௡భ

௜ୀଵ

, 

where for ݔ ∈ ܺ, ݁௜ ⋅ (ݔ)∗௜ݔ = ,∗௜ݔ〉 ݂ ௜ and for݁〈ݔ ∈ ℓଶ, ௜ݔ〉 ⋅ ݁௜∗, ݂〉 =
〈݁௜∗,  ௜ and if we letݔ〈݂

ߪ = ෍ ݁௜ ⋅ ∗௜ݔ
ே

௜ୀଵା௡భ

ᇱߪ						, = ෍ ௜ݔ ⋅ ݁௜∗
ே

௜ୀଵା௡భ
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then ‖ߩ‖ ∨ ‖′ߩ‖ ≤ ଵ
ଶ√ܿ, for a certain ܿ > 0, depending on ଵܶ, … , ௠ܶ and 

߳, ‖ߪ‖ ∨ ‖′ߪ‖ ≤ ଵ
ଶ
√ܾ, while ݇ > (ܾ + ܿ)ସ 	 ߳⁄ . 

(iii) For ߤ = 1…݉ we have ฮ ఓܶ − ଵߨ ఓܶߨଵฮ < ߳; and for each 
݆ ∈ [1, ݊௥], (1 ≤ ݎ < ݇) we have 

ฮ(ܫ − (ത௥ାଵߨ ఓܶݔ௝ฮ <
߳

݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
 

and 

ฮݔ௝∗ ∘ ఓܶ(ܫ − ത௥ାଵ)ฮߨ <
߳

݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
 

The point of this definition is: 

Theorem (4.1.2) [4]: 

Let ܺ be fairly close to a Hilbert space. Then ܭ(ܺ) is approximate 
amenable.  

Note. We shall show then that certain ℓଶ -direct sums ܺ = ⨁௜ୀଵ
ஶ ℓ௣೔

௡೔  are 
fairly close to Hilbert space but ܭ(ܺ) is not amenable. This is because if 
we split the direct sum into ଵܺ = ⨁௣೔ழଶℓ௣೔

௡೔  and ܺଶ = ⨁௣೔ழଶℓ௣೔
௡೔ , then we 

find that neither ଵܺ is finitely representable in ܺଶ nor ܺଶ is finitely 
representable in ଵܺ. 

This means that ܭ( ଵܺ⨁ܺଶ) cannot be amenable. The complete details 
will be given in Theorem (4.2.8).  

Proof: 

Given ൫ ఓܶ൯ఓୀଵ
௠

⊂ with ฮ ,(ܺ)ܭ ఓܶฮ ≤ 1 say, and ߳ > 0, we seek 

ܽ △∈ (∆)ߨsuch that ฮ (ܺ)ܭ෡⨂(ܺ)ܭ ⋅ ఓܶ − ఓܶฮ < ܾଶ߳ and ฮ ఓܶ ⋅ ∆ − ∆ ⋅

ఓܶ‖ < (9 + ߤ)	߳(4ܾ = 1…݉) and ‖ߨ(∆)‖ ≤ ܾ. We claim this is enough 
for our assertion. Perhaps it is best if we prove that first so as to get it out 
of the way: 

Lemma (4.1.3) [4]:  

Let ࣛ be a Banach algebra, and ܾ > 0. Suppose that for every 
ଵܶ, ଶܶ, … ௠ܶ ∈ ࣛ with ฮ ఓܶฮ ≤ ߤ)	1 = 1, … ,݉), and every ߳ > 0, there is 
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a ∆∈ ࣛ⨂෡ࣛ such that ‖ߨ(∆)‖ ≤ ܾ, ฮߨ(∆) ⋅ ఓܶ − ఓܶฮ < ܾଶ߳ and ฮ∆ ⋅

ఓܶ − ఓܶ ⋅ ∆‖ < (9 + 4ܾ)߳, ߤ) = 1…݉). Then ࣛ is approximate 
amenable. 

Proof: 

 Since ‖ߨ(∆)‖ ≤ ܾ, we have approximate amenability of ࣛ as a 
consequence of (i) ⟺(iii).  

So returning to the main proof. We pick a shrinking basis (ݔ௜) and finite 
sequence ݊଴ < ݊ଵ < ⋯ < ݊௞ as in Definition (4.1.1), for the particular 
൫ ఓܶ൯ and ߳. We write ܨ௜,௝ = ௜ݔ ⋅ ∗௝ݔ ∈ ௜,௝ܧ and (ܺ)ܭ = ݁௜ ⋅ ௝݁

∗ ∈  .(ℓଶ)ܭ
We define, for ݅ ∈ ℕ, 

(݅)ݎ																								 = ൜ݎ, if	݅ ∈
(݊௥ିଵ, ݊௥], ݎ ≤ ݇;

݇ + 1, if	݅ > ݊௞ = ܰ,				
� 																	(1) 

and 

(݅)ߣ =
݇ + 1 − (݅)ݎ

݇
 

We then define ∆∈  by (ܺ)ܭ෡⨂(ܺ)ܭ

																															∆=
1
ܰ
෍ ௝,௜ܨ⨂௜,௝ܨ(݅)ߣ

ே

௜,௝ୀଵ

																				(2) 

Evidently, 

(∆)ߨ =෍ܨ(݅)ߣ௜,௜

ே

௜ୀଵ

=
1
݇
෍ߨത௥

௞

௥ୀଵ

, 

(since both operators ܵ have ܵ(݁௜) =
(௞ାଵି௥)

௞
݁௜ if ݅ ∈ (݊௥ିଵ, ݊௥], so 

݁௜ ∈ lm ത௥ߨ ∩ lmπഥ୰ାଵ ∩ …∩ lm	 , but ݁௜	ത௞ߨ ∈ ker ݆ ത௝, forߨ <  .(ݎ
Accordingly, 

‖(∆)ߨ‖																						 ≤ max{‖ߨത௥‖} ≤ ܾ,																										(3) 

by (i) of Definition (4.1.1). 

Similarly, 
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ܫ‖																									 − ‖(∆)ߨ ≤ max{‖ܫ − {‖ത௥ߨ ≤ ܾ																(4) 

Furthermore, since ߣ(݅) = 1 for ݅ ≤ ݊ଵ, we have ߨ(∆) ⋅ ଵߨ =  ଵ. Soߨ

							ฮ൫ܫ − ൯(∆)ߨ ⋅ ఓܶฮ = ฮ൫ܫ − ܫ)൯(∆)ߨ − (ଵߨ ఓܶฮ
≤ ܾ ⋅ ฮ(ܫ − (ଵߨ ఓܶฮ																																																																					(5) 

by part (iii) of Definition (4.1.1). 

Let us now estimate ‖ܶ ⋅ ∆ − ∆ ⋅ ܶ‖ for ܶ ∈  we have .(ܺ)ܭ

ܶ ⋅ ∆= ܶ ⋅ ത௞ߨ ⋅ ∆, 

because ܨ௜,௝ = ,݅ ௜,௝, for allܨത௞ߨ ݆ = 1, … , ܰ. Similarly, ∆ ⋅ ܶ = ∆ ⋅ ത௞ߨ ⋅ ܶ. 
Now ܶ(ݔ௜) = ∑ ௟ܶ,௜ݔ௟ஶ

௟ୀଵ , where 

௟ܶ,௜ = ,∗௟ݔ〉  ;〈(௜ݔ)ܶ

also 

∗௜ݔ ∘ ܶ =෍ ௜ܶ,௟ݔ௟∗
ஶ

௟ୀଵ

, 

the latter being a norm-convergent sum in ܺ∗ because (ݔ௜) is a shrinking 
basis, and (ݔ௜∗) the dual basis of ܺ∗. So,  

																					

ܶ ⋅ ∆=
1
ܰ
෍ ܶ(݅)ߣ ⋅ ௝,௜ܨ⨂௜,௝ܨ

ே

௜,௝ୀଵ

=
1
ܰ
෍ ෍ߣ(݅) ௟ܶ,௜ܨ௟,௝⨂ܨ௝,௜

ஶ

௟ୀଵ

ே

௜,௝ୀଵ

=
1
ܰ
෍ ෍ (݅)ߣ ௟ܶ,௜ܨ௟,௝⨂ܨ௝.௜,

ஶ

௜,௟ୀଵ

ே

௝ୀଵ

				 																			(6) 

(since ߣ(݅) = 0 for ݅ > ܰ anyway). Likewise  
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∆ ⋅ ܶ =
1
ܰ
෍ ௝,௜ܶܨ⨂௜,௝ܨ(݅)ߣ
ே

௜,௝ୀଵ

=
1
ܰ
෍ ෍ (݅)ߣ ௜ܶ,௟ܨ௜,௝⨂ܨ௝,௟

ஶ

௜,௟ୀଵ

ே

௝ୀଵ

=
1
ܰ
෍ ෍ (݈)ߣ ௟ܶ,௜ܨ௟,௝⨂ܨ௝,௟

ஶ

௜,௟ୀଵ

ே

௝ୀଵ

				 																					(7) 

Accordingly, for any ܶ ∈  we have ,(ܺ)ܭ

																	

ܶ ⋅ ∆ − ∆ ⋅ ܶ =
1
ܰ
෍ ෍൫ߣ(݅) − ൯(݈)ߣ ௟ܶ,௜ܨ௟.௝⨂ܨ௝,௜

ஶ

௜,௟ୀଵ

ே

௝ୀଵ

=
1
ܰ݇

෍ ෍൫ݎ(݈) − ൯(݅)ݎ ௟ܶ,௜ܨ௟,௝⨂ܨ௝,௜

ஶ

௜,௟ୀଵ

ே

௝ୀଵ

					 		(8) 

Given our sequence ൫ ఓܶ൯ఓୀଵ
௠

, let us define ൫ ఓܶ
ᇱ	൯
ఓୀଵ
௠

 by 

																		〈 ఓܶ
ᇱݔ௜, 〈∗௝ݔ = ൜

〈 ఓܶݔ௜ , (݅)ݎ|	if			௝∗〉,ݔ − |(݆)ݎ ≤ 1,
0,			otherwise																

				� 								(9) 

Let us estimate ฮ ఓܶ − ఓܶ
ᇱฮ. For ݅, ݆ ∈ ℕ, we will have 

〈 ఓܶ
ᇱݔ௜ , 〈∗௝ݔ =

⎩
⎪
⎨

⎪
⎧〈 ఓܶݔ௜, 〈∗௝ݔ

			
0

if	݅ ∈ (0, ݊ଵ]and	݆ ∈ (0, ݊ଶ]																	
or	݅ ∈ (݊௥ିଵ, ݊௥], ݎ ∈ [2, ݇), ݆ ∈ (݊௥ିଶ, ݊௥ାଵ];
or	݅ ∈ (݊௞ିଵ, ݊௞]	and	݆ ∈ (݊௞ିଶ, ∞);									
or	݅ ∈ (݊௞ , ∞]	and	݆ ∈ (݊௞ିଵ, ∞);											

otherwise.																															

� 

Hence, if we adopt the convention that ߨ଴ = ത଴ߨ = 0, we have 

ఓܶ
ᇱ = ෍(ߨ௥ିଵ + ௥ߨ + (௥ାଵߨ ఓܶߨ௥ + (1 − (ത௞ିଶߨ ఓܶߨ௞

௞ିଵ

௥ୀଵ
+ (1 − (ത௞ିଵߨ ఓܶ(1 −  (10)																																																			ത௞)ߨ

If we also adopt the convention that ߨത௞ାଵ =  we also have ,ܫ
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ఓܶ − ఓܶ
ᇱ = ܫ) − (തଶߨ ఓܶߨଵ

+෍(ߨത௥ିଶ + 1 − (ത௥ାଵߨ ఓܶߨ௥ + ത௞ିଵߨ ఓܶ(1 − (ത௞ߨ
௞

௥ୀଶ

																					(11) 

For ݆ ∈ (݊௥ିଵ, ݊௥] we have 

ฮ(ܫ − (ത௥ାଵߨ ఓܶݔ௝ฮ <
߳

݊௥2௥(ܾ + ܿ)ଶ
, 

by part (iii) of (4.1.1). Hence  

															ฮ(ܫ − (ത௥ାଵߨ ఓܶߨ௥ฮ <
߳

2௥(ܾ + ܿ)ଶ
.																										(12) 

For 3 ≤ ݎ ≤ ݇ + 1 and ݆ ≤ ݊௥ିଶ, we have 

ฮݔ௝∗ ఓܶ(ܫ − ത௥ିଵ)ฮߨ <
߳

2௥ିଶ݊௥ିଶ(ܾ + ܿ)ଶ
, 

by part (iii) of Definition (4.1.1). So 

																	ฮߨത௥ିଶ ఓܶ(ܫ − ത௥ିଵ)ฮߨ <
߳

2௥(ܾ + ܿ)ଶ
,																					(13) 

and in particular, since ߨ௥ = ܫ) −  ത௥ିଵ)గೝ, we haveߨ

																		ฮߨത௥ିଶ ఓܶߨ௥ฮ <
‖௥ߨ‖߳

2௥ିଶ(ܾ + ܿ)ଶ
≤

2ܾ߳
2௥ିଶ(ܾ + ܿ)ଶ

.											(14) 

Substituting (12), (14), and (13) into (11), we get 

		ฮ ఓܶ − ఓܶ
ᇱฮ ≤

ߝ
2(ܾ + ܿ)ଶ

+
ߝ

4(ܾ + ܿ)ଶ
+෍

߳(1 + 8ܾ)
2௥(ܾ + ܿ)ଶ

+
߳

2௞ିଵ(ܾ + ܿ)ଶ

௞

௥ୀଷ

≤
߳

(ܾ + ܿ)ଶ
(2 + 2ܾ).																																																													(15) 

Next we estimate ‖∆‖: 

∆=
1
ܰ
෍ ௝,௜ܨ⨂௜,௝ܨ(݅)ߣ

ே

௜,௝ୀଵ

. 

With ߩ, ,ߪ and ′ߩ ࣮ as in part (ii) of Definition (4.1.1), we write ′ߪ = ߩ +
and ࣮ᇱ ߪ = ᇱߩ + ௜,௝ܨ Then we have .′ߪ = ௜,௝࣮ (when 1ܧ′࣮ ≤ ݅, ݆ ≤ ܰ) and 
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so, if ത࣮: (ℓଶ)ܭ෡⨂(ℓଶ)ܭ →  is the map specified by ,(ܺ)ܭ෡⨂(ܺ)ܭ
ത࣮(ܤ⨂ܣ) = ᇱ࣮⨂࣮ܣ′࣮

ܤ	 	࣮ , then we have ∆= ത࣮(∆଴), where ∆଴=
ଵ
ே
∑ ௝,௜ேܧ⨂௜,௝ܧ(݅)ߣ
௜,௝ୀଵ . Since ߣ(݅) ∈ [0,1], it is straightforward that 

‖∆଴‖ = 1 in ܭ(ℓଶ)⨂෡ܭ(ℓଶ). So 

‖∆‖ ≤ (‖࣮‖ ⋅ ‖࣮ᇱ‖)ଶ ≤ ‖ߩ‖) + ‖′ߩ‖)ଶ(‖ߪ‖ + ଶ(‖′ߪ‖ ≤ ൬
1
2
√ܾ + √ܿ൰

ସ

≤ (ܾ + ܿ)ଶ,																																																	(16) 

by part (ii) of equation (1). Form (15) and (16) we get 

							ฮ൫ܶߤ − ′ߤܶ ൯ ⋅ ∆ − ∆ ⋅ ൫ܶߤ − ′ߤܶ ൯ฮ ≤ 2ฮܶߤ − ′ߤܶ ฮ ⋅ ‖∆‖
≤ 2߳(2 + 2ܾ).					(17) 

It remains to estimate ฮ ఓܶ
ᇱ ⋅ ∆ − ∆ ⋅ ఓܶ

ᇱฮ. For any ܶ, we have ܶ ⋅ ∆ − ∆ ⋅ ܶ 
given by (8). But when ܶ = ఓܶ

ᇱ the coefficients ௜ܶ,௝ = ఓܶ,௜,௝
ᇱ  are zero 

unless |ݎ(݅) − |(݆)ݎ ≤ 1 (in which case they are equal to the 
corresponding coefficients ఓܶ,௜,௝ of ఓܶ). Suppressing the index ߤ, we have 

ܶᇱ ⋅ ∆ − ∆ ⋅ ܶᇱ =
1
ߢܰ

෍෍ ෍ ௟ܶ,௜ܨ௟,௝⨂ܨ௝,௜
௥(௟)ୀ௥ାଵ
௥(௜)ୀ௥

௞

௥ୀଵ

ே

௝ୀଵ

− ෍ ௟ܶ,௜ܨ௟,௝⨂ܨ௝,௜
௥(௟)ୀ௥

௥(௜)ୀ௥ାଵ

 

For fixed ݎ, ∑ ∑ ௟ܶ,௜ܨ௟,௜⨂ܨ௝,௜ =௥(௟)ୀ௥ାଵ
௥(௜)ୀ௥

ே
௝ୀଵ  

෍ ෍ ௝,௜ܨ⨂௜,௝ܨ௥ାଵܶߨ
௥(௜)ୀ௥

ே

௝ୀଵ

= ෍ ,௝,௜ܨ⨂௜,௝ܨ௥ߨ௥ାଵܶߨ
ே

௜,௝ୀଵ

 

where when ݎ = ݇ we define ߨ௥ାଵ = ത௞ାଵߨ − ത௞ߨ = ܫ −  ,ത௞. Likewiseߨ

෍ ෍ ௟ܶ,௜ܨ௟,௜⨂ܨ௝,௜
௥(௜)ୀ௥ାଵ
௥(௟)ୀ௥

ே

௝ୀଵ

=෍ ෍ ௝,௜ܨ⨂௜,௝ܨ௥ܶߨ
௥(௜)ୀ௥

ே

௝ୀଵ

=෍ ෍ ௝,௜ܨ⨂௜,௝ܨ௥ାଵߨ௥ܶߨ

ே

௜,௝ୀଵ

ே

௝ୀଵ

. 

Hence, 
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									ܶᇱ ⋅ ∆ − ∆ ⋅ ܶᇱ =෍(ߨ௥ܶߨ௥ାଵ − (௥ߨ௥ାଵܶߨ ⋅ ݀
௞

௥ୀଵ

,															(18) 

where, 

݀ =
1
ܰ݇

෍ ௝,௜ܨ⨂௜,௝ܨ

ே

௜,௝ୀଵ

. 

Now ݀ = ଵ
఑
ത࣮ ቀଵ

ே
∑ ௝,௜ேܧ⨂௜,௝ܧ
௜,௝ୀଵ ቁ, hence 

																			‖݀‖ ≤
(ܾ + ܿ)ଶ

݇
,																																		(19) 

by the same argument as for our estimate (16). Now on Hilbert space, the 
map 

:ߠ ܵ ⟼ ෍ ௥ܲܵ ௥ܲାଵ − ௥ܲାଵܵ ௥ܲ

௞ିଵ

௥ୀଵ

, 

( ௥ܲ  a family of disjoint orthogonal projections) has norm at most 2. We 
have 

෍(ߨ௥ܶߨ௥ାଵ − (௥ߨ௥ାଵܶߨ
௞ିଵ

ଵ

= ෍{࣮ ⋅ ௥ܲ ⋅ ࣮ᇱ࣮ܶ ௥ܲାଵ࣮ᇱ − ࣮ ௥ܲାଵ࣮ᇱܶ 	࣮ ௥࣮ܲ′}
௞ିଵ

ଵ

, 

for ௥ܲ(݁௜) = ݁௜ (if ݎ(݅) =  or 0 otherwise. So (ݎ

ะ෍ߨ௥ܶߨ௥ାଵ − ௥ߨ௥ାଵܶߨ

௞ିଵ

ଵ

ะ ≤ (‖࣮‖ ⋅ ‖࣮ᇱ‖)ଶ‖ܶ‖ ≤ (ܾ + ܿ)ଶ‖ܶ‖, 

and  

ะ෍ߨ௥ܶߨ௥ାଵ − ௥ߨ௥ାଵܶߨ

௞

ଵ

ะ ≤ ‖ܶ‖{(ܾ + ܿ)ଶ + 2 ⋅ ‖௞ߨ‖ ⋅ ܫ‖ − {‖ത௞ߨ

≤ ‖ܶ‖ ⋅ {(ܾ + ܿ)ଶ + 4ܾଶ} ≤ 5(ܾ + ܿ)ଶ	 

Substituting this and (19) in (18) we find 
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ฮ ఓܶ
ᇱ ⋅ ∆ − ∆ ⋅ ఓܶ

ᇱฮ ≤
5(ܾ + ܿ)ଶ ⋅ (ܾ + ܿ)ଶ

݇
≤ 5߳, 

Since ݇ > (ܾ + ܿ)ସ by part 2 of Definition (4.1.1). Throwing in (17) we 
find 

ฮ ఓܶ ⋅ ∆ − ∆ ⋅ ఓܶฮ ≤ ߳(9 + 4ܾ). 

So for every ൫ ఓܶ൯ఓୀଵ
௠

⊂ with ฮ ,(ܺ)ܭ ఓܶฮ ≤ 1, there is a ∆∈  (ܺ)ܭ⨂(ܺ)ܭ

with ‖ߨ(∆)‖ ≤ ܾ (by (3)), and ฮߨ(∆) ⋅ ఓܶ − ఓܶฮ ≤ ܾଶ߳ (by (5)), and 
ฮ ఓܶ ⋅ ∆ − ∆ ⋅ ఓܶฮ ≤ ߳(9 + 4ܾ). So the Banach algebra ܭ(ܺ) is 
approximately amenable. 
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Section (4.2): Examples 

Example (4.2.1) [4]: 

Let ܽଵ < ܾଵ < ܽଶ < ܾଶ < ⋯ be a strictly increasing sequence of 
positive integers, which will be required to satisfy growth conditions. We 
define ݌௜ ∈ [1,3] by 

௜݌ = ൜2 − 1 ܽ௜⁄ , if	݅	is	odd,
2 + 1 ܽ௜ , if	݅	is	even,⁄

� 

and let the Banach space ܺ be the ℓଶ-direct sum ܺ = ⨁௡ୀଵ
ஶ ℓ௣೙

௕೙ , where 

ℓ௣೙
௕೙  stands for ܾ௡-dimentional complex ℓ௣೙-space. We write ܺ = ଵܺ⨁ܺଶ 

with 

ଵܺ = ⨁
௡∈ଶℕାଵ

ℓ௣೙
௕೙ ,			ܺଶ = ⨁

௡∈ଶℕ
ℓ௣೙
௕೙ . 

We claim that (given growth conditions), ଵܺ is not finitely representable 
in ܺଶ, nor is ܺଶ finitely representable in ଵܺ. This is because ଵܺ, being an 
ℓଶ-direct sum of ℓ௣௡-spaces with ݌ ≤ 2, has cotype 2, while ܺଶ (given the 
growth conditions) does not; whereas ܺଶ, being an ℓଶ-direct sum of ℓ௣௡-
spaces with 3 ≥ ݌ ≥ 2, has type 2, but ଵܺ does not. Let us give the full 
argument: 

Lemma (4.2.2) [4]: 

 The space ଵܺ has cotype 2, and the space ܺଶ has type 2. 

Proof: 

For all ݌ ∈ [1,2] it is known that the Banach space ℓ௣ has cotype 2; 
furthermore the cotype 2 constant is uniformly bounded (a suitable 
uniform bound is given, for example. Let ܥ denote such a uniform bound. 
All the spaces ℓ௣೙

௕೙ (݊ odd) have cotype 2 constant at most ܥ; therefore, by 
an elementary and well-known calculation, the cotype 2 constant of the 
ℓଶ-direct sum ⨁௡∈ଶℕାଵℓ௣೙

௕೙  is at most C as well. 

Similarly, for ݌ ∈ [2,3] the type 2 constant of ℓ௣ is uniformly 
bounded, a uniform estimate being given in Veraar; though we could not 
allow ݌ ∈ [2,∞] here, because ℓஶ does not have any nontrivial type. But 
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for ݌ on the bounded interval [2,3] (or indeed on [2,N] for fixed ܰ) there 
is a uniform bound; let's call it ܶ. The spaces ℓ௣೙

௕೙  (݊ even) all have type 2 
constant at most ܶ. The same elementary calculation then shows that the 
ℓଶ-direct sum ܺଶ = ⨁௡∈ଶℕℓ௣೙

௕೙  has type 2 constant at most ܶ. 

Lemma (4.2.3) [4]: 

Given growth conditions, ଵܺ does not have type 2, nor does ܺଶ have 
cotype 2. 

Proof: 

By considering the unit vectors ݁௜, 1 ≤ ݅ ≤ ݉, we find that the type 2 

constant of ℓ௣௠ is at least ݉
భ
೛ି

భ
మ and the cotype 2 constant is at least ݉

భ
మି

భ
೛. 

Given an odd ݊, and ݌ = ௡݌ = 2 − 1 ܽ௡⁄ , the type 2 constant of ℓ௣௠ is at 

least ݊ provided ݉
భ
೛ି

భ
మ = ݉

భ
రೌ೙షమ > ݊, or ݉ ≥ ݊ସ௔೙ିଶ. Given an even ݊, 

and ݌ = ௡݌ = 2 + 1 ܽ௡⁄ , the cotype 2 constant of ℓ௣௠ is at least ݊ 

provided ݉
భ
మି

భ
೛ = ݉

భ
రೌ೙శమ > ݊, or ݉ ≥ ݊ସ௔೙ାଶ. 

So if we impose the growth conditions ܾ௡ > ݊ସ௔೙ାଶ for all ݊ ∈ ℕ, we 
find the type 2 constant of ଵܺ = ⨁௡∈ଶℕାଵℓ௣೙

௕೙  is at least ݊ for all ݊ ∈

2ℕ + 1 and the cotype 2 constant 2 of ܺଶ = ⨁௡∈ଶℕℓ௣೙
௕೙  is at least ݊ for all 

݊ ∈ ℕ.  

Corollary (4.2.4) [4]: 

Given growth conditions, ଵܺ is not finitely representable in ܺଶ, or 
even in the ℓଶ-direct sum of countably many copies of ܺଶ. The same is 
true with roles of ଵܺ and ܺଶ reserved. 

Proof: 

The ℓଶ-direct sum of countably many copies of ܺଶ still has type 2, and 
is not possible to finitely represent a space not of type 2 in a space which 
does have type 2. The ℓଶ direct sum of countably many copies of ଵܺ still 
has cotype 2, so ܺଶ is not finitely representable in it. 

We define a Banach-Mazur distance [9]: Is a way to define distance on 
the set Q(݊) of ݊-dimensional normed spaces. If ܺ and ܻ are two finite-
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dimensional normed space with the same dimension. Let ݈ܩ(ܺ, ܻ) denote 
the collection of all linear isomorphism ܶ: ܺ → ܻ. The Banach-Mazur 
distance between ܺ and ܻ is defined by 

,ܺ)ߜ ܻ) = log(inf{‖ܶ‖‖ܶିଵ‖: ܶ ∈ ,ܺ)݈ܩ ܻ)}) 

Equipped with the metric ߜ, the space Q(݊) is a compact metric space, 
called the Banach-Mazur Compactum.   

Theorem (4.2.5) [4]: 

Given growth conditions, ܭ(ܺ) is not amenable. 

Proof: 

Evidently ܭ(ܺ) = ℱ(ܺ) (the closure of the space of finite-rank 
operators) because ܺ has an obvious Schauder basis. We have ܺ must be 
approximately primary, i.e. whenever ܺ ≃ ଵܺ⨁ܺଶ, one of the product 
maps 

:ଵߨ ℱ(ܺ, ଵܺ)⨂෡ℱ( ଵܺ, ܺ) → ℱ(ܺ), 

or  

:ଶߨ ℱ(ܺ, ܺଶ)⨂෡ℱ(ܺଶ , ܺ) → ℱ(ܺ) 

(where ℱ(ܣ,  stands for the closure of finite-rank operators from B into (ܤ
A) is surjective, and therefore an open map. In particular, the projections 
௡ܲ onto the first ݊ elements of the Schauder basis of ܺ must satisfy 

௡ܲ = ∑ ௞ܣ
(௡)ܤ௞

(௡)ஶ
௞ୀଵ  with ∑ ቛܣ௞

(௡)ቛቛܤ௞
(௡)ቛ ≤ ஶܥ

௞ୀଵ  (independent of ݊), 

and either ܤ௞௡ ∈ ℱ( ଵܺ, ܺ), ௞௡ܣ ∈ ℱ(ܺ, ଵܺ), for all ݇, or ܤ௞௡ ∈ ℱ(ܺଶ, ܺ), 
௞௡ܣ ∈ ℱ(ܺ, ܺଶ), for all ݇. Without loss of generality, we may assume that 
the first of the above two statements holds. Normalizing we can further 
assume that ‖ܣ௞௡‖ = ,݇ ௞௡‖ for allܤ‖ ݊; so we have ∑‖ܣ௞௡‖ଶ ≤  We then .ܥ

have ௡ܲ = (௡)ܣ where ,(௡)ܤ(௡)ܣ = ⨁௞ܣ௞௡ ∈ ℱ ቀܺ, ቀ⨁௞ୀଵ
ஶ

ଵܺ
(௞)ቁ

ଶ
ቁ, 

(௡)ܤ = ⨁௞ܤ௞
(௡) ∈ ℱ ቀቀ⨁௞ୀଵ

ஶ
ଵܺ
(௞)ቁ

ଶ
, ܺቁ and ฮܣ(௡)ฮ, ‖௡ܤ‖ ≤  .ܥ√

So the Banach-Mazur distance from lm	 ௡ܲ to a subspace of the ℓଶ-
direct sum of countably many copies ଵܺ

(௞) of ଵܺ (namely the subspace 
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(௡)ܤ ௡ܲܺ) is at most ܥ. Hence ܺଶ is represented on ቀ⨁௞ ଵܺ
(௞)ቁ

ଶ
 up to ܥ-

equivalence; a contradiction, and the proof is complete by symmetry. 

Now writing ௡ܲ = 2 + (−1)௡ ଵ
௔೙

 and ܺ = ൫⨁௡ୀଵ
ஶ ℓ௣೙

௕೙൯
ଶ
, we claim that 

if the sequence ܽଵ < ܾଵ < ܽଶ < ܾଶ < ⋯ satisfies growth conditions, then 
ܺ is approximately amenable. To prove this we shall use Theorem 
(4.1.2). we will also need the following fairly elementary lemma. 

We can define Banach lattice [10]: It is a vector lattice that is at the 
same time a Banach space with a norm with norm which satisfies the 
monotonicity condition. 

Lemma (4.2.6) [4]: 

There is a function ߦ: ℕଶ → ℕ with the following property: Whenever 
ܺ is a Banach space with 1-unconditional normalized basis ( ௜݂)௜ୀଵஶ , and 
whenever ݊,݉ ∈ ℕ, ,ଵݕ … , ଶݕ ∈ ܺ with ‖ݕ௜‖ = 1, there are vectors 
,ଵݖ … , ௞ݖ ∈ ܺ, ܭ = ,݉)ߦ ݊), which are disjointedly supported with respect 
to the basis ௜݂, and for each ݅ = 1, … , ݊ the distance from ݕ௜ to the linear 
span ݈݅݊	(ݖଵ, … , ௞) is at most 1ݖ ݉⁄ . In fact, one may take 

(݉,݊)ߦ							 = (1 + 4݉݊)௡ .																																				(20) 

Proof: 

Let ௝݂
∗ be the support functional for ൫ ௝݂൯, with ௝݂

∗൫ ௝݂൯ =  ௜,௝. For eachߜ
݆ ∈ ℕ we define a vector ݒ௝ ∈ ℂ௡ by 

,௝ݒ〉									 ݁௜〉 = ௝݂
݅)					(௜ݕ)∗ = 1…݊)																									(21) 

ܧ ଵ௡ the given vectors in ܺ. We write(௜ݕ) = ൛݆: ௝ݒ ≠ 0ൟ. The unit ball ܤ௡ 
of (ℂ௡ , ‖⋅‖ଶ) (the usual Euclidean norm) has for each ߳ > 0 an ߳-net of 
size at most (1 + 2 ߳⁄ )௡. we write ߳ = 2 ݉݊⁄  and choose an ߳-net 
௜ୀଵ(௜ݓ)

ொ  for ܤ௡ of size ܳ ≤ (1 + 2 ߳⁄ )௡ = (1 + 4݉݊)௡. For each ݆ ∈  ,ܧ
we pick an ߙ = (݆)ߙ ∈ [1, ܳ] such that 

ቛݓఈ − ቀݒ௝ ฮݒ௝ฮଶ⁄ ቁቛ
ଶ
< ߳. 

Given ߙ ∈ [1, ܳ] we write ܧఈ = {݆ ∈ (݆)ߙ	:ܧ =  and in cases when ,{ߙ
ఈܧ ≠ ∅, we let ܫఈ ∈ [1, 1 ݊⁄ ] be an index such that 
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ห〈ݓఈ , ݁ூ(ఈ)〉ห = max ఈݓ〉|}௜ݔ , ݁௜〉|}. 

Then we define 

ఈݖ = ෍〈ܫݕ(ఈ), ௝݂∗〉 ௝݂
௝∈ாഀ

. 

The vectors (ݖఈ)ఈୀଵ
ொ  have disjoint supports ܧఈ. We claim that for each 

݅ = 1…݊, the distance ݀(ݕ௜ , lin{ݖఈ: ߙ = 1…ܳ}	) < 1 ݉⁄ . To show this 
let ܣ = :ߙ} ఈݖ ≠ 0} and let us decide on an approximating vector 
ݖ ∈ lin{ݖఈ}, namely 

ݖ = ෍
ఈݓ〉 , ݁௜〉
ఈݓ〉 , 〈ఈܫ݁

⋅ ఈݖ
ఈ∈஺

. 

We claim that ‖ݖ − ‖௜ݕ < 1 ݉⁄ . For if ݆ ∈ ℕ is any index such that 
௝݂
(௜ݕ)∗ ≠ 0 or ௝݂

(ݖ)∗ ≠ 0, then ݆ belongs to one of the sets ܧఈ, ߙ =
(݆)ߙ ∈  then ,ܣ

௜ݕ〉 , ௝݂∗〉 = ,௜ݒ〉 ݁௜〉,			
௜ݕ〉 , ௝݂

∗〉
ฮݒ௝ฮଶ

=
,௝ݒ〉 ݁௜〉
ฮݒ௝ฮଶ

. 

So  

อ
௜ݕ〉 , ௝݂∗〉
ฮݒ௝ฮଶ

− ఈݓ〉 , ݁௜〉อ ≤ อ
௝ݒ

ฮݒ௝ฮଶ
− ఈอݓ < ߳. 

Accordingly, 

ቚ〈ݕ௜ , ௝݂
∗〉 − ,ఈݓ〉 ݁௜〉ฮݒ௝ฮଶቚ < ߳ฮݒ௝ฮଶ. 

If ܫ =  we also have ,(ߙ)ܫ

ቚ〈ݕூ , ௝݂
∗〉 − ,ఈݓ〉 ݁ூ〉ฮݒ௝ฮଶቚ < ߳ฮݒ௝ฮଶ 

So 

ቤ〈ݕ௜ , ௝݂∗〉 −
,ఈݓ〉 ݁௜〉
ఈݓ〉 , ݁ூ〉

ூݕ〉 , ௝݂
∗〉ቤ < ߳ฮݒ௝ฮቆ1 + ቤ

,ఈݓ〉 ݁௜〉
,ఈݓ〉 ݁ூ〉

ቤቇ ≤ 2߳ฮݒ௝ฮଶ 

because ܫ = ఈݓ〉| is chosen such that (ߙ)ܫ , ݁ூ〉| is maximal. So 
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௜ݕ‖ − ‖ݖ = ะݕ௜ −෍
ఈݓ〉 , ݁௜〉
ఈݓ〉 , ݁ூ(ఈ)〉

⋅ ఈݖ
ఈ∈஺

ะ

= ቯݕ௜ −෍
,ఈݓ〉 ݁௜〉
,ఈݓ〉 ݁ூഀ〉ఈ∈஺

⋅ ෍〈ݕூ , ௝݂
∗〉 ௝݂

௝∈ாഀ

ቯ

= ቯ෍ ෍ ቆ〈ݕ௜ , ௝݂
∗〉 −

ఈݓ〉 , ݁௜〉
ఈݓ〉 , 〈(ఈ)ܫ݁

⋅ ,(ఈ)ܫݕ〉 ௝݂
∗〉ቇ ௝݂

௝∈ாഀఈ∈஺

ቯ

< ቯ෍ ෍ 2߳ฮݒ௝ฮଶ ⋅ ௝݂
௝∈ாഀఈ∈஺

ቯ	,																																											(22) 

Because ܺ having 1-unconditional basis ൫ ௝݂൯, is a Banach lattice, and 
|௜ߛ| ≤ ௜ߛ∑‖ ௜ impliesߜ ௜݂‖ ≤ ௜ߜ∑‖ ௜݂‖. But ‖ݒ௜‖ଶ ≤ ∑ ௜ݒ〉| , ݁௜〉|௡

௜ୀଵ =
∑ ห〈 ௝݂∗, ௜〉ห௡ݕ
௜ୀଵ  so in the sense of the Banach lattice ܺ, we have 

∑ ∑ 2߳ฮݒ௝ฮଶ ⋅ ௝݂ ≤ 2߳ ∑ ௜|௡ݕ|
௜ୀଵ௝∈ாഀఈ∈஺ . Since ‖ݕ௜‖ = 1 by hypothesis 

equation (22) tell us ‖ݕ௜ − ‖ݖ ≤ 2݊߳ = 1 ݉⁄ .  

Corollary (4.2.7) [4]: 

There is a function ߯:ℕଶ → ℕ with the following property: if a 
Banach space ܺ has 1-unconditional normalized basis ( ௜݂)ଵஶ, if ݊,݉ ∈ ℕ 
and (ݕ௜)௜ୀଵ௡ ∈ ܺ with ‖ݕ௜‖ = 1, then there are vectors ݖଵ…ݖ௄ ∈ ܺ, ܭ =
߯(݊,݉) disjointly supported, ݀(ݕ௜ , (	{௜ݖ}݈݊݅ ≤ 1 ݉⁄  for all ݅, and in 
addition, the support of each ݕ௜ is a union of some of the supports of the 
 ௝. In fact, we may takeݖ

																											߯(݊,݉) = 2௡൫1 +  (23)																			൯,(݉,݊)ߦ

 .as in Lemma (4.2.6) ߦ

Proof: 

The ring ܴ of subsets of ℕ generated by the supports ݌݌ݑݏ	(ݕ௜)	(݅ =
1, … , ݊) and their complements has less than or equal 2௡ atoms (minimal 
non-empty elements). Given ܺ, ݊,݉ and (ݕ௜) first we pick vectors 
ܰ)		௡ݖ…ଵݖ ≤  in accordance with Lemma (4.2.6). We add an ((݉,݊)ߦ
extra vector ݖேାଵ whose support is ℕ\∪ଵே 	suppݖ௜, if that set is non-
empty. For each atom ܧ ∈ ܴ we define 
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௜,ாݖ = ௜1ாݖ 					(݅ = 1…ܰ + 1) 

that is 

〈 ௝݂∗, 〈௜,ாݖ = ൜
〈 ௝݂∗, 〈௜ݖ 			if	݆ ∈ ,ܧ
0						 			if	݆ ≠ .ܧ

� 

The ݖ௜,ா are disjointly supported, and their linear span contains each ݖ௜, so 
݀൫ݕ௜ , lin൛ݖ௜,ாൟ൯ ≤ 1 ݉⁄  for all ݆. The support of ݕ௜ is a union of some of 
the atoms of ܴ; so it is the union of the supports of the ݖ௜,ா over ݅ =
1…ܰ + 1 and appropriate atoms ܧ. The non-zero ݖ௜,ா can be normalized 
and there are at most 2௡൫1 +  ൯ of them. Of course if there are(݉,݊)ߦ
strictly less one can "pad" the sequence out by splitting up some of the 
 ௜,ா into vectors of smaller support. So one obtains a set of the right sizeݖ
and properties. 

Before proceeding to the main proof, we also wish to discuss uniform 
convexity. Let us impose the modest growth condition ܽଵ ≥ 2. Then all 

the ݌௡ lie in the interval ቂଷ
ଶ
, ହ
ଶ
ቃ, and all the conjugate indices ݌′ (with 

ଵ
௣
+ ଵ

௣ᇲ
= 1) lie in ቂହ

ଷ
, 3ቃ. Now the ℓ௣ except ݌ = 1 or ∞ are uniformly 

convex; that is, there is a function ∆௣: (0,1] → (0,1] such that whenever 
‖ݔ‖ = ‖ݕ‖ = 1 and ‖ݔ − ‖ݕ ≥ ߳, we have ‖(ݔ + (ݕ 2⁄ ‖ ≤ 1 − ∆௣(߳). 
For a compact set of values ݌ not including ݌ = 1, we can use the same 

modulus of convexity for all ݌, e.g. for all ݌ ∈ ቂଷ
ଶ
, 3ቃ. Our Banach space 

ܺ(ܺ∗) are the ℓଶ-direct sum of ℓ௣௡ having a common modulus of 
convexity. Therefore, ܺ and ܺ∗ themselves are uniformly convex. Let ∆ 
denote a common modulus of convexity for all such Banach spaces. (∆ is 
the modulus of convexity for the uncountable ℓଶ-direct sum 

൬⨁௣∈ቂయమ,ଷቃ
ℓ௣൰

ଶ
). We now show the following result. 

Theorem (4.2.8) [4]: 

If the sequence ܽଵ < ܾଵ < ܽଶ… satisfies growth conditions, then our 
space ܺ is "fairly close" to a Hilbert space (with constant ܾ = 100), and 
therefore ܭ(ܺ) is approximately amenable. 
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Proof: 

Given ൫ ఓܶ൯ఓୀଵ
௠

∈ ߳ of norm at most 1, and (ܺ)ܭ > 0, we must find a 

shrinking basis (ݔ௜)ଵஶ with coordinate functional (ݔ௜∗), 0 = ݊଴ < ݊ଵ <
⋯݊௞ = ܰ, and ܿ > 0 such that the conditions of Definition (4.1.1) are 
satisfied. We may assume that ߳ < 1. We being by choosing ݊ଵ and ܿ, 
also the finite sequences (ݔ௜)௜ୀଵ

௡భ  and (ݔ௜∗)௜ୀଵ
௡భ . 

Definition (4.2.9) [4]: 

Let ܳ௥ :⨁௡ୀଵ
ஶ ℓ௣೙

௕೙ → ⨁௡ୀଵ
௥  be the natural projection onto the first ݎ 

vectors in the ℓଶ-direct sum. Pick an ݎ଴ large enough that ݎ଴ > ݉ ∨ ଵ
ఢ
, and 

				ฮ ఓܶ − ܳ௥బ ఓܶܳ௥బฮ < ߤ)				߳ = 1…݉).																									(24) 

We write ܤ௥ = ∑ ܾ௦௥
௦ୀଵ ଴ܤ	݀݊ܽ)	 = 0), and let ( ௜݂)௜ୀଵା஻ೝషభ

஻ೝ  be the unit 

vector basis of ݈௣ೝ
௕ೝ , so that the entire sequence ( ௜݂)௜ୀଵஶ  is the obvious basis 

of ܺ. Let ( ௜݂
∗)௜ୀଵஶ  denote the dual basis. Thus, we have 

																									ܳ௥ =෍ ௜݂ ⋅ ௜݂
∗

஻ೝ

௜ୀଵ

ݎ)			, ∈ ℕ).																						(25) 

Define ݊ଵ = ௥బܤ , ௜ݔ = ௜݂ and ݔ௜∗ = ௜݂
∗ for 1 ≤ ݅ ≤ ݊ଵ. We also define 

																														ܿ = ൤4 ⋅ ܾ௥బ
ଵ ൫ଶ௔ೝబିଵ൯⁄

൨																						(26) 

and 

																														݇ = 1 + ܾ)଴ݎ + ܿ)ସ.																							(27) 

In the notation of Definition (4.1.1), we are committed to ߨଵ = ܳ௥బ. 
Note that the condition ฮ ఓܶ − ଵߨ ఓܶߨଵฮ < ߳ of part (iii) of Definition 
(4.1.1) is satisfied by (24). Note also that ݇ > (ܾ + ܿ)ସ ߳⁄  because 
଴ݎ > 1 ߳⁄ . 
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Lemma (4.2.10) [4]: 

Given growth conditions on the sequences (ܽ௡) and (ܾ௡), the maps 
ߩ = ∑ ݁௜ ⋅ ∗௜ݔ

௡భ
௜ୀଵ : ܺ → ℓଶ

௡భ  and ߩᇱ = ∑ ௜ݔ ⋅ ݁௜∗: ℓଶ	
௡భ
ଵ → ܺ have norm at 

most ଵ
ଶ√ܿ. 

Proof: 

Let 1 ≤ ݎ ≤ ௥ߩ ଴. The natural mapݎ = ∑ ݁௜ ⋅ ∗௜ݔ
஻ೝ
௜ୀଵା஻ೝషభ  sends the unit 

vectors of ℓ௣ೝ
௕ೝ  to some of the unit vectors of ℓଶ, and the map ߩ௥ᇱ =

∑ ௜ݔ ⋅ ݁௜∗
஻ೝ
௜ୀଵା஻ೝషభ  sends unit vectors of ℓଶ to unit vectors of ℓ௣ೝ

௕ೝ ; so 

‖௥ߩ‖ ∨ ‖௥ᇱߩ‖ = ܾ௥
ቚ భ೛ೝି

భ
మቚ = ܾ௥

ଵ (ସ௔ೝିଶ)⁄  (if ݎ is odd) or ܾ௥
ଵ (ସ௔ೝାଶ)⁄  (if ݎ is 

even). 

We can assume, as a growth condition, that the sequence 

ቀܾ௥
ଵ (ସ௔ೝିଶ)⁄ ቁ

௥∈ℕ
 is non-decreasing; so ‖ߩ‖ = ฮ∑ ௥ߩ

௥బ
௥ୀଵ ฮ =∨௥ୀଵ

௥బ ‖௥ߩ‖ ≤

ܾ௥బ
ଵ ൫ସ௔ೝబିଶ൯⁄

= ଵ
ଶ√ܿ, likewise ‖ߩ′‖ ≤ ଵ

ଶ√ܿ also. 

So we now need to choose ݊ଶ…݊௞ . In fact we shall also define a 
sequence ߟଵ…ߟ௞  of small positive reals, as follows: 

Definition (4.2.11) [4]: 

Given ݊ଵ, ܾ, ܿ and ݇, we define sequences (ߟ௜)௜ୀଵ௞ , ௜ୀଶ௞(௜ߟ)  recursively 
as follows: Given ݅ ∈ [1, ݇] and the value ݊௜, we define 

௜ߟ																									 =
1
5
⋅ ∆ቆ

߳
2௜ାସ ⋅ ݊௜ଶ ⋅ (ܾ + ܿ)ଶ

ቇ,																(28) 

where ∆ is the modulus of convexity as defined above; and ߟ௜ , ௜ߟ  we 
define ௜ܰ = (2݉ + 1)݊௜ and (when ݅ < ݇) 

																																	݊௜ାଵ = ߯ ൬ ௜ܰ , ඄
1
௜ߟ
ඈ൰,																				(29) 

where ߯:ℕଶ → ℕ is as in (23) and ߦ as in (20). 
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Note that from (23) we certainly have ݊௜ାଵ ≥ 2ே > ݊௜ ; the sequence 
(݊௜) is strictly increasing as required. We continue by defining some 
vectors ݖ௜

(ఊ) ∈ ܺ, ௜ݖ
(ఊ)∗ ∈ ܺ∗		(݅ = 1…݊ఊ, 1 ≤ ߛ ≤ ݇) as follows. 

Definition (4.2.12) [4]: 

We define ݖ௜
(ଵ) = ௜ݔ = ௜݂ and ݖ௜

(ଵ)∗ = ௜݂
∗		(݅ = 1…݊ଵ). Given 

ߛ ∈ [1, ݇) and ݖ௜
(ఊ), ௜ݖ

(ఊ)∗ 		(݅ = 1…݊ఊ), we define Ωଵ
(ఊ) = ቄ(݅, :(ߤ 1 ≤ ݅ ≤

݊ఊ , 1 ≤ ߤ ≤ ݉, ఓܶݖ௜
(ఊ) ≠ 0ൟ, and for (݅, (ߤ ∈ Ωଵ

(ఊ) we write 

ఓ,௜ݒ																													
(ఊ) = ఓܶݖ௜

(ఊ)

ฮ ఓܶݖ௜
ఊฮ
.																													(30) 

We write Ωଶ
(ఊ) = ቄ(݅, :(ߤ 1 ≤ ݅ ≤ ݊ఊ , 1 ≤ ߤ ≤ ݉, ௜ݖ

(ఊ)∗ ∘ ఓܶ(1 − (ଵߨ ≠ 0ቅ 

and for (݅, (ߤ ∈ Ωଶ
(ఊ) we write ݓఓ,௜

(ఊ) ∈ ܺ for the (unique, because ܺ, ܺ∗ are 

uniformly convex) norm 1 support vectors for the functional ݖ௜
(ఊ)∗ ∘

ఓܶ(1 − (ଵߨ ∈ ܺ∗. We then write 

								ܵ(ఊ) = ቄݖ௜
(ఊ)ቅ ∪ ቄݒఓ,௜

(ఊ): (݅, (ߤ ∈ Ωଵ
(ఊ)ቅ

∪ ቄݓఓ,௜
(ఊ): (݅, (ߤ ∈ Ωଶ

(ఊ)ቅ.																																																											(31) 

There are at most (2݉ + 1)௡ം non-zero elements of ܵ(ఊ). By Corollary 

(4.2.7) there is a collection of norm-1 vectors ݖ௜
(ఊାଵ) of size 

߯ ቆ(2݉ + 1)௡ം , ቜ
1
ఊߟ
ቝቇ = ߯ ቆ ఊܰ , ቜ

1
ఊߟ
ቝቇ = ݊ఊାଵ, 

having disjoint supports, such that for each ݏ ∈ ܵ(ఊ) we have 

																				݀ ቀݏ, lin ቄݖ௜
(ఊାଵ): 1 ≤ ݅ ≤ ݊ఊାଵቅ 	ቁ ≤  (32)															ఊߟ

and the support of ݖ௝
(ఊ) is a union of some of the supports of the ݖ௜

(ఊାଵ) for 

each ݆. These are our vectors ቀݖ௜
(ఊାଵ)ቁ. The functionals ቀݖ௜

(ఊାଵ)∗ቁ are the 

unique norm 1 support functionals for the vectors ݖ௜
(ఊାଵ); as always with 
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a uniformly convex space with 1-unconditional basis, the support of 
௜ݖ
(ఊାଵ)∗ is the same as the support of ݖ௜

(ఊାଵ). 

We know that for each ݆ = 1…݊ଵ and ߛ = 2…݇, the collection 

ቀݖ௜
(ఊ)ቁ

௜ୀଵ

௡ം
 includes a unit vector whose support is the singleton {݆}, which 

is the support of ݖ௝
(ଵ) = ௝ݔ = ௝݂. We can rearrange if necessary and 

assume simply that ݖ௝
(ఊ) = ௝݂ (and so ݖ௝

(ఊ)∗ = ௝݂) for all ߛ = 1…݇, 1 ≤

݆ ≤ ݊ଵ. Then for ݆ ∈ (݊ଵ, ݊௞], the vector ݖ௝
(௞) is supported on (݊ଵ, ∞), as 

is the support functional ݖ௝
(௞)∗. 

Definition (4.2.13) [4]: 

 For ݎ ∈ [1, ݇] we write ܼ(௥) = lin ቄݖ௜
(௥): 1 ≤ ݅ ≤ ݊௥ቅ; and we define a 

further set of vectors ቄߞ௜
(௞): 1 ≤ ݎ ≤ ݇, 1 ≤ ݅ ≤ ݊௥ቅ ⊂ ܼ(௞) recursively as 

follows: ߞ௜
(௞) = ௜ݖ

(௞) for all ݅, and for each ݎ < ݇ and ݅ ∈ [1, ݊௥], ௜ߞ
(௥) is 

the unique vector in ߞ(௥ାଵ) = ݈݅݊ ቄߞ௝
(௥ାଵ): 1 ≤ ݆ ≤ ݊௥ାଵቅ which is closets 

to ݖ௜
(௥). 

As usual, the "closets vectors" in the definition are indeed unique because 
ܺ is uniformly convex. And as we have discussed, for any ݎ one has 
௜ݖ
(௥) = ௜݂ for 1 ≤ ݅ ≤ ݊ଵ hence ߞ௜

(௥) = ௜݂, also when ݅ ≤ ݊ଵ. 

Also, for fixed ݎ the ݖ௜
(௥) are chosen disjointly supported with respect 

to the standard basis ( ௜݂); and when ݎ < ݇, the support ݌݌ݑݏ	ݖ௜
(௥) is a 

union of some of the supports of the vectors ݖ௜
(௥ାଵ). We claim that the 

support ݌݌ݑݏ	ߞ௜
(௥) is contained in ݌݌ݑݏ	ݖ௜

(௥) for all ݅ and ݎ. When ݎ = ݇, 
equality holds. Proceeding by reverse induction on ݎ, let us fix ݅ ∈ [1, ݊௥] 
and write ݌݌ݑݏ	ݖ௜

(௥) =∪௝∈ா	 ௝ݖ݌݌ݑݏ
(௥ାଵ); and assume that ݌݌ݑݏ	ߞ௝

(௥ାଵ) ⊂

௝ݖ	݌݌ݑݏ
(௥ାଵ) for all ݆ = 1, … , ݊௥ାଵ. Then for ݆ ∉ ,ܧ ௝ߞ݌݌ݑݏ

(௥ାଵ) ∩

௜ݖ݌݌ݑݏ
(௥) = ∅, so since ( ௜݂) is a 1-unconditional basis, the unique closets 

vector to ݖ௜
(௥) in lin ቄߞ௝

(௥ାଵ)ቅ is a linear combination of vectors 

ቄߞ௝
(௥ାଵ): ݆ ∈ ௜ߞ ,ቅ alone. That isܧ

(௥) ∈ lin ቄߞ௝
(௥ାଵ): ݆ ∈ ቅܧ , ௜ߞ	݌݌ݑݏ

(௥)	 ⊂
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	∪௝∈ா	 ௝ߞ݌݌ݑݏ
(௥ାଵ) ⊂∪௝∈ா ௝ݖ݌݌ݑݏ

(௥ାଵ) by hypothesis, that is ߞ݌݌ݑݏ௜
(௥) ⊂

௜ݖ݌݌ݑݏ
(௥). In fact, we can say a little more: 

Lemma (4.2.14) [4]: 

 The vectors ߞ௜
(௥) are non-zero, and the distance ቛߞ௜

(௥) − ௜ݖ
(௥)ቛ ≤  ௥ߟ2

for all ݎ ∈ [1, ݅ and [ߢ ∈ [1, ݊௥]. 

Proof: 

We write ߝ௥ = max ቄቛߞ௜
(௥) − ௜ݖ

(௥)ቛ : ݅ = 1, … , ݊௥ቅ. Form (28) we see 

that ߟ௥ ≤ 1 5⁄  for all ݎ, so since ቛݖ௜
(௥)ቛ = 1, we only need to prove the 

second assertion. Since for fixed ݎ, the vectors ݖ௜
(௥) are disjointly 

supported, for every ݕ ∈ ℂ௡ೝ we have 

																		max|ݕ௜| ≤ ቯ෍ݕ௜ݖ௜
(௥)

௡ೝ

௜ୀଵ

ቯ ≤෍|ݕ௜|
௡ೝ

௜ୀଵ

.																					(33) 

One can define a linear map ߙ = :(௥)ߙ ܼ(௥) →  with (௥)ߞ

ߙ																					 ቀݖ௜
(௥)ቁ = ௜ߞ

(௥)																																					(34) 

for each ݅, and (33) gives us the simple estimate 

(ݔ)ߙ‖														 − ‖ݔ ≤ ‖ݔ‖ ⋅෍ቛݖ௜
(௥) − ௜ߞ

(௥)ቛ
௡ೝ

௜ୀଵ

≤ ݊௥ߝ௥ ⋅  (35)										.‖ݔ‖

Now suppose that ݎ > 1. By (32), the vectors ݖ௜
(௥) are chosen so that for 

each ݆ ∈ [1, ݊௥ିଵ], the norm distance ݀ ቀݖ௝
(௥ିଵ), ܼ(௥)ቁ ≤  ௥ିଵ. Fix ݆ andߟ

let ݖ ∈ ܼ(௥) be a vector with ቛݖ − ௝ݖ
(௥ିଵ)ቛ ≤  (ݖ)ߙ ௥ିଵ. Then the vectorߟ

lies in ߞ(௥), and ቛ(ݖ)ߙ − ௝ݖ
(௥ିଵ)ቛ ≤ ௥ିଵߟ + (ݖ)ߙ‖ − ‖ݖ ≤ ௥ିଵߟ +

݊௥ߝ௥‖ݖ‖ + ௥ିଵߟ + ݊௥ߝ௥(1 + ௝ݖ௥ିଵ) because ቛߟ
(௥ିଵ)ቛ = 1 and ቛݖ −

௝ݖ
(௥ିଵ)ቛ ≤ ௝ߞ ௥ିଵ. Sinceߟ

(௥ିଵ) is by definition the closets vector in ߞ(௥) to 
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௝ݖ
(௥ିଵ) we accordingly have ቛߞ௝

(௥ିଵ) − ௝ݖ
(௥ିଵ)ቛ ≤ ௥ିଵߟ + ݊௥ߟ௥ିଵ(1 +

 ,௥ିଵ), and henceߟ

௥ିଵߝ																				 ≤ ݊௥ߝ௥(1 + (௥ିଵߟ +  (36)																							௥ିଵ.ߟ

Now for all ݎ ∈ [1, ݇], the constant ߟ௥ =
ଵ
ହ
⋅ ∆ ቀ ఌ

ଶೝశర௡ೝమ(௕ା௖)మ
ቁ ≤ ଵ

ଶೝశర௡ೝమ
 

because ∆ is a modulus of convexity so ∆(ℎ) ≤ ℎ for all ℎ ∈ (0,1]. 
Therefore, 

																				݊௥ߟ௥ ≤
1

2௥ାସ݊௥
≤ 2ି௥ି଺ߟ௥ିଵ, if	ݎ > 1;															(37) 

because the constant ݊௥ = ߯ ቀ ௥ܰିଵ, ቒ
ଵ

ఎೝషభ
ቓቁ where ߯(݊,݉) > (݉,݊)ߦ =

(1 + 4݊݉)௡ by (23) and (20); so very crudely, we can say ݊௥ > 4 ⁄௥ିଵߟ . 
Substituting this in (36) and dividing by ߟ௥ିଵ, we have 

௥ିଵߝ
௥ିଵߟ

≤ 2ି௥ି଺
௥ߝ
௥ߟ
(1 + (௥ߟ + 1 ≤ 2ି௥ିହ

௥ߝ
௥ߟ
+ 1. 

So if ఌೝ
ఎೝ
≤ 2, certainly ఌೝషభ

ఎೝషభ
≤ 2. But we begin with ߝ௞ = 0; so ఌೝ

ఎೝ
≤ 2 for 

all ݎ = 1, … , ݇ by reverse induction. 

Corollary (4.2.15) [4]: 

For all ݎ = 1, … , ݇ and ݔ ∈ ܼ(௥) we have ฮߙ(௥)(ݔ) − ฮݔ ≤ 2݊௥ߟ௥ ⋅
‖ݔ‖ (2௥ାଷ݊௥)⁄ , and when ݎ > 1, we have ฮߙ(௥)(ݔ) − ฮݔ ≤ ‖ݔ‖ ⋅
2ି௥ିହߟ௥ିଵ. 

Proof: 

We are now in a position to complete the definition of the sequences 
௜ୀଵஶ(௜ݔ) , ௜ୀଵஶ(∗௜ݔ) . 

Definition (4.2.16) [4]: 

For ݎ ∈ (1, ݇] we define the maps ߚ: ܺ → ℓଶ and ߚᇱ: ℓଶ → ܺ by 

ߚ																																	 = ෍ ݁௜ ⋅ ௝ݖ
(௞)∗

௡ೖ

ଵା௡భ

																					(38) 
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and  

ᇱߚ											 = ෍ ௝ݖ
(௞) ⋅ ௝݁

∗

௡ೖ

ଵା௡భ

.																																						(39) 

We also define a Euclidean seminorm ‖⋅‖ଶ on ܺ by 

ଶ‖ݔ‖																						 = (ݔ)ߩ‖ +  (40)																											,‖(ݔ)ߚ

where ߩ = ∑ ݁௜ ⋅ ∗௜ݔ
௡భ
௜ୀଵ = ∑ ௜ݖ

(௞)∗௡భ
௜ୀଵ  as in Definition (4.1.1). Of course, 

‖⋅‖ଶ is a norm on the finite dimensional subspace ܼ(௞). The subspaces 
(௥)ߦ ⊂ ܼ(௞) are nested, and we have a projection ܲ = ∑ ௝ݖ

(௞) ⋅ ௝ݖ
(௞)∗௡ೖ

௜ୀଵ  

onto ܼ(௞). We have already defined the sequence (ݔ௜)௜ୀଵ
௡భ , namely ݔ௜ = ௜݂, 

and it is ‖⋅‖ଶ-orthonormal basis of ߞ(ଵ) = ݈݅݊ ቄߞ௜
(ଵ): 1 ≤ ݅ ≤ ݊ଵቅ =

݈݅݊{ ௜݂: 1 ≤ ݅ ≤ ݊ଵ}. We define the sequence (ݔ௜)௜ୀଵା௡భ
௡మ  to be any ‖⋅‖ଶ-

orthonormal basis of the orthonormal complement ߞ(ଶ) ⊝  noting) (ଵ)ߞ
that this subspace does indeed have dimension exactly ݊ଶ − ݊ଵ because 
the ߞ௜

(௥) are disjointly supported, and non-zero by Lemma (4.2.14)). The 
sequence (ݔ௜)௜ୀଵା௡మ

௡య  is any orthonormal basis of ߞ(ଷ) ⊝  ,and so on ;(ଶ)ߞ

unit the sequence (ݔ௜)௜ୀଵା௡ೖషభ
௡ೖ  is orthonormal basis of ߞ(௞) ⊝  .(௞ିଵ)ߞ

Thus we choose (ݔ௜)௜ୀଵ
௡ೖ  such that they are an orthonormal basis of the 

image ܲܺ = ܼ(௞). 

Now the space ܺ has a Schauder basis, so its closed subspaces of finite 
codimension all have Schauder bases. The sequence (ݔ௜)௜ୀଵା௡ೖ

ஶ  we 
choose to be an arbitrary Schauder basis of the kernel ker ܲ, so the whole 
sequence (ݔ௜)௜ୀଵஶ  is a basis of ܺ. The associated coordinate functionals 
௜ୀଵஶ(∗௜ݔ) ∈ ܺ∗ will satisfy ∑ ௜ݔ ⋅ ∗௜ݔ

௡ೖ
௜ୀଵ = ܲ, so the sequence really does 

extend the initial sequence ݔ௜∗ = ௜݂
∗ for ݅ = 1,… , ݊ଵ. 

We note that the Schauder basis (ݔ௜) is certainly a shrinking basis 
because ܺ is reflexive. We claim that our choice of the (ݔ௜) and (ݔ௜∗) 
satisfies all the other conditions of Definition (4.1.1), hence ܺ is fairly 
close to a Hilbert space. We now begin to prove this, by getting a decent 
estimate on the norms of the projections ߨത௥ as in Definition (4.1.1). 
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Lemma (4.2.17) [4]: 

Let ܨ:ℕଶ → ℕ be any function. Given suitable growth conditions on 
the underlying sequences ܽଵ < ܾଵ < ܽଶ < ܾଶ…, the following is true: 
whenever (ݖ௜)௜ୀଵఈ  are disjointly supported unit vectors in ݈݅݊൛ ௝݂: ݆ >
{௥ܤ ⊂ ܺ, and (ݖ௜∗)௜ୀଵఈ  are the corresponding support functionals, and 
ߙ ≤ ,ݎ)ܨ ܾ௥), one has 

																										‖	࣮‖ ⋅ ‖	࣮′‖ ≤ 1 +
1

ඥܽ௥ାଵ
																						(41) 

where 	࣮ = ∑ ݁௜ ⋅ ௜∗ఈݖ
ଵ : ܺ → ℓଶ and 	࣮′ = ∑ ௜ݖ ⋅ ݁௜∗ఈ

ଵ : ℓଶ → ܺ. 

Proof: 

 Consider first the case when all the ݖ௜ belong to a single ℓ௣ೞ
௕ೞ(ݏ ≥ ݎ +

1). One has ‖∑ ௜ఈݖ௜ߣ
ଵ ‖ = ଵ(௜|௣ೞߣ|∑) ௣ೞ⁄  but ‖∑ ௜݁௜ఈߣ

ଵ ‖ = (∑ ௜|ଶఈߣ|
ଵ )ଵ ଶ⁄  

and routing calculations lead to the conclusion that 

‖	࣮‖ ∨ ‖	࣮ᇲ‖ ≤ ฬߙ
ଵ
௣ೞ
ିଵଶฬ ≤ ଵߙ ௔ೞ⁄ 			൬since	݌௦ = 2 ±

1
ܽ௦
൰ ≤ ଵߙ ௔భశೝ⁄ . 

When the ݖ௜ may be supported on several of the ℓ௣ೞ
௕ೞ  we can split ݖ௜ into 

several ݖ௜,௦ ∈ ℓ௣ೞ
௕ೞ , take the direct sum of the projections 	࣮௦ onto 

lin൛ݖ௜,௦: ݅ =  ,ൟߙ…1

compose it at the ℓଶ-end with a partial isometry such that the images of 

the sums ∑ ௦࣮ݖ௜,௦௦  (one has ∑ ฮݖ௜,௦ฮ
ଶ

௦ = 1 because ܺ is an ℓଶ-direct sum) 
are the unit vectors ݁௜, and one obtains the map 	࣮. So still, ‖	࣮‖ ≤
ଵߙ ௔ೝశభ⁄  and similarly ‖	࣮ᇲ‖ ≤ ଵߙ ௔ೝశభ⁄ . Our growth condition is therefore 

,ݎ)ܨ																	 ܾ௥)ଵ ௔ೝశభ⁄ = exp ቆ
log ,ݎ)ܨ ܾ௥)

ܽ௥ାଵ
ቇ < 1 +

1
ඥܽ௥ାଵ

								(42) 

for each ݎ, a perfectly respectable growth condition. 
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Corollary (4.2.18) [4]: 

We can, given growth conditions, be sure that the maps ߚ and ߚ′ of 
(38) and (39) satisfy 

‖ߚ‖																		 ∨ ‖′ߚ‖ < 1 +
1

ඥܽ௥బାଵ
< (1 + ௞)ଵߟ ଶ⁄ 															(43) 

Proof: 

For the first inequality, the preceding lemma tells us that it is only 
necessary to show that ݊௞ as in Definition (4.2.11) is bounded above by a 
fix function ܨ൫ݎ଴, ܾ௥బ൯. Now ݊ଵ = ௥బܤ ≤ ଴ܾ௥బݎ  because the sequence ( ௜ܾ) 
is increasing likewise the constants ܿ, ݇ as defined in (26) and (27) are 
bounded by suitable functions of ݎ଴ and ܾ௥బ . In the same definition, 
Definition (4.2.9), we chose ݎ଴ > ݉ and ݎ଴ > 1 ߳⁄ , so when we 
recursively define ݊ଶ…݊௞  and ߟଵ…ߟ௞  by the procedure of Definition 
(4.2.11), even the last element ݊௞ of the sequence is bounded by a 
function of ݎ଴ and ܾ௥బ . Likewise the small constant ߟ௞ has 1 ⁄௞ߟ  bounded 

by a suitable function of ݎ଴ and ܾ௥బ ; so the second inequality 1 + ଵ

ඥ௔ೝబశభ
<

(1 + ௞)ଵߟ ଶ⁄  is just another growth condition. 

Corollary (4.2.19) [4]: 

With our chosen shrinking basis (ݔ௜), and our chosen sequence 
(݊௥)௥ୀଵ௞ , the maps ߪ,  as defined in Definition (4.1.1) have norm at ′ߪ
most (1 + ௞)ଵߟ ଶ⁄ . The estimate ‖ߪ‖ ∨ ‖′ߪ‖ ≤ ଵ

ଶ
√ܾ is satisfied. 

Proof: 

The map ߪ = ∑ ݁௜ ⋅ ∗௜ݔ
௡ೖ
௜ୀଵା௡భ  annihilates ker ܲ and lmߨଵ =

lin{ ௜݂: 1 ≤ ݅ ≤ ݊ଵ}, and it sends the ‖⋅‖ଶ-orthonormal basis (ݔ௜)௜ୀଵା௡భ
௡ೖ  of 

lmܲ ⊝ lmߨଵ to the unit vectors ݁௜(݅ = 1 + ݊ଵ, … , ݊௞). The map ߚ =
∑ ݁௜
௡ೖ
௜ୀଵା௡భ ⋅ ௜ݖ

(௞)∗ likewise annihilates ker ܲ and lmߨଵ, and sends the 

original ‖⋅‖ଶ-orthonormal basis ݖ௜
(௞) to the unit vectors ݁௜(݅ = 1 +

݊ଵ, … , ݊௞). Consequently we have ߪ =  for a suitable unitary operator ߚܷ
ܷ on ℓଶ. Similarly we have ߪᇱ = ‖ߪ‖ so ,∗ܷ′ߚ ∨ ‖′ߪ‖ = ‖ߚ‖ ∨  and ‖′ߚ‖
the result follows from Corollary (4.2.18). 
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Corollary (4.2.20) [4]: 

With our chosen shrinking basis (ݔ௜), and our chosen sequence 
(݊௥)௥ୀଵ௞ , the maps ߨത௥(ݎ = 1,… , ݇) as defined in Definition (4.1.1) have 
norm at most 2 + ‖ത௥ߨ‖ ௞. The estimateߟ ∨ ܫ‖ − ‖ത௥ߨ ≤ ܾ is satisfied. 
Furthermore, we have ‖ߨത௥ − ‖௥ߨ ≤ 1 +  .௞ߟ

Proof: 

The basis constant for ܺ is 1, and ߨଵ = ∑ ௜݂ ⋅ ௜݂
∗௡భ

௜ୀଵ  accordingly has 
norm 1. For ݎ > 1, the difference ߨത௥ − ଵߨ = ∑ ௜ݔ ⋅ ∗௜ݔ

௡ೝ
௜ୀଵା௡భ  is equal to 

the composition ݍ′ߪ௥ߪ, where ݍ௥ is the orthonormal projection with  

(௜݁)ݍ																									 = ൜݁௜ ݅ ∈ (݊ଵ, ݊௥];
0 otherwise.

� 																						(44) 

Accordingly ‖ߨത௥ − ‖ଵߨ ≤ ‖ߪ‖ ⋅ ‖′ߪ‖ ≤ 1 +  ௞ by our precedingߟ
Corollary. The result follows. 

We can now establish the rest of the condition of Definition (4.1.1). 
Form (i) and (ii) of Definition (4.1.1), there is nothing left to prove, so we 
now establish part (iii). We must show that 

ฮ(ܫ − (ത௥ାଵߨ ఓܶݔ௝ฮ <
߳

݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
, 

and 

ฮݔ௝∗ ∘ ఓܶ(ܫ − ത௥ାଵ)ฮߨ <
߳

݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
, 

for ݆ ∈ [1, ݊௥], 1 ≤ ݎ < ݇ and ߤ = 1…݉. Now ܫ −  ത௥ାଵ is a projectionߨ
of norm no more than 4 by Corollary (4.2.19), so it is enough to show that 

								݀൫ ఓܶݔ௝, lm	 ത௥ାଵ൯ߨ = ݀൫ ఓܶݔ௝ , ൯(௥ାଵ)ߞ

<
߳

4݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
,																																																												(45) 

and 

															݀൫ݔ௝∗ ∘ ఓܶ, ܺ∗ ∘ ത௥ାଵ൯ߨ <
߳

4݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
.															(46) 
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Let us first establish (45). If ݆ ≤ ݊ଵ then ݔ௝ = ௝݂ = ௝ݖ
(௥), and 

݀ ቀ ఓܶݖ௝
(௥), ܼ(௥ା)ቁ ≤ ௥ߟ  by (32). If ݖ ∈ ܼ(௥ାଵ) is the closets vector to 

ఓܶݖ௝
(௥) then ‖ݖ‖ ≤ 1 + ݖ(௥ାଵ)ߙ௥ so ฮߟ − ฮݖ ≤ (1 + (௥ߟ ⋅ 2ି௥ି଺ߟ௥ by 

Corollary (4.2.15). So ݀ ቀ ఓܶݖ௝
(௥) , ቁ(௥ାଵ)ߞ ≤ ቛ ఓܶݖ௝

(௥) − ቛݖ(௥ାଵ)ߙ ≤ ௥ߟ +
(1 + (௥ߟ ⋅ 2ି௥ି଺ߟ௥ ≤  ௥, and (46) is established when we look at theߟ2
definition of ߟ௥ in (28) and remember that ∆(ℎ) ≤ ℎ. 

 If ݆ > ݊ଵ, ∑ ௝ is a sumݔ ௜ߞ௜ߣ
(௥)௡ೝ

ଵା௡భ  with ฮݔ௝ฮଶ = 1. By Corollary 

(4.2.15), the map ߙ(௥): ܼ(௥) → (ݔ)ߙ‖ satisfies (௥)ߞ − ‖ݔ ≤ 2݊௥ߟ௥‖ݔ‖ ≤
‖ݔ‖ 16⁄  for all ݔ ∈ ܼ(௥). So the inverse map ିߙଵ has ‖ିߙଵ‖ ≤ 16 15⁄ ; 
we have ିߙଵݔ௝ = ∑ ௜ݖ௜ߣ

(௥)௡ೝ
ଵା௡భ , and the ݖ௜

(௥) are disjointly supported with 
norm 1, so ฮିߙଵݔ௝ฮ ≥ max{|ߣ௜|}, so for all ݅, |௜ߣ| ≤ ฮିߙଵݔ௝ฮ ≤
16 ฮݔ௝ฮ 15⁄ ≤ 16 ‖′ߪ‖ 15⁄  ൫for	ݔ௝ = ′ߪ ௝݁൯ ≤ 16൫1 + 1 ඥܽଵା௥బ⁄ ൯ 15⁄  by 
Corollary (4.2.19). This estimate is at most 3 2⁄ , given the very modest 
growth condition ܽଵ ≥ 7, so no |ߣ௜| exceeds 3 2⁄ . We have ฮݔ௝ −
௝ฮݔଵିߙ ≤ 2݊௥ߟ௥ฮିߙଵݔ௝ฮ ≤ 3݊௥ߟ௥ , and so ฮ ఓܶݔ௝ − ఓܶିߙଵݔ௝ฮ ≤ 3݊௥ߟ௥  

also. By (28), and ∆(ℎ) ≤ ℎ, we have ฮ ఓܶݔ௝ − ఓܶିߙଵݔ௝ฮ ≤
ଷ
ହ
⋅

ఌ
ଶೝశర௡ೝ(௕ା௖)మ

. Comparing this with our target (45), we see that it is enough 

to show  

																	݀൫ ఓܶିߙଵݔ௝ , ൯(௥ାଵ)ߞ ≤
ߝ

8݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
.																(47) 

The vector ఓܶିߙଵݔ௝ = ∑ ௜ߣ ఓܶݖ௜
(௥)௡ೝ

௜ୀଵା௡భ , and ഋ்௭೔
(ೝ)

ቛ ഋ்௭೔
(ೝ)ቛ

= ఓ,௜ݒ
(௥) ∈ ܵ(௥) by 

Definition (4.2.12). The vectors ݖ௜
(௥ାଵ) are chosen such that 

݀ ቀݒఓ,௜
(௥), ܼ(௥ାଵ)ቁ ≤ ఓ,௜ݒ to ݓ ௥. The closets vectorߟ

(௥) in ܼ(௥ାଵ) has norm at 

most 1 + ݓ(௥ାଵ)ߙ௥, and ฮߟ ฮݓ− ≤ 2ି௥ି଺ߟ௥ ⋅  by Corollary ‖ݓ‖

(4.2.15). The vector ߙ(௥ାଵ)ݓ ∈ ݀ so ,(௥ାଵ)ߞ ቀݒఓ,௜
(௥), ቁ(௥ାଵ)ߞ ≤

௥(1ߟ + 2ି௥ି଺ ⋅ (‖ݓ‖ ≤ ଷ
ଶ
௥ߟ . 



127 
 

Since ቛ ఓܶݖ௜
(௥)ቛ ≤ 1, we also have ݀ ቀ ఓܶݖ௜

(௥), ቁ(௥ାଵ)ߞ ≤ ଷ
ଶ
௥ߟ  also. Now 

௝ݔଵିߙ = ∑ ௜ݖ௜ߣ
(௥)௡ೝ

ଵା௡భ  with |ߣ௜| ≤ 3 2⁄ , so we have ݀൫ ఓܶିߙଵݔ௝, ൯(௥ାଵ)ߞ ≤
ଽ
ସ
݊௥ߟ௥. Applying (28) again (and ∆(ℎ) ≤ ℎ), we find 

݀൫ ఓܶିߙଵݔ௝, ൯(௥ାଵ)ߞ ≤
ଽ
ଶ଴
⋅ ఌ
ଶೝశర௡ೝ(௕ା௖)మ

. Thus (47), and hence (45) are 

established. 

It remains to establish (46). We first note that 

∗௝ݔ ∘ ఓܶߨଵ ∈ lin൛ݔଵ∗…ݔ௡భ
∗ ൟ = lin൛ݔଵ∗ ∘ ௡భݔ…ത௥ାଵߨ 	

∗ ∘  ,ത௥ାଵൟߨ

so (46) is exactly equivalent to 

																݀൫ݔ௝∗ ∘ ఓܶ(ܫ − ,(ଵߨ ܺ∗ ∘ ത௥ାଵ൯ߨ <
߳

4݊௥ ⋅ 2௥ ⋅ (ܾ + ܿ)ଶ
.								(48) 

The set ܵ௥ includes a supporting vector ݓఓ,௜
(௥) for the functional ݖ௜

(௥)∗ ∘

ఓܶ ∘ ܫ) − ఓ,௜ݓ to ݓ ଵ), and the closets vectorߨ
(௥) in lin ቄݖ௜

(௥ାଵ)ቅ is within 

distance ߟ௥. That means that we have ‖ݓ‖ ≤ 1 + ௥ߟ , and ݓᇱ =  ݓ(௥ାଵ)ߙ
satisfies ‖ݓᇱ − ‖ݓ ≤ 2ି௥ି଺ߟ௥‖ݓ‖ ≤ 2ି௥ିହߟ௥  by Corollary (4.2.19), so 

ቛݓఓ,௜
(௥) − ቛ′ݓ ≤ ௥ߟ3 2⁄  and ‖ݓ′‖ ≤ 1 + 3 ௥ߟ 2⁄ . Accordingly, the real 

part 

						ℜ݁ ௜ݖ〉
(௥)∗ ∘ ఓܶ(ܫ − ,(ଵߨ 〈′ݓ

≥ ቛݖ௜
(௥)∗ ∘ ఓܶ(ܫ − ଵ)ቛߨ ⋅ ൬1 −

3
2
 (49)																																	௥൰.ߟ

Now ߨത௥ାଵݓᇱ =  so we also have ,′ݓ

ℜ݁ ௜ݖ〉
(௥)∗ ∘ ఓܶ(ܫ − ,ത௥ାଵߨ(ଵߨ 〈′ݓ ≥ ቛݖ௜

(௥)∗ ∘ ఓܶ(ܫ − ଵ)ቛߨ ⋅ ቀ1 −
ଷ
ଶ
 .௥ቁߟ

We have 

ܫ)‖ − ‖ത௥ାଵߨ(ଵߨ = ത௥ାଵߨ‖ − ‖ଵߨ ≤ 1 +  ,௞ߟ

so the ratio 
ቛ௭೔

(ೝ)∗∘ ഋ்(ூିగభ)గഥೝశభቛ

ቛ௭೔
(ೝ)∗∘ ഋ்(ூିగభ)ቛ

≤ 1 + ௞ߟ . 

Writing ݖ∗ = ቀݖ௜
(௥)∗ ∘ ఓܶ(ܫ − ଵ)ቁߨ ቛݖ௜

(௥) ∘ ఓܶ(ܫ − ଵ)ቛൗߨ , and 
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∗ݓ = ቀݖ௜
(௥)∗ ∘ ఓܶ(ܫ − ത௥ାଵቁߨ(ଵߨ ቛݖ௜

(௥)∗ ∘ ఓܶ(ܫ − ത௥ାଵቛൗߨ(ଵߨ , 

we have ℜ݁〈ݖ∗, ≤ 〈′ݓ 1 − ଷ
ଶ
௥ߟ  and  

ℜ݁〈ݓ∗, 〈′ݓ ≥ ቀ1 − ଷ
ଶ
௥ቁߟ (1 + ௞)ൗߟ ≥ 1 − ହ

ଶ
௥ߟ . 

We also have 

‖∗ݖ‖ = ‖∗ݓ‖ = 1, 

And 

ቛ௭
∗ା௪∗

ଶ
ቛ ≥ ℜ݁ 〈௭

∗ା௪∗

ଶ
, 〈′ݓ ൗ‖′ݓ‖ ≥ (ଵିଶఎೝ)

‖௪ᇱ‖
≥ (ଵିଶఎೝ)

ଵାయమఎೝ
≥ 1 − ௥ߟ4 . 

But ߟ௥ = ∆ ቀ ఢ
ଶೝశర௡ೝమ⋅(௕ା௖)మ

ቁ 5⁄ , by (28), so by the uniform convexity of 

ܺ∗,we have ‖ݖ∗ − ‖∗ݓ < ߳ ݊௥ଶ ⋅ 2௥ାସ⁄  ⋅ (ܾ + ܿ)ଶ. But ݓ∗ ∈ ܺ∗ ∘  ത௥ାଵ soߨ
,∗ݖ)݀ ܺ∗ ∘ (ത௥ାଵߨ <

ఢ
ଶೝశర௡ೝమ⋅(௕ା௖)మ

.  

Hence, since 

ቛݖ௜
(௥)∗ቛ = 1, ܽ݊݀ ฮ ఓܶ(ܫ − ଵ)ฮߨ ≤ 1, 

we also have 

														݀ ቀݖ௜
(௥)∗ ∘ ఓܶ(ܫ − ,(ଵߨ ܺ∗ ∘ ത௥ାଵቁߨ ≤

߳
2௥ାସ݊௥ଶ ⋅ (ܾ + ܿ)ଶ

.							(50) 

For ݆ ≤ ݊ଵ, ∗௝ݔ = ௝ݖ
(௥)∗ = ௝݂

∗ so equation (50) also applies with ݖ௜
(௥)∗ 

replaced by ݔ௝∗, and (46) is established for this ݆. If ݊ଵ < ݆ ≤ ݊௥ let us 

again write ݔ௝ = ∑ ௝ߞ௝ߣ
(௥)௡ೝ

௜ୀଵା௡భ . The linear function ݔ௝∗ annihilates ker  ത௥ߨ
and lm	 (௜ݔ)∗௝ݔ ଵ, and satisfiesߨ = ௜,௝ for ݊ଵߜ < ݅ ≤ ݊௥. The (ݔ௜) are a 
‖⋅‖ଶ-orthonormal basis of ߞ(௥), so, we have 

,∗௝ݔ〉								 〈ݕ = ത௥ߨ)〉 − ,ݕ(ଵߨ 〈௝ݔ = ෍ ௜ߣ ത௥ߨ)〉 − ,ݕ(ଵߨ ௜ߞ
(௥)〉

௡ೝ

௜ୀଵା௡భ

,											(51) 

for all ݕ ∈ ܺ, where 〈⋅,⋅〉 is the inner product associated with ‖⋅‖ଶ. 



129 
 

We write ߞ௜
(௥)∗ for the functional in ܺ∗ with ߞ௜

(௥)∗(ݕ) = ത௥ߨ)〉 −

,ݕ(ଵߨ ௜ߞ
(௥)〉 = ,ݕߪ௥ݍᇱߪ〉 ௜ߞ

(௥)〉 (where ݍ௥ is as in (44)) = ,ݕߪ௥ݍ〉 ௜ߞߪ
(௥)〉, 

where the last inner product is in ℓଶ. We will have ቛߞ௜
(௥)∗ቛ ≤ ଶ‖ߪ‖ ⋅

ቛߞ௜
(௥)ቛ ≤ (1 + (௞ߟ ቛߞ௜

(௥)ቛ (by Corollary (4.2.19)) ≤ (1 + ௞)(1ߟ +  (௥ߟ2

(by Lemma (4.2.14)). So the normalized functional ݓ௜∗ = ௜ߞ
(௥)∗ ቛߞ௜

(௥)∗ቛൗ  

has ݓ௜∗ ቀߞ௜
(௥)ቁ = ቛߞ௜

(௥)ቛ
ଶ

ଶ
ቛߞ௜

(௥)∗ቛൗ ≥ (1 + ௞)ିଵߟ ቛߞ௜
(௥)ቛ

ଶ

ଶ
ቛߞ௜

(௥)ቛൗ . The 

ratio ቛߞ௜
(௥)ቛ ቛߞ௜

(௥)ቛ
ଶ

ൗ  is equal to ቛߚᇱߞߚ௜
(௥)ቛ ቛߞߚ௜

(௥)ቛൗ , and cannot exceed 

(1 + ௞)ଵߟ ଶ⁄  by Corollary (4.2.18); so ቛߞ௜
(௥)ቛ

ଶ

ଶ
ቛߞ௜

(௥)ቛൗ ≥ (1 +

௜ߞ௞)ିଵቛߟ
(௥)ቛ, and 

∗௜ݓ																	 ቀߞ௜
(௥) ቛߞ௜

(௥)ቛൗ ቁ ≥ (1 + ௞)ିଶߟ ≥ 1 − ௥ߟ2 .														(52) 

 The norm 1 functional ݖ௜
(௥)∗ has ℜ݁ݖ௜

(௥)∗ ቀߞ௜
(௥)ቁ = 1 + ℜ݁ݖ௜

(௥)∗ ቀߞ௜
(௥) −

௜ݖ
(௥)൯ ≥ 1 − ௜ݖ௥ by Lemma (4.2.14) again, so ℜ݁ߟ2

(௥)∗ 	ቀቛߞ௜
(௥)ቛቁ ≥

(1 − (௥ߟ2 (1 − ⁄(௥ߟ2 ≥ 1 − ௥ߟ4 . Comparing this with (52), we find that 

the average ቀݓ௜∗ + ௜ݖ
(௥)∗ቁ 2⁄  has norm at least 1 − ௥ߟ3 > 1 −

∆ቀ ఌ
ଶೝశర௡ೝమ⋅(௕ା௖)మ

ቁ by (28). By the uniform convexity of ܺ∗, we have 

ቛݓ௜∗ − ௜ݖ
(௥)∗ቛ < ఌ

ଶೝశర௡ೝమ⋅(௕ା௖)మ
, and so ݀൫ݓ௜∗ ∘ ఓܶ(1 − ,(ଵߨ ܺ∗ ∘ ത௥ାଵ൯ߨ ≤

ఢ
ଶೝశర௡ೝమ⋅(௕ା௖)మ

 by (50), we have ݔ௝∗ = ∑ ௜ߞ௜ߣ
(௥)∗௡ೝ

௜ୀଵା௡భ = ∑ ௜ߣ
௡ೝ
௜ୀଵା௡భ  

ቛߞ௜
(௥)ቛ ⋅ ௜| exceed 3ߣ| ௜∗, where noݓ 2⁄ , and no ቛߞ௜

(௥)∗ቛ exceeds (1 +  (௞ߟ

(1 + ∗௝ݔ௥); therefore ݀൫ߟ2 ∘ ఓܶ(1 − ,(ଵߨ ܺ∗ ∘ ത௥ାଵ൯ߨ ≤
ଷ௡ೝఌ(ଵାఎೖ)(ଵାଶఎೝ)
ଶೝశర௡ೝమ⋅(௕ା௖)మ

 

< ఌ
ଶೝశర௡ೝమ⋅(௕ା௖)మ

 since no ߟ௜ > 1 80⁄  by (28). Thus (48), and so also (46), 

are established. 

So ܭ(ܺ) is approximately amenable, given growth conditions on the 
(ܽ௡) and (ܾ௡). 
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